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THE REAL BETTI REALIZATION OF MOTIVIC THOM SPECTRA AND OF
VERY EFFECTIVE HERMITIAN K-THEORY

JULIE BANNWART

ABSTRACT. Real Betti realization is a symmetric monoidal functor from the category of motivic spectra
to that of topological spectra, extending the functor that associates to a scheme over R the space of its
real points. In this article, we prove some results about the real Betti realizations of certain motivic ;-
and Eso-rings. We show that the motivic Thom spectrum functor and the topological one correspond to
each other, as symmetric monoidal functors, under real realization. In particular, we obtain equivalences
of Eso-rings between the real realizations of the variants MGL, MSL, and MSp of algebraic cobordism,
and the variants MO, MSO, and MU of topological cobordism, respectively. Using this, we identify the
£1-ring structure on the real realization of ko, the very effective cover of Hermitian K-theory, by an
explicit 2-local fracture square, as being equivalent to L(R)>¢, the connective L-theory spectrum of R.
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INTRODUCTION

Motivic homotopy theory, mainly introduced by Morel and Voevodsky [MV99], provides a setting to
study algebraic geometry and cohomology theories for schemes using the methods of homotopy theory.
We work in the categories of motivic spaces Spc(S) and of motivic spectra SH(S) over a base scheme
S. The former is obtained by considering the subcategory of presheaves of spaces on Smg (smooth
schemes of finite type over S) consisting of those presheaves that are Al-invariant and are sheaves in
the Nisnevich topology. Namely, we impose Nisnevich descent and contractibility of the affine line via
a Bousfield localization. In a formula, Spc(S) = La: nis(P(Smg)). The category of motivic spectra
SH(S) = Spc(S)«[(P!)71] is then obtained from that of motivic spaces by P!-stabilization, i.e., by mak-
ing the projective line invertible with respect to the smash product in the category of pointed motivic
spaces. We obtain a presentably symmetric monoidal, stable category.

Several classical examples of cohomology theories for schemes become representable in the category of
motivic spectra: for instance, motivic cohomology with integral coefficients, represented by HZ € SH(.S),
motivic cohomology with Z/2-coefficients HZ /2, (Al-invariant) algebraic K-theory KGL, (Al-invariant)
Hermitian K-theory KO, algebraic cobordism MGL, and so on. All these examples are not only motivic
spectra, but they are also endowed with multiplicative structures, which the corresponding cohomology
theories inherit. More precisely, they all admit the structure of commutative algebra objects in SH(S),
i.e., they can be made into motivic Ex-rings.

To investigate motivic phenomena, it is sometimes useful to bring them back into the topological set-
ting. The real Betti realization functor rg is one of the tools to do so. This functor from the category of
motivic spaces over R (or any subfield k£ < R) to that of spaces extends the functor of real points (from
the category of smooth schemes over R to that of spaces). It stabilizes to a functor between the category
of motivic spectra and that of topological spectra. Similarly, one can define a complex Betti realization
functor r¢ from motivic spaces over C (or any subfield) to spaces, which has a stable analog from motivic
spectra over C to topological spectra. For example, the complex realization of KGL is equivalent to the
topological spectrum KU representing complex topological K-theory [ARD20, Lem. 2.3], while its real
realization vanishes [BH20, Lem. 3.9]. The motivic spectrum KO complex realizes to KO*P [AR(Z20]
Lem. 2.13], representing real topological K-theory, but its real realization is KO*P[1/2] [BH20, Lem.
3.9]. The motivic spectra MGL, MSL, and MSp, representing variants of algebraic cobordism, have real
realizations the spectra MO, MSO, and MU respectively, representing variants of topological cobordism
[BH20, Cor. 4.7].

The latter examples of topological spectra also admit the structure of commutative algebra objects,
namely they are topological £ -rings. Since the Betti realization functors are symmetric monoidal with
respect to the smash products on motivic and topological spectra, the realization of any motivic £,-ring
inherits a structure of topological £,-ring. It is therefore natural to wonder whether one can generalize
the aforementioned result to the level of £,.-rings. For example, is the real realization of MGL equivalent
as an Ex-ring to MO with its usual E-structure? We will answer this question for some examples of
classical motivic spectra.

Theorem A (Theorem [2.45)). There are equivalences of Eqo-rings

reMGL ~ MO, rgMSL ~ MSO, rRMSp ~ MU.

Proposition B (Propositions and [3.13). Let KW := KO[n~!] be the motivic spectrum representing
Balmer-Witt K-theory (where 1 is the motivic Hopf map). There is an E-map of spectra

~v: L(R) — rgKW
inducing an equivalence L(R)[1/2] ~ rg KW. In particular, there are equivalences of E,-rings

KO™P[1/2] ~ rgKW ~ rgKO.

The proof of Proposition [B] relies crucially on the description of the real realization functor as a lo-
calization away from p : 8 — G,, ([Bacl8, Thm. 35], see Theorem [1.13]), and the relation pn ~ —2 in
SH(R)[p~!].
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Theorem [A]is obtained as a corollary of a more general result about Thom spectrum functors. Indeed,
the motivic spectra MGL, MSL, and MSp can be described as elements in the image of the motivic Thom
spectrum functor, whose symmetric monoidal structure is used to endow them with an £.-structure (see
[BH21, §16.2 and Ex. 16.22], [BH20, below Lemma 4.6]). Similarly, MO, MSO, and MU are endowed
with the structure of £, -rings by expressing them as (topological) Thom spectra [Bea23]. We will
show that the motivic and topological Thom spectrum functors correspond to each other under real
realization, as symmetric monoidal functors. To give a more precise description, we first consider the
assignment X € Smg — Pic(SH(X)) (where Pic(SH(X)) C SH(X) is the groupoid of invertible objects
with respect to the smash product) as a presheaf of categories on smooth schemes of finite type over R,
with functoriality given by pullback. The motivic Thom spectrum functor takes as input a presheaf F
of spaces over Smg, together with a morphism of presheaves F — Pic(SH(—)), and produces a motivic
spectrum over R out of it. We can then take the real realization of such a motivic spectra. But one
could also first apply a functor induced by real realization to the morphism F — Pic(SH(—)), to obtain
a map of spaces rg(F) — Pic(Sp), where Pic(Sp) is the groupoid of invertible objects in spectra, and
then apply the topological Thom spectrum functor to this map. Both constructions yield a spectrum,
and even an Ey-ring if the arrow F — Pic(SH(—)) was a morphism of commutative algebras to begin
with. We show that these constructions agree. More generally, we will consider morphism of presheaves
F — SH(—)*= where SH(X)“ = is the maximal subgroupoid in the full subcategory of compact objects
SH(X)“ C SH(X). The precise statement reads as follows:

Theorem C (Theorem [2.44)). The real realization of the motivic multiplicative Thom spectrum functor
M : Pg(Smg) sy~ — SH (constructed in [BH21, §16.3]) is equivalent as a symmetric monoidal functor
to the topological multiplicative Thom spectrum functor Mo : Spc/spw,g — Sp (constructed in [ABG1S,

Thm. 1.6]). More precisely, there is a commutative diagram of symmetric monoidal functors (all notations
will be defined in Section @)

PZ(SmR)/SHw,: M} SpC/SPw,:

| [

SH(R) ———— Sp.

The motivic Thom spectrum functor is an instance of the more general motivic colimit functors
IBEH22], defined for SH replaced by another presheaf F. To prove Theorem |C] we establish a naturality
statement for this construction in the presheaf F. Using this result, we will compare the motivic Thom
spectrum functor to another motivic colimit functor My related to real realization, which takes its values
in Sp. Finally, the description of the unstable real realization functor as localization [ABEH25] will im-
ply that Mz factors through Spc/gye.~ (which is the source category of the topological Thom spectrum
functor Miop) via real realization, and that the functor obtained in this way is indeed equivalent to Miqp.
This gives us the commutative square in Theorem [C]

Theorems [A] and [B] can in turn be used to compute the real realization of a refinement of KO, namely
its very effective cover ko. Very effectiveness is a certain notion of “connectivity” for motivic spectra.
The very effective cover functor being lax symmetric monoidal, ko inherits an E,-structure from that
of KO, and so does its real realization. We first compute the homotopy ring of rrko, by relating ko to
other motivic spectra whose real realizations can be computed more easily, see below. This homotopy
ring is a polynomial ring over Z with a single generator x in degree 4, Z[x]. We will then identify the
underlying &;-ring, by describing it as an explicit pullback square. Indeed, in general, if p is a prime,
any spectrum or &,-ring can be expressed as a pullback of its localizations away from p and at (p),
respectively, over its rationalization. Such a square may be called a p-local fracture square. Theorem
[B] and its proof advocate in the favor of inverting 2. Our strategy will then be to identify explicitly
the & -rings and maps appearing in the 2-local fracture square for rgko. The localization away from 2
will be computed using Theorem [B| and the localization at (2) will be identified with a free &;-algebra
in the category of HZ)-modules. In particular, this will require us to produce an &;-map of HZs)-
modules HZ ;) — (rrko)(2), and we will also use our computation of the homotopy ring of rgko. The
existence of &-maps HZ ) — MSO(y) in Sp and MSL — ko in SH(R), respectively, has been shown in
the past ([HLN2I Cor. 3.7] and [HINY22, Thm. 10.1] respectively). Using Theorem which implies
in particular that rg(MSL) ~ MSO as &;-rings, we will finally obtain an £-map HZ@y — (rrko)(2),
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sufficient for our purposes. Combining these results with a careful analysis of the equivalences we have
chosen yields the following 2-local fracture square for rgko as an &;-ring.
Theorem D (Theorem [4.8). There is a Cartesian square of & -rings (and thus also of spectra)

reko 222, KOP[1/2]

i
th{ chl{ Ba/ 25t

4 4
HZ o) [t"] ——— HQ).
In particular, there is an isomorphism of graded rings m,(rgko) = Z[x] where = has degree 4.

Here, the assignments of elements labeling the arrows describe the action of the maps on the fourth
homotopy groups; KO*P is the topological spectrum representing real topological K-theory; and HQ[t%]
is the free £ -HQ-algebra on one generator t* in degree 4. It is an HQ-module, with homotopy ring a
polynomial ring over Q with a single generator in degree 4. The definition of HZ s [t*] is similar.

Hebestreit, Land, and Nikolaus exhibited an identical fracture square for the connective L-theory of
the real numbers [HLN21l, p3]. Comparing the two results proves:

Theorem E (Theorem [4.17)). There is an equivalence of £;-rings
rrko >~ L(R)>o

between the real realization of the very effective Hermitian K-theory spectrum and the connective cover
of the L-theory spectrum of R.

As mentioned above, the proof of Theorem [D]uses the relation of ko to other motivic spectra whose real
realization is easier to compute (in particular to determine the homotopy ring of rgko, and to analyze the
maps appearing in the fracture square). Namely, ko is related to kgl, the very effective cover of algebraic
K-theory KGL, via a cofiber sequence [ARD20), Prop. 2.11]

Y ko —L5 ko —> kgl

where 7 is the motivic Hopf map. We will also use the decomposition of ko into easier pieces, that
is, its very effective slices, which have been computed in [Bacl7], and involve in particular the motivic

cohomology spectra HZ and HZ/2, and their variant HZ. We state the relevant results below. Although
they are not new, they may not appear in this form or with these proofs in the literature.

Proposition F (Proposition [3.6). Let HZ and HZ/2 be the motivic spectra representing motivic coho-
mology with Z-coefficients and Z/2-coefficients, respectively. Then, there is an equivalence of £1-maps

rr(HZ — HZ/2) ~ (HZ/2[t?] — HZ/2[t])
where HZ — HZ/2 is the projection, and HZ/2[t?] — HZ/2[t] is the map of free £ -HZ /2-algebras (see
Definition [1.20}) inducing the inclusion Z/2[t?] C Z/2[t] in homotopy.
Proposition G (Proposition . Let KGL be the motivic spectrum representing algebraic K-theory,
and kgl be its very effective cover. Then, there is an equivalence of £1-maps

rr(kgl = HZ) ~ (HZ/2[t"] — HZ/2[t?])
where kgl — kgl/BkeL =~ HZ is the projection (with fkeL the periodicity generator for KGL), and
HZ/2[t*] — HZ/2[t?] is the map of free £-HZ/2-algebras (see Definition inducing the inclusion
7.,/2[t*] C Z/2[t?] in homotopy.
Proposition H (Proposition [3.11). On the homotopy rings, the real realization of the quotient map

HZ = fo KM — fo(KMY /) = foK Y = HZ

identifies with the quotient map Z[t?]/(2t?) — Z[t?]/2.
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Organization of the article. In Section |I} we make some recollections about the notions of (very)
effectiveness for motivic spectra, the real realization functor, and free £;-HA-algebras in topological spec-
tra. It plays the role of a toolbox whose results will be cited in the remainder of the paper. Section
[2is dedicated to the comparison of the motivic and topological Thom spectrum functors, i.e., to the
proofs of Theorems [A] and [C] In Section [3] we compute the real realizations of several classical motivic
spectra, in particular we prove Propositions [F] [G] and [H] together with Theorem [B] These computations
will come in handy in Section ] where we compute rgko and prove Theorems [D] and [E] We finish off
with two appendices [A] and [B] about the Day convolution symmetric monoidal structure on categories
of presheaves; and symmetric monoidal structures on slice categories respectively. At the very end is an
[[ndex of notation} to which the reader may refer for any unexplained notation.
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Conventions and prerequisites

e For introductory material regarding the topics discussed in this article, the reader may refer to [Ban25|.

e We work in the oo-categorical setting, following [Lur09] and [Lurl7]. We simply say “category” for
“oo-category”, and will specify “l-category” when relevant. Let Cat.,, be the oco-category of small
oo-categories.

e We denote by Spc the category of spaces and by Sp the category of spectra.

e Unless mentioned otherwise, k denotes a fixed base field, and S a fixed qcgs base scheme. When working
with Hermitian K-theory, we assume char(k) # 2. Let Smg be the category of smooth schemes of finite
type over S. We denote by Spc(S) and SH(S) the categories of motivic spaces and motivic spectra,
respectively, over S (constructed in the setting of model categories in [MV99], and with co-categories
in [Rob13] for example). For a smooth scheme X over S or a space Y, we will often also denote by X
and Y the corresponding motivic spaces or motivic spectra. Let T be the infinite suspension spectrum
of the pointed motivic space (P!, 00).

e We denote by rg : SH(R) — Sp the real realization functor (see [Bacl8, §10] for example). We also
denote the corresponding functors P(Smg) — Spc and Spc(R) — Spc, or their pointed analogs, by rg.

e For p a prime, localization at (p) means inverting every prime different from p, whereas localization
away from p means inverting p.

1. A FEW PRELIMINARIES

This introductory section contains some preliminaries about the notions of effectiveness and very
effectiveness for motivic spectra (Subsection [I.1]), the real realization functor (Subsection [I.2), and free
&1-HA-algebras (in topological spectra), for A a discrete commutative ring and HA its Eilenberg-Mac
Lane spectrum (Subsection . The latter will appear in our computations in Sections (3| and

1.1. Recollections about (very) effectiveness of motivic spectra.

In this subsection, we recall the definitions of the notions of effectiveness [Voe02, §2] and very effec-
tiveness [SO12 Def. 5.5], essentially to fix notation. The upshot is that these are two different notions
of connectivity for motivic spectra. For some justification of these concepts, we refer to the introduction
of [BaclT].

Definition 1.1 ([BH21, §13]). The category of effective motivic spectra SH(k)*" is the subcategory of
SH(k) generated under colimits by all " AX°X for X € Smy, and n € Z. The category of very effective
motivic spectra SH(k)'*" is the subcategory of SH(k) generated under colimits by all S* A £°X for
X € Smy, and n > 0. For n > 0, let SH(k)*(n) := T"" A SH(k)* be the category of n-effective spectra
and SH(k)"*%(n) := T"™ A SH(k)"* be the category of very n-effective spectra.
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Definition 1.2 ([Mor99, Thm. 5.2.3], [BH2I, App. B]). The homotopy t-structure on SH(k) is defined
by

SH(k)so = {E € SH(k) | m,(E), = 0 Vi < 0},
SH(k)<o = {E € SH(k) | z;(E), = 0 Vi > 0}.
Equivalently, SH(k)>¢ is generated under colimits and extensions by {¥~79%%°X | X € Smy,p —q > 0}.

Remark 1.3. The smash product symmetric monoidal structure on SH(k) is compatible with the homo-
topy t-structure in the sense of [AN21] Def. A.10]. To see this, we use the equivalent characterization of
the connective part in Definition[I.2] Then the unit is one of the generators of the connective part. More-
over, the tensor product functor preserves colimits in each variable; since SH(k) is stable, this functor is
in particular exact in both variables. Therefore, to check that SH(k)>¢ is stable under tensor products
we only have to show that the aforementioned collection of generators also is. For any X,Y € Smj, and
p,q,p',q" € Z withp—¢q >0 and p' — ¢ > 0, we have X735 X A Zp/’q/E‘fY ~ Ep+p/7q+q/2?f(X xY)
with p+p' — (¢ +¢') > 0, which is again in the connective part. In particular, SH(k)>¢ is a symmetric
monoidal subcategory of SH(k), and there is a unique symmetric monoidal structure on the heart SH(k)"
such that the truncation SH(k)>o — SH(k)Y is symmetric monoidal [AN21, Lem. A.12].

Definition 1.4 (e.g. [BacI7, Prop. 4]). The effective homotopy t-structure on SH(k)*" is defined by
SH(k)S, = {E € SH(k)*" | m;(E)o = 0 Vi < 0},
SH(k)S, = {E € SH(k)*" | m;(E)o = 0 Vi > 0}.

For n € Z, let 7>_,, and 7<_,, be the truncation functors with respect to this t-structure.

Proposition 1.5.
(i) We have SH(k)S) = SH(k)¥<".
(i) The smash product symmetric monoidal structure on SH(k) restricts to symmetric monoidal struc-
tures on both SH(k)*® and SH(k)"*%, such that the inclusion functors are symmetric monoidal.

Proof. Part (i) appears in [Bacl7, Prop. 4]. For part (ii), note that since these two subcategories are
full and contain the unit, by [Lurl?, Prop. 2.2.1.1 and Rmk. 2.2.1.2] we only have to show that they
are stable under the smash product. The latter preserves colimits in both variables, so we only have to
check the statement for generators. For all m,n € Z and X,Y € Smy, we have

(S"AESTX)A(S"AZPY) 2 ST AT®(X AYL) = ST ASE(X X Y),
which is by definition effective, and even very effective when n, m € N. (]

Lemma 1.6. The inclusion functors t,, : SH(k)*(n) < SH(k) and i,, : SH(k)"*f(n) — SH(k) admit
right adjoints r, and 7, respectively, for all n > 0.

Proof. This follows from the adjoint functor theorem [Lur09, Cor. 5.5.2.9] and presentability of the
categories involved [Hoy14] Prop. C.12.(2)]. O

Definition 1.7. We call the compositions ¢, o7, =: f, and i, o7, =: fn the n-effective cover and
very n-effective cover functors respectively. For all E € SH(k), we obtain by adjunction natural maps
foi1E — foE and foE — foFE for all n > 0. Their cofibers s,F := cof (fnt1E — fnE) and
Sp B = an — an are called the n-effective slice and very n-effective slice of E, respectively. By
(very) effective cover, we mean the (very) O-effective cover.

Proposition 1.8. The functor 1 : SH(k)*® — SH(k) is right t-ezact, and ro : SH(k) — SH(k)® is t-ezact

and lax symmetric monoidal. It restricts to a lax symmetric monoidal functor rg : SH(k)® — SH(k)*9.

Proof. The claims about t-exactness are proven in [Bacl7, Prop. 4.(3)]. As a right adjoint to the inclusion,
which is symmetric monoidal (Proposition [L.5{()), ro is also lax symmetric monoidal by the doctrinal
adjunction principle (follows from of [Lurl?, Cor. 7.3.2.7]). As a t-exact functor, ro carries the non-
negative part to the non-negative part of the t-structures, and the heart to the heart. Its (co)restriction
to the symmetric monoidal subcategories SH(k)>o and SH(k)) is then also lax symmetric monoidal. Its

(co)restriction to the hearts ry can be written as the composition
SH(k)? — SH(k)o % SH(k)Z, ™ SH(k)™®.

Here, mp is symmetric monoidal by definition of the tensor product on the heart [AN2T Lem. A.12].
The first inclusion is lax symmetric monoidal as a right adjoint to the truncation, which is symmetric
monoidal by Remark Thus, 7'87 is lax symmetric monoidal. O
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The (very) n-effective covers and slices behave well with respect to P*-suspension:

Proposition 1.9 ([Bacl7, Lem. 8]). For all E € SH(k) and n > 0, we have fo EANT =~ fo1i(EAT).
Similar formulas hold for f,, s, and s,.

1.2. Recollections about the real realization functor.

We now state several results about the real realization functor, recalling its construction in the process.
In this subsection, we assume that the field k& comes with a fixed embedding k < R. Considering the
case k = R is not really a loss of generality; the real realization functor over the base k is equivalent to the
precomposition of the real realization functor over the base R by the pullback along Spec(R) — Spec(k).

Proposition 1.10. The real realization functors rg : Spc(k). — Spc, and rg : SH(k) — Sp are colimit-
preserving, symmetric monoidal functors with respect to the smash products.

Proof. This follows from the construction of rg, as we now recall (see [Bacl8, §10] for example). The func-
tor of real points Smy — Spc preserves finite products and thus left Kan extends to colimit-preserving,
symmetric monoidal functors P(Smy) — Spc for the Cartesian structures, and P(Smy). — Spc, for the
smash products. Passing to the localization, we obtain a colimit preserving, symmetric monoidal functor
rr : Spc(k). — Spc,. The postcomposition Spc(k). — Spc, — Sp by the infinite suspension functor
inverts P!, and thus lifts to a colimit preserving, symmetric monoidal functor rg : SH(k) — Sp. (]

Here is one example of why very effectiveness is a reasonable notion of connectivity in SH(k).
Lemma 1.11. For all m > 0, the restriction of g to SH(k)'(m) takes values in m-connective spectra.

Proof. Since SH(k)"*f(m) = T"™ A SH(k)"*® by definition and rg(T"™) = S™, it suffices to prove the
case m = 0. By definition, SH(k)" is generated under colimits by all objects of the form S™ A YPX for
n >0 and X € Smy. These all realize to connective spectra because rg(S™ A X X) = S" A Xrp(X) is
connective for all n > 0 and X € Smy. This concludes because rg commutes with colimits, and a colimit
of connective spectra is connective (this holds for the non-negative part of any t-structure). O

The category of spectra Sp is obtained as a localization of a category of prespectra: if one views a
spectrum as a sequence of pointed spaces (¢, )neny With equivalences ¢, — Qc¢,+1, then prespectra are
defined as similar sequences for which the structure maps are not required to be equivalences. More
precisely, the category of prespectra is that of reduced functors Spc‘:n — Spc, and Sp is the full subcate-
gory of reduced excisive functors [Lurl7, Prop. 1.4.2.13.]. The latter is in particular a localization of the

category of prespectra [Lurl7, Rmk. 1.4.2.4.], and the localization functor is called spectrification.

Lemma 1.12. Let E = (Ey, E1,...) € SH(k). Then, the real realization of E is computed as the
spectrification of the prespectrum (rr(En))nen. More explicitly, for alln € Z,

rR(E)n =~ colimp, Q" rr (Epim)-
In particular, 7, (rr(E)) = colim,, p1m (rr(Em))-

Proof. First note that (rr(Ey,))nen is a prespectrum via the structure maps obtained by real realization
of those of E. Indeed, a map T A E, — E,.; realizes to a map S! A rg(E,) — rg(Ent1). The
spectrification functor for topological prespectra sends a sequence (Ej,)nen to colim, X "X FE, where
the maps in the colimit are induced by the structure maps XE,, — E, 11 [Sch97, Lem. 2.1.3]. Similarly,
for motivic prespectra, spectrification sends a sequence (Ey,)nen to colim, X" X3 E,, with maps induced
by ¥rFE, — Eny1. If E as in the statement is already a spectrum, it is its own spectrification, and
therefore we have

rr(E) ~ rg(colim, (T"=™) A S E,)) ~ colim, (S"™) A e (E,)).

The right-hand side is exactly the spectrification of the sequence (rr(E,,))nen with structure maps given
by the real realizations of those of E. For the last claim, we have

T (rR(E)) = colimpy, Ty 4m (TR (F)m) = colimmwn+m(colikakrR(Em+k))

= colim,,colimymp+mtk (TR (Emk)) = colimpmosn, (rr(Ey)).
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Theorem 1.13 ([Bacl8, Thm. 35]). Let S be a gcgs scheme, and p : S° — G,,, in SH(S) be the inclusion
on the points 1 and —1. There is an equivalence of categories

SH(S)[p~1] = SH(Shv(RS))

between the category of p-local motivic spectra over S, and the category of spectra associated with the topos
of sheaves of spaces on RS, the real spectrum of S [Sch94), 0.4.2]. In particular, there is an equivalence
SH(R)[p~!] =5 Sp such that the composite

SH(R) — SH(R)[p~'] => Sp
is naturally equivalent to the real realization functor rg.
Lemma 1.14. For any E € SH(R), the homotopy groups of its real realization can be computed as
VYm € Z, mm(rr(E)) = colim,(--- — =, (E)n(Spec(R)) = 7, (E)pni1(Spec(R)) — ---).

Proof. Call F the equivalence SH(R)[p~!] — Sp above, and L, : SH(R) — SH(R)[p~!] the canonical
localization functor. Then, for all m € Z and E € SH(R), we have

T (reE) = [S™, rrE] = [re(8™), reE] = [F(Ly(S™)), F(L,(E))] = [L,(8™), Ly(E)]

=~ [8™, colim,, E A GO (since L, is a left-adjoint)
= colim,, [S™, E A G)"] (by compactness of ™)

= colim, m,,,(E).(Spec(R))

where the last isomorphism follows from the fact that the sections of the homotopy sheaves and presheaves
of E agree on Spec(R). This holds because sheafification preserves stalks, and the functor of sections
over Spec(R) is a stalk functor of the Nisnevich site on Smg (by the description of the points of the
Nisnevich site in [MV99] p99]). O

Lemma 1.15. Let p be a prime. The real realization functor commutes with localization away from p,
localization at (p), and rationalization.

Proof. These operations are described by colimits of maps given by multiplication by an integer; both
colimits and such maps are preserved by rg. Indeed, multiplication by an integer on some object X of a
stable category is defined using the diagonal and codiagonal maps X — X% — X. Since real realization
is an exact functor, it preserves the latter. [l

Bachmann’s result about real realization of motivic spectra being a localization (Theorem |1.13]) has
an unstable counterpart. To describe it, we first need a definition.

Definition 1.16 ([Sch94l §1.2]). The real-étale topology on Smg is the topology generated by real-étale
covers, that is, families {U; — X };¢1 of étale morphisms inducing a surjection [ [, ; R(U;) — R(X) (here
R(—) denotes the real spectrum functor appearing in Theorem [1.13]).

Theorem 1.17 ([ABEH25, Thm. 1.1]). The (unstable) real realization functor rg : P(Smgr) — Spc
factors through the category L1 ve(P(Smg)) of Al-invariant real-étale sheaves, and the induced functor
L1 vet(P(Smg)) — Spc, given by taking sections on Spec(R), is an equivalence

P(Smg) —— Spc

///
LA\l‘ret //’/

Lyt ret(P(Sm))

whose inverse is given by left Kan extension.

R\

1.3. Free &/ -HA-algebras.

In Sections [3| and [4] we will encounter ,.-rings whose homotopy rings are polynomial in one variable.
We will identify the underlying &;-structures as free £ -algebras in the category of HA-modules, where
HA is the Eilenberg-Mac Lane spectrum associated with a discrete commutative ring A.

Definition 1.18. Let R € CAlg(Sp). The category of &-R-algebras in Sp is Algg, (Modr(Sp)), the
category of £x-algebras in R-modules.
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Proposition 1.19. The forgetful functor U : Algg (Modg(Sp)) — Sp admits a left adjoint Fg, g, the
free £1-R-algebra functor, given on the underlying spectra by E — \/n20 EN AR,

Proof. The functor U is the composition of two forgetful functors Alge (Modr(Sp)) — Modr(Sp) and
Modg(Sp) — Sp. Both admit left adjoints by [Lurl7, Cor. 3.1.3.4] and [Lurl7, Prop. 4.2.4.2], respectively;
explicit expressions are given in [Lurl7, Cor. 4.1.1.18] and [Lurl7, Cor. 4.2.4.8],respectively. O

Definition 1.20. Let n > 0, and let A be a discrete commutative ring. Then HA € CAlg(Sp) and thus
we may define HA[t"] := Fg, 1a(X"S) the free £1-HA-algebra over one generator in degree n.

Proposition 1.21. Let n > 0, and let A be a discrete commutative ring. The free £1-HA-algebra HA[t™]
has the following properties:
(i) The underlying spectrum is given by ijO YMIHA.
(i) The homotopy rings is a polynomial ring on one generator in degree m, i.e., w.(HA[t"]) = A[t"].
(iii) Let E be an Ey-ring spectrum with an Ey-map HA — E. Then E can be viewed as an & -HA-
algebra in a canonical way, and any element o € m,(E) determines a map HA[t"] — E in
Alge (Modr(Sp)), sending t" to o in homotopy.

Proof. Ttem (i) is given by Proposition In particular, the computation of the homotopy groups
follows. To finish the proof of item (i), we must consider the ring structure. We have to show that
multiplication by a generator of the n-th homotopy group induces isomorphisms in all degrees, i.e., that
the composition

" Aid

S A HA[E"] 29 HA[ER] A HAREY] — HA[E"]

induces isomorphisms in homotopy in positive degrees. This map is given by the identification

S"A\/ ZYHA ~ \/ (S"S A B"HA) — \/ S"HA

720 Jj=0 Jj=0

mapping XS A % HA to X"UTDHA identically, so our claim follows. Item (4i7), using that there is a
forgetful functor Algg, (Sp)na; — Alge, (Modna(Sp)) [ACBI9, Rmk. 3.7}, is simply rephrasing the fact
that Fg, pa is left adjoint to the forgetful functor. O

Remark 1.22. Proposition i71) may seem a bit artificial. The point is that HA[t"] is not a free
object over S™ € Sp in the category Algg (Sp)na/; the latter category is a priori not equivalent to
Alge (Modya(Sp)) (see [Lurl7, Warning 7.1.3.9] and [ACB19, Remark 3.7]). There is indeed a forgetful
functor Algg (Sp)Ha; — Modua(Sp), but the & -structure of an object on the left-hand side is not
compatible with the HA-module structure obtained on the right-hand side. A higher commutativity (for
instance £ belonging to Algg, (Sp)Ha, as in item (ii7)) ensures this compatibility.

2. MOTIVIC AND TOPOLOGICAL MULTIPLICATIVE THOM SPECTRA

In this section, our main goal is to show that the real realizations of the motivic E,-rings MGL,
MSL, and MSp, representing, respectively, algebraic cobordism, special linear and symplectic algebraic
cobordisms, are equivalent to the topological E,,-rings MO, MSO, and MU, representing, respectively,
cobordism, oriented and complex cobordisms. Again, this result was already proven at the level of
spectra in [BH20, Cor. 4.7], but we want to take into account the £,,-ring structures.

All six spectra are endowed with an E-structure by expressing them as Thom spectra. Indeed,
in both the motivic and topological settings, a symmetric monoidal Thom spectrum functor can be
constructed (as we recall in Subsections and respectively) and these spectra are the images of
some commutative algebra objects by this functor. Our result will thus be obtained as a corollary of the
more general fact that the real realization of the motivic Thom spectrum functor agrees, as a symmetric
monoidal functor, with the topological Thom spectrum functor. We will make this statement precise,
and provide a proof, in Subsection [2.3

2.1. The symmetric monoidal topological Thom spectrum functor.

W,

Definition 2.1. Let Sp® be the full subcategory of Sp spanned by the compact objects, and let Sp
be the maximal (00)-groupoid in the category Sp”. The (topological) Thom spectrum functor

Miop : SpC/gpe.~ — Sp
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sends an arrow X — Sp“’~ to the colimit of the diagram
X — Sp¥"~ — Sp.

More precisely, under the equivalence Spc gy~ =~ P(Sp~) from Lemma (at the level of categories),
the functor M is the left Kan extension of the embedding Sp*"~
colimits).

— Sp (in particular, it preserves

Remark 2.2. In principle, one could consider for any arrow X — Sp~ the colimit of X — Sp~ < Sp,
and define a Thom spectrum functor Spc /Sp= Sp. This would however create some set-theoretic issues
in our arguments, because Sp~ is a large groupoid and thus cannot be viewed as an object in Spc. This
is why we use instead the essentially small category Sp”. A more classical approach is to consider the
even smaller subcategory Pic(Sp) of invertible objects in Sp (with respect to the tensor product). The
examples of arrows X — Sp“"= we will be interested in actually factor through Pic(Sp).

To upgrade M, to a symmetric monoidal functor, we need in particular a symmetric monoidal
structure on its source category. This is provided by Proposition if we choose a symmetric monoidal
structure on Spc and an €,.-algebra structure on Sp*"~ € Spc.

Lemma 2.3. Consider the category of spaces with its Cartesian symmetric monoidal structure. Then
Sp“"= & Spc inherits an Exo-algebra structure from the symmetric monoidal structure of Sp.

Proof. We will see in Proposition that Sp“ is an essentially small symmetric monoidal subcategory
of Sp. Then, since the functor (—)= : Cat,, — Gpd =~ Spc is right adjoint to the forgetful functor, it
preserves products, and thus is symmetric monoidal with respect to the Cartesian structure. Then, it
carries symmetric monoidal category Sp* € CAlg(CatX) to an E.-space Sp“"~ € CAlg(Spc™). O

Theorem 2.4 ([ABGI8, Thm. 1.6]). The topological Thom spectrum functor Mo, admits the structure
of a symmetric monoidal functor with respect to the symmetric monoidal structure on the slice category
described in Proposition when Sp“"~ has the Eo-structure of Lemma (equivalent by Lemma
to the Day convolution structure) and the usual smash product of spectra. It is left Kan extended as a
symmetric monoidal functor (in the sense of Deﬁnition from the inclusion Sp**~ < Sp.

The symmetric monoidal left Kan extension described in the theorem agrees with the construction in

[ABGI18, Thm. 1.6] because, by Proposition it is determined as a symmetric monoidal functor by
its restriction to */gpw.~ ~ Sp“~.
Ezample 2.5 (see for instance [Bea23]). Let us see how one can define E-structures on MO, MSO,
and MU. The spectrum MO representing topological cobordism can be recovered as Miop(BO — Sp*'~)
where the map BO — Sp“*~ is the j-homomorphism. To define the latter, following [HY20, p. 2], one first
considers the symmetric monoidal functor [], . BO, — Sp, where the left-hand side is viewed as the
maximal oo-groupoid in the 1-category of real vector spaces viewed as an oo-category (or in other terms
real vector bundles on the point), and a vector bundle is sent to the infinite suspension of its Thom space
(in this case, the one-point compactification of our vector space). This map takes values in Pic(Sp), and
thus factors through the group completion Zx BO of [[,, .y BO,. Restricting to {0} x BO (corresponding
to rank 0 virtual vector bundles on the point), we obtain the j-homomorphism BO — Pic(Sp) < Sp“"~.
Similarly, we have MSO ~ M, (BSO — BO — Sp*"~) and MU ~ M,,,(BU — BO — Sp“"~). By
Proposition any map of Ex-spaces X — Sp**~ defines a commutative algebra in Spc Jsper=- We
thus have £,.-algebra structures on BO — Sp*"~, BSO — Sp“"~, and BU — Sp“*~ in the slice category
(since the j-homomorphism is an £.-map by its construction as a symmetric monoidal functor). The
Thom spectrum functor being symmetric monoidal, we obtain E,,-structures on MO, MSO, and MU.

2.2. The symmetric monoidal motivic Thom spectrum functor.

In this subsection, we define the motivic analog to the topological Thom spectrum functor Mi,,. More
precisely, this will be a symmetric monoidal functor Mg : Ps(Smg) /spe.~ — SH(S), where Pg(Smg) is
the category of spherical presheaves (Deﬁnition, and SH*"= is the presheaf sending X € Smg to the
maximal groupoid in the subcategory SH(X)“ of compact objects of SH(X). Again, the compactness
requirement has only the purpose of avoiding set-theoretic issues.
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2.2.1. Functoriality of SH(—) and SH(—)¥.

The definition of the motivic Thom spectrum functor and its symmetric monoidal structure relies
on the study of the functoriality in the base scheme S of the whole construction., in particular of the
assignments S — SH(S) and S +— SH(S)“. This is what this subsection is dedicated to. The functoriality
properties of SH we will study fit into a complete six functors formalism, constructed by Ayoub [Ayo07].
We want to consider SH as a spherical presheaf (Definition of (not necessarily small) symmetric
monoidal categories on Smg.

Definition 2.6. Let fold be the collection of morphisms in Smg containing all finite coproducts of fold
maps, i.e., maps of the form Y := ]_L<nXHm1 — i<, Xi == X for n > 0 and ms,...,m, > 0.

Theorem 2.7 ([Ayo07, §1.4.1], [Hoy17]). Let S be a gegs scheme and consider a morphism f: X =Y
in Smg.

(i) For all A;B € Smg, we have SH(AII B) ~ SH(A) x SH(B). If V € fold is of the form
V=11, Utmi i<, Ui :=="U, let Vg : SH(V) — SH(U) be the map induced under these iden-
tifications by Hl<n SH(U;)™ — [li<, SH(U;) given by the tensor products  : SH(U;)™ — SH(U;)
each i < n.

(i) There are induced pullback-pushforward adjunctions

P(Smx) — Lo — Spe(X) — 5% — SH(X)

Pl fyy* fwy

P(Smy) —— Lot — Spc(Y) ¥ — SH(Y

where the squares involving f* commute. The squares formed by f,. and the right adjoints ¢ = Lo,
Q% F X% also commute.

(iii) All three functors f* in (i) are symmetric monoidal, with respect to the Cartesian structure on the
categories of presheaves and motivic spaces, and the smash product on the stable motivic categories.

(iv) If f is moreover smooth, there are induced adjunctions

P(Smyx) — Lmee — Spc(X) — =T — SH(X

[ R fgp

P(Smy) — Lot — Spc(Y) 2 — SH(Y

where the squares involving either f* or fy commute.

(v) In the situation of (iv), the projection formula holds for all three functors fy, i.e., for every A in
the source of fy and B in its target, we have

filAe f*B) =~ fy(A) @ B
(vi) The constructions of (i) to (iv) are functorial in f.
(vii) For every commutative square in Smg

X L x
T
v 2oy
with f and f' smooth, there is an exchange transformation of functors SH(X) — SH(Y”)
EX; : f1(g)" — 9"
(defined in the proof below). It is an equivalence if the square is Cartesian in Smg.

(viii) For every diagram in Smg of the form

We—vy Y,z

|l

X!l v _ Y,z

with u and v smooth morphisms and V,V' € fold, there is a distributivity transformation of
functors SH(W) — SH(Z)

Disse : us Vi (f')" = Ve (my )smy
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(defined in the proof below). It is an equivalence when the square on the right-hand side is a
pullback and Z' = Ry;z(W xx Y) is the Weil restriction (see [BH21, §2.3], and the proof below
for an easier description in our case).

Proof. We give references for the proof; parts for which no reference is mentioned are proven in [Hoy17].
Part (i) is proven in [BH2I| proof of Lem. 9.6]. In (vii), the exchange transformation is the composition

B filg) == fi(d) S fe = fLf 0" o =2= o"

where 7y and ey are the (co)units for the adjunctions fy 4 f* and f; - f™, respectively, and the
equivalence in the middle witnesses the commutativity of the square in (vii). It is an equivalence for
pullback squares by [Hoy17, Cor.6.12]. In (viii), the distributivity transformation is the composition

H * Ex7 * * % Efl xu! *
Disse : ug Vi (f) —ee Veuy(f')" =~ Ve(my)s(f x u')y(f x ') myy =L Ve (my )iy
where the equivalence in the middle uses v’ ~ my o (f' x «’) and f" ~ mw o (f’ x u’), and Exy g is the
composition

Exy : uy Vi =2 u Vi (u')*uf ~ ugu* Vguj === Vguj

with the equivalence in the middle given by the symmetric monoidality of u* (since the Vg and Vi, are
given by the smash product). It is an equivalence when the conditions of statement (viii) are satisfied
by [BH2I, Prop. 5.10]. The latter result assumes that h is quasi-projective, but we do not need it here:
this assumption is only used to ensure the existence of the Weil restriction, however the latter always
exists for maps in fold. Indeed, the Weil restriction Ry,x (when it exists) is defined by the property
that Schx (U, Ry/xV) ~ Schy (U xx Y, V) for all X-scheme U and Y-scheme V. In the case of a map

Y =1L, X[ [1;<, Xi = X) € fold, it is easy to check that Ry,xV exists and is given by

RY/XV = H (VXi,l XX XX, VXivmi) - HXi’

i<n i<n

where X ; is the j-th component in XZHm and Vy, , is the component of V' over X ;, for all i < n and
1<7<m. O

We now study the functoriality of the subpresheaf of categories of compact objects SH*, associating
to each X € Smp the full subcategory of SH(X) spanned by its compact objects.

Theorem 2.8 ([Hoyl4, Prop. C.12]). Let S be a qcgs scheme. Then SH(S) is generated under colimits
by the essentially small family of compact objects

Eg={Y?" "S¥X | X € Smg,n € N}.

Lemma 2.9. Let C be a stable category generated under colimits by an essentially small family of compact
objects E C C. Then:
(i) The full subcategory C¥ of compact objects in C is the thick subcategory of C generated by E.
(i1) If D is a stable category with small colimits, and L : C <= D : R is an adjoint pair, then L preserves
compact objects if and only if L(E) C D¥.

Proof. Part (i) follows from [Nee92, Lem. 2.2]. In part (i7), the “only if” direction is tautological. For
the converse, note that since L preserves colimits, the full subcategory C' C C of objects ¢’ such that
L(c") € D¥ is thick, and contains E by assumption. Using part (i), C’ contains C¥, as claimed. O

Lemma 2.10. Let Cq,...,C, be finitely many categories. Then, the subcategory of compact objects in
their product is the product of their respective subcategories of compact objects, i.e.,
w

[Ic | =]~

i<n i<n
Proof. Let D := Hign C;, and for all ¢ < n, let m; : D — C; be the projection. Let d € D. We want to
show that d is compact in D if and only if m;(d) is compact in C; for all i < n. Assume first d € D*. Let

1 < n, without loss of generality ¢ = 1, and colim;e 7c; be a filtered colimit diagram in C;. Note that the
filtered colimit of a constant diagram on a certain object is always this object again (it holds by [Lur09,
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Prop. 4.3.1.12] for colimits indexed weakly contractible categories, in particular for filtered categories by
[Lur09, Lem. 5.3.1.18]). By assumption, we have equivalences

Mape, (m1(d), colimc 7c;) x H Mape, (me(d), colimje 7me(d))

£>1
~ Mapp(d, colim;c 7 (cj, ma(d), ..., mn(d)))
~ colimje yMapp(d, (¢;, m2(d), ..., mn(d)))

~ colimjc s <|\/Iapc1 (m1(d),¢j) x H Mapcg(m(d),m(d))> .

>1

Now, the natural map colim;c sMap, (71(d), c;) — Mapg, (m1(d), colim;c 7¢;) is a retract of this equiv-
alence (pick the identities in all Mapg, (m¢(d), m;(d)) on both sides), so it is an equivalence as well. The
converse direction is [Lur09, Lem. 5.3.4.10(2)]. O

Proposition 2.11. Let S be a qcgs scheme, and let f: X — Y be a morphism in Smg.

(i) The full subcategory of compact objects SH(X)“ C SH(X) is the thick subcategory generated by the
family Ex from Theorem[2.8 It is a symmetric monoidal subcategory, and is essentially small.

(it) The pullback f*: SH(Y') — SH(X) from Theorem [2.7(ii) restricts to f* : SH(Y)* — SH(X)~.

(iii) If furthermore f is smooth, the map fy : SH(X) — SH(Y) from Theorem [2.7(iv) restricts to
f3: SH(X)¥ — SH(Y)~.

(iv) Let A,B € Smg. The equivalence SH(A Il B) ~ SH(A) x SH(B) from Theorem [2.)i) restricts to
an equivalence SH(ATI B)* ~ SH(A)“ x SH(B)¥.

Proof. The first part of (i) follows from the fact that, by Lemma[2.9|(7) and Theorem SH(X)¥ is the
thick subcategory generated by the essentially small family Ex. To prove that SH(X)¥ C SH(X) is a
symmetric monoidal subcategory, by [Lur09, Lem. 5.4.2.4] it suffices to show that it is closed under the
tensor product and contains the unit. For the latter, note that the unit even belongs to E'x. The former
follows from the description SH(X)* = thick(Fx), the fact that Ex is closed under the tensor product,
and the fact that the tensor product preserves colimits in both variables. This proves part (7).

To prove (ii), by Lemma it suffices to show that f* maps the compact generators of Theorem
2.8 for SH(Y) to compact objects in SH(X). For any U € Smy, by Theorem 11)-(4i7) we have
(PN ASPU) = (PN ASEf*(U) € E C SH(X)®, as needed.

Part (ii7) is proven similarly: for any U € Smy, by Theorem ﬁ(iv -(v), we have

(PN ASTU) = f((fPy) " ASTU) = (Py)N " AST fU.
Finally, part (iv) is a particular case of Lemma [2.10} O

2.2.2. Construction of the motivic Thom spectrum functor.

As mentioned before, we want to view SH” as a spherical presheaf of essentially small symmetric
monoidal categories, inducing a spherical presheaf of spaces SH**= : Sm%’ — CAlg(Spc™).

Definition 2.12 ([Lur09, Def. 5.5.8.8]). Let C be an essentially small category with finite coproducts.
Then, the category of spherical presheaves (of spaces) on C, denoted by Px(C), is the category of functors
C° — Spc preserving finite products (i.e., sending finite coproducts in C to products in Spc). This
construction defines a functor Px(e) from essentially small categories to sifted-cocomplete categories,
which has a partial right adjoint given by the inclusion of essentially small sifted-cocomplete categories.
In other terms, Ps(C) is the free sifted-cocomplete category generated by C [Lur09, Prop. 5.5.8.15], and
every spherical presheaf is a sifted colimit of representable presheaves [Lur(9, Lem. 5.5.8.14], which are
in particular spherical.

The motivic Thom spectrum functor will be defined as a particular instance of the more general motivic
colimit functors. Given F a spherical presheaf of essentially small symmetric monoidal categories on Smg,
with good functoriality properties inspired by the ones of SH studied in the previous subsection, we will
construct symmetric monoidal functors Ps(Smg),r~ — F(S') for all ' € Smg. The construction of
these motivic colimit functors is itself functorial in S/, in the sense that we will view both the source and
target categories as presheaves of (not necessarily small) symmetric monoidal categories on Smg, and
construct a natural symmetric monoidal transformation between these presheaves.
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Applying the construction to F = SH* produces the motivic Thom spectrum functor, but we will
also apply the construction to another presheaf R related to real realization (Subsection [2.3.2)) in order
to compare the motivic Thom spectrum functor with the topological one (Subsection

Before proceeding to the construction itself, we need another point of view on spherical presheaves
of symmetric monoidal categories (on Smg). As we now explain, the latter may be viewed as functors
Span(Smg, all, fold) — Cat,, on a certain category of spans, that preserve finite products. Recall that
the objects in Cat, are essentially small categories.

Definition 2.13 ([Barl7, Section 5]). Let C be a category, and let left and right be two classes of edges in
C, both containing equivalences and closed under pullback along one another. Then, there is a category
Span(C, left, right) with vertices the objects of C, and for any X, Z € C, the edges from X to Z are given
by all spans X + Y — Z where Y € C, and (Y — X) € left, (Y — Z) € right. The composition of two
spans V < W — X and X <Y — Zisthespan V < W xx Y — Z.

Definition 2.14. Let Fin be the category of finite sets, and Fin, be the category of finite pointed sets
and pointed maps. For all n € N, let (n) := {*,1,...,n} € Fin,, and (n)° :={1,...,n} € Fin.

Proposition 2.15 ([BH21, Prop. C.1]). Let D be a category with finite products, and let all be the
class of all edges in D. Consider the functor 8 : Fun(Span(Fin,all,all), D) — Fun(Fin,, D) induced by
restriction along the functor Fin, — Span(Fin, all, all) sending (n) to (n)°, and a map (f : (n) — (m)) to
((n)° « f71({m)°) — (m)°). Then, O restricts to an equivalence of categories

Fun™(Span(Fin, all, all), D) =» CAlg(D*).

This statement generalizes to presheaves with values in CAlg(D*):

Proposition 2.16 ([BH21, Prop. C.5]). For an extensive category C (e.g. Smg, see [BH21, Def. 2.5]),
consider the functor
X : C° x Span(Fin, all, all) — Span(C, all, fold)
(¢, (n)°) = i
¢y e ) & m)° B (k)°) s (T Mm y (JTR
(¢ S

where the restriction of ™™ — cU* to the i-th component is the inclusion as the b(i)-th component,

and the restriction of c''™ — ()1 to the i-th component is given by f followed by the inclusion as the
a(i)-th component. Then, for D a category with finite products, restriction along x induces a functor
O : Fun(Span(C, all, fold), D) — Fun(C°P x Span(Fin, all, all), D), which restricts to an equivalence

Fun™(Span(C, all, fold), D) = Fun™(C°, CAlg(D*)).

Using this point of view, we are finally ready for the construction of our motivic colimit functors.
Notation 2.17. When working over a fixed base scheme S, denote Span := Span(Smyg, all, fold).
Theorem 2.18 ([BH2I| §16.3]). Let F : Span — Cats be a functor preserving finite products, such
that:

(i) for any f:Y — X in Smg smooth, f* :=F( X «+ Y =Y): F(X) = F(Y) admits a left adjoint,

denoted by fy.

(ii) for any Cartesian square in Smg

X L x

vl Jf

y' 2y
with f and f' smooth morphisms, the exchange transformation Ex; : f{(g')" == g* fy of functors
F(X)— FY') (defined as in Theorem is an equivalence.

(iii) Given (V :Y — Z) € fold, let Vg :=F(Y =Y — Z) : F(Y) - F(Z). Then V encodes the

tensor product on the symmetric monoidal category F(Z) (Proposition . For every diagram
in Smg of the form

W «—— Ry/x(W xx V) xzY —V Ry,x(W xx Y)

| ok

X Y Z
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with w and v’ smooth morphisms and V,V' € fold, the distributivity transformation
Disse : sV (f')" = Ve (my )smy
of functors F(W) — F(Z) (defined as in Theorem[2.7) is an equivalence.

Then, there exists a natural transformation Mz : (Sme),r~ — F of finite-product-preserving functors
Span — Cato, (i.e., of spherical presheaves of symmetric monoidal categories).

Assume furthermore that F is a subfunctor of G : Span — Ea\too, a spherical presheaf of non-necessarily
small symmetric monoidal categories. Then, if G lifts to the category of (not necessarily small) sifted-
cocomplete categories and functors preserving sifted colimits, then we obtain a natural transformation
Mz : Ps(Sme) 7~ — G of spherical of presheaves of (not necessarily small) sifted-cocomplete symmetric
monoidal categories.

Remark 2.19. In the notation Px(Sm,),r~, F~ is viewed as a functor associating to (u: X — 5) € Smg
a presheaf of spaces on Smyx, given by

Sm? SN Sm?P F, Cato, LSl Spc.
Thus, Ps(Sm,) /7~ associates to X the slice category Ps(Smx ),/ r~, viewing F~ € Ps(Smx). It is a pri-
ori unclear whether the symmetric monoidal structure on the slice category induced by this construction
agrees with the one in Proposition We will come back to this question in Subsection [2.3.3]

Notation 2.20. We denote the symmetric monoidal structure on Ps(Smg) /sye.~ induced by Theorem

by PZ(SmR)%HW,:. By Proposition the underlying slice category admits another symmetric

monoidal structure. We denote this second monoidal structure by Pg (SmR)%HW,:. A priori, we do not
know if they agree; we will come back to this question right after the proof of Theorem [2.18]

Proof of Theorem[2.18 For completeness, we repeat the construction in [BH21] §16.3] in our more gen-
eral context. By straightening-unstraightening [Lur09, §3.2], the functor F classifies a Cartesian fibration
F : & — Span®®. Let Fung,(A!,Span) be the full subcategory of Fun(A!, Span) consisting of functors
whose image is a span of the form X < Y = Y with ¥ — X a smooth morphism in Smg. The
composition
Funem (A, Span) x A' % Span x Catoo

where the first functor is evaluation, can be viewed as a natural transformation between the functors Fos
and Fot, where s (resp. t) is the source (resp. target) functor Fung, (A, Span) — Fung, (A, Span) ~ Span
induced by the inclusion {0} — A! (resp. {1} — A!). Since precomposition of functors corresponds to
pullbacks of Cartesian fibrations [Lur09 Def. 3.3.2.2], the functors F o s and F ot classify the Cartesian
fibrations s*F and t*F', respectively, defined as the pullbacks

s —— 3 & e — > &
el Ir or| Ir
Fungm (A, Span)°P LN Span®? Fungm (A, Span)°P AN Span®P,

and the natural transformation F o s = F ot gives a morphism of Cartesian fibrations ¢ : s*& — t*€
(i.e., a functor over Fung, (A, Span)°P that preserves Cartesian edges). We have a commutative diagram

X &

¢ s*E
N s*Fl lF

Fungm (A, Span)°? — , Span®.

&

We now pause to give an outline of the rest of the proof. Our goal is to show that the composition
P o t*F : t*E — Fungn(Al,Span)°® — Span®® is a Cartesian fibration, classified by a presheaf of
symmetric monoidal categories (Sm,) /7, of which (Sm,), 7 is a subfunctor; and to construct a morphism
of Cartesian fibrations t*€ — £. The latter corresponds to the natural transformation Mz we are looking
for. Here are the steps we will follow:

(1) Show that s°P is a Cartesian fibration, so that the composition s°Pot*F : t*£ — Span? is a Cartesian
fibration (note that ¢*F is a Cartesian fibration because it is a pullback of F').

(2) Define a relative left adjoint ¥ to ¢, which will in particular be a map t*€ — s*&.

(3) Show that the composition x o1 is a morphism of Cartesian fibrations over Span°®, and thus corre-
sponds to a natural transformation between the functors classifying these Cartesian fibrations.



16 JULIE BANNWART

(4) Show that s°Pot*F' is indeed classified by some presheaf (Sm, ) j 7 admitting (Sm,), 7 as a subfunctor,
and deduce the first part of the statement of the theorem.

(5) Prove the second part of the statement, i.e., the extension to sifted-cocompletions.
Step 1: The functor s°® is a Cartesian fibration. Equivalently, we show that s is a coCartesian

fibration. Firstly, it is an inner fibration because the source functor Fun(A!,Span) — Span is an inner
fibration by [Lur09, Cor. 2.4.7.11], and the restriction of an inner fibration to a full subcategory is still

an inner fibration by [Lur24] Tag 01CU]. Secondly, we claim that a coCartesian edge over X Ly Yz
in Span with source X <~ W = W is given by the edge in Fungm (A, Span) (i.e., natural transformation)

W «—— RY/Z(W XX Y) XzY —— Ry/Z(W X x Y)

w <L Ry/Z(W Xxy) XzY L/) Ry/Z(W ><XY)

/| |l |

X / Y v Z,

-

which we call e (for a grid like this to define a natural transformation between the vertical spans on the
left and right-hand sides, we need the top left and bottom right squares to be pullbacks, which is the
case here). Indeed, given another edge ¢’ with the same source

W+—B——D

W« _B-Y,D

-
I
X4 a4 Y0
and a commutative diagram in Span

X« v Y,z

N,
N

(in particular A ~ Y xz E), the following edge e” in Fung,(Al,Span) lifts Z <~ E — C and provides a
commutative diagram e’ o e ~ ¢’

Ry/z(WXXY) <—— DX¢gE —— D

Ry, z(W xxY) ¢+~ Dx¢ E —— D
[
g h E—Y (.
To construct h’, note that by definition of the Weil restriction, there are equivalences
Schz(D x¢ E, Ry z(W xx Y)) ~Schy (D x¢ E) xz Y, W xx Y)
~ Schy (D x¢c A,W xx Y)
~ Schy (B,W xx Y).

Then, under these equivalences, h’' corresponds to the map in Schy (B, W x xY') induced by ¢’ : B — W.
The bottom right square in e’ is determined by the requirement of it being a pullback, and the map
h' is determined, under the equivalences we just saw, by the condition e” o e = ¢, so that the lift €” is
essentially unique.

Step 2: The functor ¢ has a relative left adjoint. This means that there exists a functor ¢ in the
other direction, and a transformation € : ¥¢ — id exhibiting v as a left adjoint to ¢, and moreover
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commutes with the structure maps, in the sense that s*F o ~ t*F o ¢ o = t*F is an equivalence
[Lurl?, Def. 7.3.2.2]. By [Lurl7, Prop. 7.3.2.6], since ¢ is a morphism of Cartesian fibrations, it suffices
to show that ¢ has fiberwise a left-adjoint. Over (X < Y = Y) € Fungn(A',Span) (so f: Y — X
is smooth), the functor ¢ is by definition the corresponding component of the natural transformation
Fos— FoT it encodes. Therefore, it is given by f* : F(X) — F(Y'), which admits a left adjoint fy by
assumption (7). We thus obtain a relative left adjoint ¢ : t*€ — s*E.

Step 3: The composition x o : t*E — s*E — £ is a morphism of Cartesian fibrations over Span°®P.
Compatibility with the structure maps down to Span® holds by construction. So we have to show that
x ot preserves Cartesian edges. By [Lur24l, 'Tag 01UL], for Cartesian fibrationsp : £ — C and ¢ : C — D,
an edge e in € is (g op)-Cartesian if and only if e is p-Cartesian and p(e) is g-Cartesian. In our situation,
if e is an (s°P o t* F')-Cartesian edge, e is (t*F)-Cartesian and (t*F)(e) is s°P-Cartesian. It follows that
(t*F)(e) is the opposite of an edge in Fungy, (A, Span) of the form

We+—Y —— 7

‘ ‘ ’ ,

WLy Y, (1)

Ll

where Y' = Ry,;z(W xx Y) xz Y and Z' = Ry;z(W xx Y). Here g, u, and v’ are smooth. Since e is
a (t*F)-Cartesian lift of this edge, it is of the form «: (Z «+~ 2/ = Z/ H) — (X + W = W, E) with
H e F(Z'), E € F(W), and « consists in the data of (¢*F)(e) (the diagram above) together with an
equivalence H = Vi, f"*E. Then, x¢(e) is an edge (Z,us(H)) — (X, g4(F)) given by the morphisms

(X Y — Z)°® and uyH — Vg f*gyE, where the latter is the composite

DiSn,®

Ex}
uyH —— wyViy f*E Ve (my)ymiy B —— Ve f* o B,

with my : Y Xxx W =Y and 7y : Y xx W — W the projections. We saw above that the first map in
the composition was an equivalence, and the two other ones are equivalences by assumptions (zi¢) and
(7i) in the statement respectively. Therefore, xu(e) is F-Cartesian, as desired.

Step 4: We deduce the first part of the statement. The morphism of Cartesian fibrations y cor-
responds to a natural transformation Mx of functors Span — Cat,, between the functors classified by
sP o t*F and F, respectively. The former associates to X € Smg the fiber of s° o t*F over X. The
fiber of s°® over X can be identified with Smy; and over an object Y in Smy, the fiber of t*F' is by
definition F(Y). Therefore, the functor classified by s°° o #*F may be denoted by (Sm,) /#: it associates
to X € Smg the category (Smx),r of pairs (U, E) with U € Smyx and E € F(U), and a morphism
(U,E) — (U',E') is the data of f : U — U’ in Smx and a map E — F(f°P)(E’) in F(U) (not re-
quired to be an equivalence). These categories splice into a presheaf as follows. Given a morphism
X <i vy Y Zin Span, consider the Cartesian lift built in Step 1. Then X + Y — Z is mapped to
the functor (Smx)/r — (Smz) /7 sending a pair (W, E) with W € Smx and E € F(X’') to the pair
consisting of Ry/z(X'xxY) € Smz and Vi, f*E € F(Ry;z(X'xxY)). The slice category (Smx )z~ is
viewed as the wide subcategory of (Smx)/r where the maps E' — F(f°P)(E’) in F(U) in the description
above are required to be equivalences. Then, (Sm,),r~ forms a subpresheaf of (Sm,) 7, to which the
natural transformation M r restricts. This proves the first part of the statement.

Step 5: We prove the second part of the statement. If F embeds into a presheaf of not necessarily
small symmetric monoidal categories G that lifts (as a functor with source category Span) to sifted-
cocomplete categories, we have a composite morphism of presheaves (which can also be viewed as a
natural transformation of functors on Span) (Sm,),r~ — F — G. Since G lifts to sifted-cocomplete
categories, by the universal property of the sifted-cocompletion (see Definition , this morphism left
Kan extends to a transformation Ps((Sms),7~) ~ Px((Sms)) 7~ — F — G (the equivalence on the left
hand-side is Proposition [B.2), where Px((Sm,),z~) corresponds to the composition

(Sm.)/]_—:

Ps(e) Ea\sift

Span Catoo

This is the desired morphism of presheaves of symmetric monoidal categories Mx : Px(Smq) /7~ — G. [
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Definition 2.21. Let F be a presheaf on Smg as in Theorem The motivic colimit functor associated
with F is the S-component of the transformation Mx. Abusing notations, we also denote it by Mr.

Notation [2:20] gives rise to the following question.

Question 2.22. In the situation of Theorem do the symmetric monoidal structures Pg(SmS)%’__
(obtained from the construction of Theorem i.e., from [BHZ1, §16.3]) and Pg(Sms)%. (described

m Proposition agree?

We conjecture that this question can be answered by the affirmative, but we were unable to prove
it. We prove a weaker result in Theorem Since both symmetric monoidal structures are by
construction Day convolution with respect to some symmetric monoidal structures on the slice (Smg),r,
it would suffice to prove that the structures ® and ®’ agree at this level. Here is a hint in the direction
of a positive answer to Question

Proposition 2.23. In the situation of Theorem the tensor product of any two objects for the
symmetric monoidal structures Ps (Sms)ﬁf and Ps, (Smg)iaf agree.

Proof. Let g : X — F and h : Y — F be two objects in (Smg),r, represented by x € F(X) and
y € F(Y), respectively. By the informal description of the tensor product in Pg(Sms)%. in Proposition

B3 we have

XoheY R =Xxxy Y rxrt,F
where p gives the multiplicative structure on the presheaf of symmetric monoidal categories F. The
resulting map X x Y — F is represented by the element F(75%)(z) ®xxy F(my)(y) € F(X xY),

where for Z € Smg, the functor ®z is the tensor product on F(Z), namely F(Z"? = Z12 — 7)
(viewing F as a functor Span — Cat., preserving finite products).

On the other hand, recall that the presheaf of symmetric monoidal categories ?E(Sm.)‘% is classified

by the Cartesian fibration s°P ot*F : t*£ — Span®® (in the notation of the proof of Theorem . Thus,
the tensor product of g and h is the source of an (s°° o t* F)-Cartesian lift for (S1? = M2 — §)°P with
target (XY, (z,y) €e F(XIIY) =~ F(X) x F(Y)) € t*E. We have seen in the proof of Theorem
that an s°P-Cartesian lift for such an edge was given by (the opposite of)

XTY ¢ (X x V)12 Y X %V = R g(X 1Y)

| | |

g2 g2 v S

and thus the source of the (s°P o t* F')-Cartesian lift we are looking for is
(XxY,F(XTY +— (X x V)2 — X x Y)(z,y)),
which is exactly F(7)(2) @xxy F(my)(y) € F(X x Y) by construction. O

Proposition 2.24. Let F be as in Theorem[2.18 Then the associated motivic colimit functor Mr is a
symmetric monoidal, colimit-preserving functor sending the arrow u : y(X) — F= (where X € Smg has
structure map f : X — S) to fy(E), where E = u(X)(idx) € F~(X) is classified by u. More generally,
the image of an arrow v : G — F~ in P(Smg),r~ is given by

Mz ~ colim(y, x)e(sms) /g (px)gy(@).

Proof. The last assertion is [BH21, Rmk. 16.5] or [BEH22, Rmk. 2.6], and is deduced from the expression
of an element of the slice as a colimit of representable objects, and the fact that Mz preserves colimits
(or viewing Mr as a left Kan extension). O

To obtain the motivic Thom spectrum functor, we now apply Definition to the functor SH®.

Proposition 2.25. The functor SH” : Smg” — CAlg(Cat’,) satisfies all assumptions of Theorem '
in the statement of the latter, we may choose F = SH* and G = SH. In particular, there is a motivic
colimit functor (Smg) /spe.~ — SH”(R), extending to a symmetric monoidal functor

M = Msyw.~ : PE(SmR)/SvaZ — SH(R),

which we call the motivic Thom spectrum functor.
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Proof of Proposition[2.25 By Theorem the functor SH defines a spherical presheaf of symmetric
monoidal categories that satisfies assumptions (i) to (#i¢) in Theorem Then, by Proposition [2.11]
SH® also satisfies these assumptions. Therefore, the statement follows as soon as we show that SH, viewed
as a functor with source category Span with values in categories, lifts to sifted-cocomplete categories.

For all X € Smg, SH(X) is cocomplete, in particular sifted-cocomplete. Moreover, if (X Ly Yz )isa
morphism in Span, then its image Vg o f* : SH(X) — SH(Z) by SH preserves sifted colimits. Indeed, f*
preserves all colimits as a left adjoint, and V is induced by the tensor product functor, which preserves
sifted colimits since it preserves colimits in both variables separately. More precisely, if V: Z11 Z — Z
is the simplest fold map, then Vg : SH(Z) x SH(Z) — SH(Z) is the tensor product (Theorem [2.18|(4i7)).
In this situation, for any sifted diagram G : D — SH(Z) x SH(Z), we have

Vg(colimp G) ~ Vg (colimp m G, colimp m2G)
~ (colimp mG) ® (colimp mG)
~ colimpyp (M Gm ® mGms) (® preserves colimits in both variables separately)
~ colimp (111G ® m2G) (by definition of a sifted category)
~ colimp VgG

where m; and 7y are the canonical projections for the products SH(Z) x SH(Z) and D x D. The same
holds for more general fold maps. This finishes the proof. (]

Remark 2.26. By Proposition [2.24] the motivic Thom spectrum functor is informally given by the formula

M(G — SHT) =~ colim(z x)e(smp) o (Px) 1V (2),
where px is the structure map X — R, and the colimit is taken in SH(R).

Ezample 2.27 (|BH21), §16.2 and Ex. 16.22], [BH20, below Lemma 4.6]). Paralleling Example we
now explain how to define £,.-structures on the motivic cobordism spectra using the motivic Thom spec-
trum functor. The motivic £,-ring spectrum MGL is the image by M of the motivic j-homomorphism
j: K° — SHY™, where K° is the rank 0 summand of algebraic K-theory. As we will now see, j is
constructed as a morphism of presheaves of symmetric monoidal categories, and thus acquires by Propo-
sition below the structure of a commutative algebra object in the source category of the functor M.
For any X € Smg, there is a symmetric monoidal category Vect(X) of algebraic vector bundles on X,
where the tensor product is the direct sum of vector bundles. Pullback of vector bundles makes the con-
struction contravariantly functorial in X. There is a symmetric monoidal functor Vect(X) — Pic(SH(X))
sending a vector bundle £ to X*°(£/(£\ {0})), where Pic(SH(X)) is the subgroupoid of SH(X)= spanned
by the invertible objects. It extends to a morphism of presheaves of £,.-spaces Vect™ — Pic(SH(-)),
which factors through the group completions Vect(X)=€P because Pic(SH(X)) is already group-like by
construction. Thus, we obtain a morphism K — Pic(SH(—)) — SH*"= of spherical presheaves of group-
like E-spaces. Furthermore, the rank map Vect(X)™~ — N is a morphism of monoids, and taking group
completions yields a morphism K — 7Z of spherical presheaves of group-like £-spaces, whose fiber is the
rank zero part K°. Restricting our morphism K — SH*"™ to K°, we obtain the motivic j-homomorphism
j: K° — SHY=,

Similarly, the motivic spectra MSL and MSp are respectively given by M(KSL°® — K° EN SHY"=)

and M(KSp® — K° EN SH*=), where KSL° and KSp° are defined similarly as K°, but with respect
to even-dimensional oriented bundles and even-dimensional symplectic bundles, respectively. They can
be described by K° ~ Lot BGL =~ Lyotcolim,enBGL,, KSL° ~ Ly,BSL, and KSp° ~ LyhBSp,
respectively ([BH20, after Lem. 4.6] and [BH21], before Thm. 16.13]).

Proposition 2.28. There is a functor
Fun* (Span(Sm, all, fold), Spc) = — CAlg (Pg(SmS)%’Hw,:) ,

where Fun™ denotes the category of functors preserving finite products (and compatible natural transfor-
mations). In particular, a morphism of spherical presheaves Ex,-spaces A — SH= defines a commutative

algebra object in the slice Pg(Sms)%Hw,:.

Proof. This follows from the last displayed composition of functors in [BH21l proof of Prop. 16.17 and
Rmk. 16.18]. O

Remark 2.29. This is a partial analog to Proposition [B.5] Indeed, by Proposition a morphism
of commutative algebras in Ps(Smg) with target SH*'™ yields a commutative algebra in the slice
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’Pg(Sms)}@SHw,:. We don’t know if the ® and ®’ structures agree, but Proposition tells us that, at
least, we may construct some commutative algebras with respect to both structures in the same way.

2.3. Comparison of the topological and motivic Thom spectrum functors.

In this subsection, we aim to show that the motivic Thom spectrum functor corresponds under real
realization to the topological Thom spectrum functor, in the appropriate sense. To do so, we will consider
another motivic colimit functor that already incorporates real realization in its definition (Subsection
2.3.2). In order to compare the latter with the motivic Thom spectrum functor (Subsection ,
we first study in Subsection [2:3.] naturality in F of the construction from Definition 2.:21] Finally, in
Subsection we use this to compute the real realizations of MSL, MGL and MSp.

2.3.1. Naturality of the motivic Thom spectrum functor in the presheaf F.

Proposition 2.30. Let F,G : Span — Cats be functors satisfying the assumptions of Theorem [2.18.
Assume that T : F — G is a natural transformation such that, in the notation of assumption (i) in
Theorem for any smooth morphism f:Y — X in Smg, the canonical transformation fy7y = Tx f
is an equivalence (see Remark below). Then, postcomposition with T induces a natural transfor-
mation Ty : (Sme)/r~ — (Sme)/g~, fitting into a commutative diagram of transformations of functors
Span — Cat, preserving finite products:

(Sma)Tr — (Sma)7,

Mfl lMg (2)

F——— 3.

Moreover, if F and G are subpresheaves of some spherical presheaves of symmetric monoidal cate-
gories that lift to sifted-cocomplete categories, denoted by F' and G' respectively, and T extends to a

—sif
transformation F' = G’ of functors Span — Catsoot, then the statement holds for Mx and Mg replaced
with Ps(Sme) 7~ — F' and Ps(Sm,) g~ — G, respectively.

Remark 2.31. In the situation of Proposition F and G are in particular Sm-premotivic categories
over Smg [EK20), §2.2]. That is, they are functors Smp” — Cat,, such that for each (f : Y — X) € Sm
a smooth morphism in Smg, f* : F(X) — F(Y) has a left adjoint f; (respectively, for G). If each
component of 7 admits a left adjoint, our assumption on 7 gives exactly the notion of a premotivic
adjunction. Notice further that a transformation 7 as in Proposition [2.30] automatically also preserves
the units and counits of the adjunctions f3 - f* for any smooth morphism f. Indeed, applying 7 to
the unit and counit for an adjunction f; : F(Y) S F(X) : f* yields transformations which exhibit
fr :G(Y) = G(X) : f* as an adjunction; they must therefore be equivalent to the unit and counit we
were originally given for this adjunction [Lur24l Tag 02F4]. This holds very generally and may also
be seen by viewing 7y as a morphism between the biCartesian fibrations over A! representing these
adjunctions [Lur09, §5.2.2].

Proof of Proposition[2.30 Firstly, to construct 74, we have to produce a morphism between the Carte-
sian fibrations classified by (Sm,) 7z~ and (Sm,)/g~. We use the notation of the proof of Theorem
The transformation 7 induces a morphism between the Cartesian fibrations F' : £ — Span®® and
G : H — Span® classified by F and G, respectively. It pulls back to morphisms of Cartesian fibrations
s*7 1 5*E — s*H and t*7 : t*E — t*H over Fung,(Al,Span)°P. The latter defines a morphism of Carte-
sian fibrations over Span®® between s°P o t* F' and s°P o t*G. Indeed, assume e is an (s°P o t* F')-Cartesian
edge in t*€. Then, by [Lur24] Tag 01UL], e is t*F-Cartesian and therefore (t*7)(e) is (t*G)-Cartesian.
By loc. cit., (t*G)((t*1)(e)) = (t*F)(e) is s°P-Cartesian, and so t*7(e) is (s°P o t*G)-Cartesian.

Secondly, we show the commutativity of Diagram . We have a diagram

&€ € &
S YF S - XF \\\T
Xg R _ \ H

F |
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of morphisms of Cartesian fibrations over Span®®. We have to show that the top rectangle commutes.
Since the square on its right-hand side commutes by construction of s*7, it suffices to show the com-
mutativity of the square on its left-hand side. Recall that ¥z was obtained as a relative left adjoint
to the morphism of Cartesian fibrations ¢ : s*€ — t*E corresponding to the natural transformation
Funsm (A, Span) x Al — Span — Cat,, (postcomposition of the evaluation map with F') and similarly
for G. The diagram

§*E —or— t*E

* o

1 1
S*H —¢g = t*H
involving the left adjoints ¢z 4 ¥ r and ¢g 4 g is commutative by construction, since both composites
correspond to the natural transformation

s F
- T — ;.
Funsm (Al Span) ﬂev Span ﬂr Cato
[ A - ¥
t G

In particular, there is a canonical exchange transformation g ot*T = s*7 o r given by the composition
Vg o t'T = g 0 1T 0 6 0 hr = Yhg 0 dg 0 8T 0 Yx = 8°T 0 Y.

Consider an edge in t*&, it takes the form of a diagram similar to in Step 3 of the proof of Theorem

together with objects H € F(Z'), E € F(W), and a morphism ~ : H — Vi f*E in F(Z').

The difference compared to the aforementioned Step 3 is that Y/ and Z’ are not required to be Weil

restrictions, and x need not be an equivalence. On the one hand, the composite s*7 01 maps this edge
to the edge consisting in the data of the same diagram and the morphism

ugk ! plx Diss,@ * Ex; *
Tz UﬂH — Uﬂv®f EFE—— V@(ﬂ'y)ﬁWWE i V@f gﬁE

in G(Z), where the (—), (—)g, and (—)* refer to the functoriality of . On the other hand, g o t*7
maps it to the edge consisting in the data of the same diagram and the morphism

770 (K) Ioprx 1oprx Disy, * Exi *

ugTz (H) —— ugtw (Vi [ (E)) = wy Vi [ 1w (E) —— Ve (ry )imymw (E) — Ve [ gsmw (E),

where the (—)4, (—)g, and (—)* now refer to the functoriality of G. By assumption and by Remark
7 is compatible with the exchange transformation Exg and with uy. For compatibility with the distribu-
tivity transformation, note that it is by definition the composition of the exchange transformation Exy g
with the counit of the adjunction (—); 4 (—)*. The transformation 7 is compatible with them by assump-
tion and Remark since compatibility of 7 with (—)g is given by it being a morphism of presheaves
of symmetric monoidal categories (naturality for forward morphisms in Span, i.e., spans consisting of
one identity and one fold map). This shows that our exchange transformation g o t*7 = s*7 o is an
equivalence, and, as explained above, this allows us to conclude that Diagram commutes.

Finally, since t*7 is a pullback, the induced transformation (Sm,),z~ — (Sm,) g~ is indeed given
over X € Smg by the functor (Smx),;r~ — (Smx),g~ induced by post-composition by 7 (in the sense
that a pair (Y € Smx, E € F(Y)) is sent to (Y € Smx, 7y (E) € G(Y))). This justifies the notation
in Diagram . When F and G are subpresheaves of 7’ and G’ lifting to sifted-cocomplete categories,
the argument is the same as in Step 5 of the proof of Theorem [2.18] O

2.3.2. Motivic colimit functor associated with the real realization functor.

We now construct a functor R¥ : Span — Cat,, satisfying the assumptions of Theorem [2.18] which
provides us with a motivic colimit functor related to real realization. Using the naturality result of the
previous subsection, we compare it to the motivic Thom spectrum functor. Then, in Subsection [2.3.3
we will compare our new motivic colimit functor to the topological Thom spectrum functor.

Definition 2.32. Let R be the presheaf of (not necessarily small) symmetric monoidal categories on
Smg, defined by X € Smg — Sp(Spc,,, (x)), where functoriality is given by pullback (see Proposition
. Let R : Span = Span(Smg,all, fold) — Cat,, be the spherical presheaf of essentially small
symmetric monoidal categories defined by X € Smg — Sp(Spc,, (x))”. Here Sp(Spc,,, (x))“ is viewed
as a symmetric monoidal subcategory of Sp(Spc,,,(x)) (as in Proposition , whose structure is
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induced by the Cartesian structure on Spc Jra(X) (as a particular case of Lemma the latter category
is equivalent to P(*,.,(x)) and thus admits finite limits; the symmetric monoidal structure on the
stabilization is induced by tensoring with Sp in Prt, see [Lurl7, Ex. 4.8.1.23]).

To apply Definition 2:21] to F = R*, we show the following result.

Proposition 2.33. The functor R from Definition [2.53 satisfies all the assumptions of Theorem
except for essential smallness of the categories in its image, and lifts to sifted-cocomplete categories. It
also satisfies a projection formula as in Theorem U). The functor R* satisfies all the assumptions
of Theorem [2:18; in the statement of the latter, we may choose F = R and G = R. In particular, we
obtain a symmetric monoidal motivic colimit functor

Mg : Ps(Smg) jgew~ — R(R) =~ Sp.

Proof. Step 1: We prove that R is a spherical presheaf of symmetric monoidal categories and satisfies
assumption (i). For any morphism f: X — Y in Smg, we have a diagram

SPC/m(x) T g 7 P (SPC/TR(X>>

T
ol AF 4 | f« el A | f7
| .

=
SPC/r(y)y ——————— 5P (SPC/TW))

The adjunction f3 4 f* is built as in the case of schemes, where f* is the pullback functor and fy is
induced by post-composition of structure maps. In particular, f* preserves products because it is a right
adjoint, so it is symmetric monoidal with respect to the Cartesian symmetric monoidal structures on
both categories. The right adjoint f, to f* exists because pullbacks commute with colimits in spaces.
Since both fy and f* are left adjoints, they preserve colimits and thus descend to an adjunction on the
stabilization of both categories (see [Vol23, Rmk. 2.2], using that stabilization is tensoring with Sp in Prt
by [Lurl7, Ex. 4.8.1.23]). The induced functor f* becomes symmetric monoidal for the smash product.
Moreover, we have, for all X,Y € Smg

R(XIY) >~ Sp(Spc/,, (x1y)) = SP(SPC/ry(x) X SPC/py(v))
>~ Sp(SPC/,. (x)) X SP(SPC/py (v)) = R(X) X R(Y).

This proves assumption (i) and establishes R as a spherical presheaf of symmetric monoidal categories.

Step 2: We prove that R satisfies assumption (i1). Consider a square as in the statement of as-
sumption (i7). We first prove a projection formula, i.e., that for all S € R(X) and T € R(Y), we
have fy(S A f*T) ~ fi(S) AT (via the canonical map). Since both sides preserve colimits in S and T’
separately, it suffices to show that the formula holds for the infinite suspension spectra of S € Spc,, (x)
and T' € Spc,,, (y). We have equivalences

fﬁ(Zf,‘f’S N f*EfT) ~ fﬁ(ZfS A Eiof*T) ~ fﬁ(Ef(S X g (X) f*T)) ~ foﬁ(S Xrg(X) f*T)
~ XX (f4(S) Xy T') (pasting law for pullbacks, [Lur09l Lem. 4.4.2.1])
~ fy(BFS) NETT.
induced by the canonical map (as can be checked at the level of spaces, because it is already the case for
the equivalence f3(S X, (x) f*T) =~ f3(S) Xy T).

To prove that the exchange transformation is an equivalence, it again suffices to show it before stabi-
lization. For any arrow (S — rr(X))Spc,,, x) with structure map z : § — rg(X), we have

g f1(S = rr(X)) = g*(S = rr(X) = rr(Y)) = (S Xy v) rR(Y) = rr(Y"))
>~ fi(S Xy TR(X) = 1R(X)) (%)
~ fig"" (S = rr(X))
where (x) follows from the pasting law for pullbacks in the diagram
S XT']R(Y) T]R(Y/) e ’I’R(X/) —_—> TR(Y/)
J g/J( ’ p
+

S

(X)) — L (Y
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Thus the exchange transformation is an equivalence.

Step 3: We prove that R satisfies assumption (iii). Consider a diagram as in the statement of
assumption (iii). To lighten notation we deal only with the case Y = Z""; the case of general maps
in fold is similar. Write U := W xx Y = [],.,, Ui, where U; lives over the i-th copy Z; of Z in
Y. Let e : Y’ := Ry,x(U) xz Y — U be the natural map; it is given over Z; by the projection on
the i-th component [[,., U; — U;. Then, for any (A — m=(W)) € Spc), ), let B = (mw)"(A),
which lives over rg(U). Write B; the component of B over rg(U;). Now, e*(B), as a space over
rr(Y’) = Hign(TR(Ul) Xy (2) X (2) TR(Un)), is given by

H(TR(Ul) Xpe(2) "+ Xra(2) Bi Xop(2) = X (2) TR(Un)).

i<n
In the remainder of Step 3, unless specified otherwise, all products are fibered over rg(Z). Then
usVig f*(A) = uyVie*(B) is given by the fiber product over rg(U;) x --- x rg(Uy,) of the factors
rr(U1) X -+ x By x --- x rg(Up) for 1 <i < n. That is, uyViye*(B) = By x --- X B,, — rg(Z), which
coincides with Vg (my)s(mw)*(A) = Vg (my)s(B). Now Vgu; f*(A) = Vguze*(B) is given by

[[0=@) x - x Bi x -+ x rg(Un)) — ra(2).

i<n
The distributivity transformation is now the map

By X+ X B, — H(TR(Ul) X oo X By X - xrg(Up)) — By X +-+ X By,
i<n
which is seen to be the identity by chasing through the construction. Therefore, in our situation, the
distributivity transformation is an equivalence.

Step 4: We show that R lifts to sifted-cocomplete categories. For all X € Smg, the slice Spc/TR(X) is
presentable (as a particular case of Proposition it is equivalent to P (*/,(x))). Then, using [Lurl7,
Prop. 1.4.4.4]; the category Sp(Spc,,, (x)) is cocomplete. Moreover, for any map f in Smg, the functor
f* preserves colimits; and for any fold map V, the functor Vg preserves sifted colimits, by the same
argument as in the proof of Proposition Since the operations f* and Vg describe the functoriality
of R (viewed as a functor on the category Span), the latter lifts to sifted-cocomplete categories.

Step 5: We prove that R* satisfies the assumptions of Theorem[2.18 We proceed as in the proof of
Proposition In this case, given X € Smg, R(X) = Sp(Spc/,, x) is generated under colimits by the
(small) set of compact objects £ := {¥"X°V | n € Z,V € *,,,x }. Here we identify Spc,,, x ~ P (/. x)
via Proposition The category #/,, x ~ rr X is essentially small as rg X is a (small) space. The fact
that E generates R(X) under colimits simply follows from the fact that the stabilization is generated
under colimits by shifts of infinite suspensions of objects in the original category; and any presheaf is
a colimit of representable ones. Object in E are compact because infinite suspensions of objects in the
original category are compact by the same argument as in [Hoy14, Prop. C.12]. The remainder of the
proof is the same as for Proposition[2.11] using the properties of R proven in Steps 1 to 4. This uses that
the morphisms f* and fj commute with infinite suspensions (they are induced at the level of the slice
categories before stabilization), and that f; behaves well with respect to shifts because of the projection
formula. O

We now want to apply Proposition to a transformation « : SH* — R of functors Span — Cat...
We first define it at the level of the full categories (so not only on the compact objects). To do so, we
use the universal property of SH as a presheaf of symmetric monoidal categories. Indeed, as we saw
in the construction of the real realization functor, to specify a symmetric monoidal colimit preserving
functor SH(S) — C where C is a symmetric monoidal stable category, it suffices to define a symmetric
monoidal functor Sm§ — C which is suitable Al-invariant and well-behaved with respect to the Nisnevich
topology, and inverts P1. A more precise statement is proven in [Rob13]. This universal property was
made into one of the presheaf SH in [DG22]. Before stating it, we need a definition that axiomatizes
some functoriality properties of SH we saw in Theorem

Definition 2.34 ([DG22]). Let C be an essentially small 1-category with finite limits and a terminal
object, and P be a collection of maps in C stable under pullback and equivalences. A P-pullback formalism
over C is a functor C : C°® — CAlg(Cato,) such that:
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e for any f € P, f*:= C(f) has a left adjoint fj,
e the exchange transformation is an equivalence for pullback squares with two parallel sides in P (see

Theorem [2.7{(vii)),
e C satisfies the projection formula (see Theorem [2.7(v)).

A morphism of P-pullback formalisms over C is a natural transformation 7 : C — C’ such that the
canonical transformation ff =T fﬁc is an equivalence for any f € P. This can be organized into a
category PB(C, P).

Definition 2.35 ([DG22]). Let PB(Smg, Sm)iﬁ (Pt

cocomplete pointed A'-local Nisnevich-local Sm-pullback formalisms with P! invertible, that is, of objects
C' such that:

e for any X € Smg, C(X) is a cocomplete and pointed category,

be the subcategory of PB(Smg, Sm) consisting of

,00)

C satisfies Nisnevich excision,
for any X € Smg, the projection induces a fully faithful functor C(X) — C(X x Al),

the essentially unique morphism of pointed cocomplete pullback formalisms Spc(—). — C sends
(P!, 00) € Spc(R), to an invertible object in C(R).

Theorem 2.36 ([DG22, Cor. 6.35 and Rmk. 7.11]). The functor SH is an initial object in the category
PB(SmR,Sm)Eﬁi(le) (see Definition .

Lemma 2.37. The presheaf of symmetric monoidal categories R is a cocomplete pointed A'-local
Nisnevich-local Sm-pullback formalism over Smy with P! invertible.

Proof. Tt follows from Proposition that R is a pullback formalism. Moreover, for any X € Smg,
Sp(Spc),,(x)) = R(X) is pointed and cocomplete. The pullback formalism R is furthermore Al-local,
because rg(X) ~ rg(X x A') for any X € Smp via the projection, so that R(X) — R(X x Al) is in
particular fully faithful. To check that R has Nisnevich excision, let ¢ : U < X and p: Y — X form an
elementary distinguished Nisnevich square (i.e. ¢ is an open immersion, and p is an étale map inducing
an isomorphism between the complement of U and its preimage by p). Then the corresponding pullback
square in Smg becomes a pushout square in Spc(R); since rg preserves colimits we have

SPC/i (X) 2 SPC/rg (UL, (1 vy 72(Y) = SPC/1a(U) XS, (1 vy OPC/ra (V)

by the descent property in Spc. Finally, we have
R(X) 2 Sp(Spc/p, (x)) =~ SP(SPC /(1)) XSp(Spe,ry (1 vy) SP(SPC/my(v)) = R(U) XR(xxv) R(Y)

because stabilization preserves limits. Indeed, it is described by tensoring with Sp in Prt [Lurl7, Ex.
4.8.1.23], but Sp is dualizable [Lurl8 Prop. D.7.2.3], thus — ® Sp preserves all limits and colimits;
moreover limits in Prt are computed on the underlying categories [Lur09, Prop. 5.5.3.13]. Finally,
the essentially unique morphism of pointed cocomplete pullback formalisms x : Spc(—). — R sends
(P!, 00) € Spc(R). to I°°((rg(P!) — rr(R), 00)) ~ X°(S!, x) € Sp, which is invertible (see Construction

below for the description of x). This verifies all the axioms. O
Construction 2.38. Let « : SH — R be the unique morphism in PB(SmR,Sm)E’:‘Z’: (Bl .00) fTOM SH to

R (using Theorem and Lemma [2.37). Unraveling the constructions in [DG22, Thm. 6.3 and Rmk.
7.11], we can give an explicit description of the components of «. Given S € Smg, real realization
induces a finite-product-preserving functor Smg — Spc,,_(g) sending X € Smg to the real realization
of its structure map rg(X) — rr(S) (in the terminology of [DG22], this is a morphism of pre-pullback
formalisms, for which Smy is initial). The left Kan extension of this functor inverts motivic equivalences,
and factors through Spc(S). The corresponding functor on pointed objects can be post-composed with
the infinite suspension functor (Spc,,(g))« — R(S). There is therefore an induced symmetric monoidal
functor Spc(S). — R(S) that preserves colimits, and inverts P!. Finally, this functor factors through
SH(S), and we obtain ag : SH(S) — R(S).

As promised, we now apply Proposition to the transformation « from Construction [2.38

Proposition 2.39. The transformation o from Construction [2.38 restricts to a natural transformation
a : SHY — RY¥, inducing a commutative diagram of symmetric monoidal categories and symmetric
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monoidal functors

Ps(Smp) jspex ———— Px(Smp) .~

| [

SH(R) —2* Sp (spc/m(R)) ~ Sp.

Proof. To show the first claim, it suffices by Lemma [2.9] to show that for all X € Smg, U € Smx, and
n €N, a(X72"EPU) € R(X)¥. By construction, (X2 "EPU) ~ XYL (rgU — rpX), and the
latter is compact (Step 5 of the proof of Proposition [2.33)). To prove the remainder of the statement, it
suffices to check that a : SH — R satisfies the assumption of Proposition m (compatibility with the
left adjoints (—)g), because then so does its restriction to the subcategories of compact objects. But «
is by construction a morphism of pullback formalisms, and so the assumption holds by definition. O

2.3.3. Comparing the motivic colimit functor Mg« and the topological Thom spectrum functor.

As mentioned at the beginning of the previous subsection, we now compare Mg« with the topo-
logical Thom spectrum functor. We saw in Theorem that the unstable real realization func-
tor g : P(Smg) — Spc was a localization functor, inducing an equivalence between the category of
Al-invariant real-étale sheaves and that of spaces. We now apply this localization to the category
,P(Sm]R)/Rm,z.

Lemma 2.40. The functor Mg~ : Pg(Smg)/ge.~ — Sp from Proposition factors through the
localization L ree(P(SmR)) /R~ of Al-invariant real-étale sheaves over R*"=. In particular, there is a
commutative diagram of symmetric monoidal functors

TR

'Pz(SmR)/SHw,: L} Pg(SmR)/Rw,: — L1 e — LAljret(P(SmR))/Rw,: "'—tﬁ SpC/Spw,:
T T 3
SHR) ——— = R(R) ~Sp *

Proof. By [BEH22, Prop. 2.11], to show that the functor Mz« : Pg(Smg),gw.~ — Sp factors through
Lt et (Ps(Smg)) je.~, it suffices to show that R~ € Ly rr(Ps(Smg)) is an Al-invariant real-étale
sheaf. We will prove this at the end. Let us first see how this implies the statement of the lemma. Note
first that we may ignore the sphericity condition, i.e., the inclusion L1 yet(Ps(Smr)) € La1 ret(P(Smr))
is an equivalence, since any real-étale sheaf is in particular spherical (for any U,V € Smg, the inclu-
sions of U and V in U II'V form a real-étale cover of the latter). Moreover, Theorem m gives an
equivalence La1 ret(P(SMR))/ e~ =~ SpC),, (re.~y induced by real realization, which for Al-invariant
real-étale sheaves corresponds to taking the real sections. Then, rg(R“~) ~ Sp(Spc/TR(]R))“”2 ~ Sp“=,
and we obtain Diagram 1) where the symmetric monoidal structure on Spc /spe-~ 18 induced by that of
Lt ret(P(SMR)) jre.~ (described in Lemma below).

To conclude the proof, we are left with showing that R“™ is an A'-invariant real-étale sheaf. We
have already proven that R was an Al-invariant Nisnevich sheaf (Proposition . The argument for
the real-étale topology is the same, using the fact that the unstable real realization functor inverts the
real-étale equivalence by Theorem Then, the A'-invariance of R*>™ follows. We defer to Lemma
just below the proof that R¥ is a real-étale sheaf. Then, R¥ = is also a real étale sheaf: it is obtained
from R* by postcomposition with the functor (—)= : Cats, — Spc, which preserves limits as it is right
adjoint to the inclusion, and being a sheaf is a limit condition. O

Lemma 2.41. The subpresheaf of compact objects R¥ C R is a real-étale sheaf on Smg.

Proof. Recall from the proof of Lemma that R is a real-étale sheaf on Smg. Thus, it suffices to
show that for any real-étale cover {f; : U; — X} in Smp, if a € R(X) satisfies f/(a) € R(U;)*, then also
a € R(X)“. Let colimjec ya; be a cofiltered diagram in R(X). We want to show that

colimje 7Mapg x)(a, a;) = Mapg x(a, colimje 7a;). (%)

We will first construct “mapping sheaves” and consider analog of () for these. Since by definition all f;’s
are étale, we work over Etx, the small étale site of X. Let a,b € R(X). We can construct a “mapping
presheaf” Map,, (a,b) sending (f : U — X) € Etx to the space Mapg ) (f*a, f*) [Bac22, Cor. 3.8].
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Since R is in particular a real-étale sheaf on Etx, I\/IapR(a,b) is also a sheaf. Indeed, if V — Y is a

real-étale cover in Ety, then R(Y) is equivalent to the limit over the Cech complex lim R(C4(V)), so
that

Map_, (a,b)(Y) = Mapy,, & (¢, (v)) (@, b) = lim Mapg &, 1)) (@, b) = lim Map_, (a,b)(Ce(V)),

where in the second-to-last term, the pullback of a and b to the terms of the Cech complex is implicit.
There is a natural map of presheaves ¢ : colimfé?X)MR(a, a;) — MR(a, colimje ya;) inducing equiv-
alences after restriction to each U;. This holds because colimits are computed sectionwise in presheaves,
and for any morphism f : V' — Uj, the restriction f*a € R(V)“ is compact (by assumption fa € R(U;)*
is compact, and f* preserves compact objects by Proposition . The right-hand side is already a
sheaf, and thus ¢ induces an equivalence between the sections on X of the sheafification of the left-hand
side, which is equivalent to colim‘?g’}EtX )MR(Q, a;), and that of the right-hand side. Therefore, we have
equivalences

colim;je 7Mapg x)(a,a;) =: colim;e s (MapR(a,aj)(X)> (*:*) (colimfg"j(EtX)MapR(a,aj)) (X)

~ MapR(a, colimje 7a;)(X) := MapR(X)(a,colimjejaj),

which gives (). Here, (xx) is obtained by viewing global sections as corepresented by y(X), and using
that the (sheafification of the) latter is a compact object in Shv(Etx). To see this, note that it is the
terminal object in Shv(Etx) ~ Shv(RX) [ES21, Thm. B.10], so it suffices to check that the terminal
object in Shv(RX) is compact. This follows from the fact that RX is a coherent topological space
[ABEH25], Prop. 4.1] and the end of the proof of [Lur(9, Prop. 6.5.4.4]. O

Lemma 2.42. The localization L' : P(Smg) jge.~ — Lp1 ret(P(SMR)) /e~ from Lemma 8 sym-
metric monoidal, making the right-hand side into a presentably symmetric monoidal subcategory of the
left-hand side via the fully faithful right adjoint of the localization L'.

Notation 2.43. As in Notation 2:20] we denote the corresponding symmetric monoidal structure on
Spc/gpe.~ obtained via the equivalence with La1 ret(P(SmR)) /re.~ by Spcf’spw,:, to distinguish it from
the one in Proposition which we denote by Spc;g’S b

Proof. To lighten notation, let C := P(Smg) jgw.~ and D := L1 (t(P(Smg))/r«.~. Recall that there is
a source functor (or forgetful functor) C — P(Smg) remembering only the domain of an arrow. We first
use the criterion of [GGNI5|, Lem. 3.4]: if we show that local equivalences are preserved by the functors
—® X for all X € C, then this shows that there is an induced symmetric monoidal structure on D, such
that L’ is symmetric monoidal and its right-adjoint ¢ is lax symmetric monoidal. This holds because local
equivalences in C are those maps that are equivalences of presheaves after applying the source functor
and the A'-real-étale localization L : P(Smg) — L1 ret(P(Smg)). On the sources, the tensor product of
C is the categorical product (Proposition . Since L commutes with products (since real realization
does), we are done.

As an accessible localization of C in the sense of [Lur09, §5.5.4], D is presentable. By symmetric
monoidality of L', for any X,Y € D, we have X p Y = L' (1 X ®¢ ¢Y'). Thus, to show that D is actually
a symmetric monoidal subcategory of C, it suffices to show that such tensor products tX ®¢ 1Y are
already local, and that so is the unit. The latter is clear, and for the former, we use again that being
local is checked after applying the source functor; and that ®¢ is the categorical product on the sources.
Since L commutes with products, the product of local objects is local, and this is what we needed.

Finally, we show that the symmetric monoidal structure is presentable. Let X € D, we have to show
that — ®p X : D — D preserves colimits. Let colim;Y; be a colimit diagram in D. Using that both L’
and ¢ preserve the tensor products, and L’ preserves colimits, we have:

(colim;Y;) ®@p X =~ (colim;L'1Y;) ®p X ~ L' (colim;.Y;) @p L't X ~ L' ((colim;.Y;) ®¢ 1 X)
~ I/ (colim; (1Y; ®c X)) (C is presentably symmetric monoidal)
~ colim; L’ (1(Y; ®p X)) =~ colim;(Y; @p G).
This finishes the proof. O

The functor Mj,, can be viewed as the real realization of the motivic Thom spectrum functor. We

can now show that it is equivalent to the topological Thom spectrum functor.
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Theorem 2.44. The symmetric monoidal structures Spc%pw,g and Spc®spm,2 agree (see Notation ,
The functors Mt'op ‘from Diagram (@)) and Miop (from Theorem agree as symmetric monoidal
functors.

Proof. By Proposition the symmetric monoidal structure Spc%pw,: from Proposition is equiva-

~
Nad

lently the Day convolution structure on P( /spw.=) =~ P(Sp“"~), where Sp“"~ is viewed as a symmetric

monoidal subcategory of Sp with the usual smash product. On the other hand, the underlying category

of Spc%pw,: is the same as that of Spc%pw,:, namely P(Sp“"~). Then, by Proposition to show that

the symmetric monoidal structure is equivalent to the Day convolution one, it suffices to show that:

(1) the tensor product ® preserves colimits in both variables,

(2) the Yoneda embedding Sp*"~ — P(Sp“"~) admits a symmetric monoidal structure with respect to
the smash product on the left-hand side and the structure Spc%pw,: on the right-hand side.

Part (1) was proved in Proposition 2.42] To show (2), consider the commutative diagram of fully
faithful embeddings

P(*/Sp“”:) ~ SpC/Spw,: —t P(Sm]R)/Rw,: ~ P((SmR)/Rw,:)

] 8

Spw’: Xk jgpwi Commmmomoomoooooo > (SmR)/Rw,:.

The dashed arrow exists because the composition ¢ o y; factors through the subcategory of repre-
sentables (its image only contains arrows with source y(R) € P(Smg)). We claim that ys is symmetric
monoidal with respect to the monoidal structures introduced in Theorem [2.18] Indeed, the coCarte-
sian fibration 73(Sm]1g)§)7;w,Z — Fin, representing the symmetric monoidal structure is classified by a

composition

H P(-)

Fin, Catyo prt Y Ea\too
where H classifies the coCartesian fibration (Smﬂg)ig;;w,2 — Fin, encoding the symmetric monoidal

structure constructed in the proof of Theorem [2.18] and U is the forgetful functor. Let n be the unit of
the adjunction P(—) 4 U. It induces a natural transformation

Fin, A Cato Cato
\U
UoP(—)
P(-)
Prt
between the functors Fin, — EEOO classifying (SmR)%;w): and P(SmR)(/X;;w,g, respectively. This induces

a symmetric monoidal functor between these categories, whose underlying functor is by construction the
Yoneda embedding y», as claimed. By Lemma [2.42] the embedding ¢ is symmetric monoidal too. Then
also y1 is symmetric monoidal, with respect to the structure Sp“”z’@/ (induced by that of (Smg),gw.~).
Then, the restriction of M, to Sp“~ is a symmetric monoidal functor Sp“”g’@/ — Sp®, where the
symmetric monoidal structure on Sp is the usual one. But we also know that the underlying functor is
the inclusion. Therefore, Sp“”:’®/ is endowed with the symmetric monoidal structure induced from that
of Sp. This proves (2).

Thus, the categories Spc%pu,: and Spc%pw,2 are both equivalent as symmetric monoidal categories
to P(Sp*~) with the Day convolution, where Sp“*~ is viewed as a symmetric monoidal subcategory
of Sp with the usual smash product. By Proposition to show that M., and Mt’Op agree as sym-
metric monoidal functors, it then suffices to show that their restrictions to Sp*"~ agree as symmetric
monoidal functors. In both cases, this restriction is the embedding of the symmetric monoidal subcate-

gory Sp“"~ < Sp (see Definition and Proposition [2.24]). This concludes the proof. O

2.3.4. The realizations of the algebraic cobordism spectra MGL, MSL, and MSp.

Theorem 2.45. The equivalence rgr o M =~ Mo, o r 0 oy from Diagram (@) and Theorem induces
equivalences of Exo-1iNgs

rRMGL ~ MO, rgMSL ~ MSO, rRMSp ~ MU.
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Proof. We saw in Example that rgMGL = rg(M(K° % SH*~)). By Diagram 1) and Theorem
this is equivalent as an E-ring t0 Miop(rr(K° — SH= — R“=)). Recall from Examplethat
MO = Miop(BO L Sp* ™). So what we have to show is that g (K° — SH*~ — R“™~) ~ (BO % Sp*~)
as commutative algebras in Spc?z)S pex, OF equivalently, as E-maps with target Sp*= (by Proposition
B.5). Recall that K° — SH“~ — R“*%= is a morphism of spherical presheaves of E..-spaces, viewed
as a commutative algebra in Pg(SmR)%;: using Proposition This is how its real realization is
viewed as a map of E,.-spaces. In other terms, we have to show that the real realization of the motivic
j-homomorphism, followed by o : SHY — R=, is the topological j-homomorphism as a map of £,.-spaces.

This follows from the constructions of the topological and motivic j-homomorphisms as symmetric
monoidal functors in Examples [2.5] and [2:27] Indeed, the various steps of the construction, starting from
(0o-)groupoids of vector bundles and then extending to the group completion, correspond to each other
under real realization. To see this, recall that rg(BGL,) ~ BO,, and that K° ~ Ly, BGL by Example
so that rgr(K°) ~ BO by similar computations as in Lemma

The proof follows in the exact same way for MSL and MSp, using Example and the fact that
rr(KSL°) = BSO and rg(KSp°) = BU (with the same proof as in the case of K°). O

3. THE REAL REALIZATIONS OF SOME CLASSICAL MOTIVIC SPECTRA

In this section, we compute the real realizations of several classical motivic spectra, either at the
level of spectra, £1- or Ex-rings : algebraic K-theory KGL and its very effective cover kgl, motivic
cohomology HZ and HZ/2, their variant HZ, and Hermitian K-theory KO. All of them will appear in
our computations with ko in Section [3.4] The complex realizations of these motivic spectra behave “as
expected”: for example, r¢(KGL) ~ KU and rc(kgl) ~ KUsq [ARD20, Lem. 2.3], r¢(HZ) ~ HZ [Lev14,
in particular Thm. 5.5], and rc(KO) ~ KO*P [AR(D20, Lem. 2.13]. As we will see, real realization holds
more surprises for us. In the whole section, let &k < R be a fixed subfield (in order to define a real
realization functor on SH(k)).

3.1. The real realizations of HZ/2 and HZ.

The motivic spectra HZ and HZ/2 appear as very effective slices of ko, whose real realizations we will
need in Section [4l

Definition 3.1. The motivic Eilenberg-Mac Lane spectrum HZ € SH(k), is equivalently defined as:
(i) The motivic spectrum representing the motivic cohomology theory in SH(k), i.e., for all X € Smy,
and p,q € Z, we have HP4(X,7Z) = [¥° X, XPIHZ].

(ii) The zeroth effective slice of the sphere spectrum in SH(k).

(iii) The effective cover of Milnor K-theory: HZ = fo K [Mor99, §6.3).
Definitions (i) and (i¢) are equivalent by [Lev08]|, and definition (ii%) is equivalent to (¢) and (i¢) by [BacI7,
Lem. 12]. The motivic Eilenberg-Mac Lane spectrum HZ/2 is defined as the cofiber of the multiplication
by 2 map on HZ (it represents mod 2 motivic cohomology and is equivalent to fo(K /2)).

Remark 3.2. Definition (4i7) allows us to define an Ex-structure on HZ and HZ/2. Indeed, since the
functor fy : SH(k)¥ — SH(k)f is lax symmetric monoidal by Proposition we only have to show
KM KM/2 € CAlg(SH(K)®). By [Lurl?, Rmk. 1.2.1.12], the heart of a t-structure is a I-category, and
therefore its commutative algebras are the commutative algebras in the 1-categorical sense. By [Mor99,
after Thm. 6.4.7], we have KM"W ~ 7,(8). € SH(k)". Since the truncation functor SH(k)>o — SH(k)" is
symmetric monoidal [AN21] Lem. A.12], the image my(S)+ of S € CAlg(SH(k)>o) inherits the structure
of a commutative algebra object. Because K iw and K iw /2 are quotients of K iw W they also define
commutative algebras.

Proposition 3.3. The motivic spectra HZ, HZ/2, and HZ := fOK*MW are very effective.

Proof. Since the functor 7o : SH(k) — SH(k)*% is t-exact (Proposition , and SH(k)¥t) = SH(k) e by
Proposition 1), it suffices to show that K*MW, Kiw, and K*M/Q belong to the connective part in the
homotopy t-structure on SH(k). Actually, they even belong to the heart: by [BacI7, Lem. 6 and below],
they are effective homotopy modules (i.e., they belong to the image of ¢ : SH(k)*™¥ — SH(k)®). O

When trying to compute real realizations, the case of HZ/2 is easier to deal with than that of HZ,
because the global sections of the homotopy sheaves of HZ/2 are known.
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Definition 3.4. Let 7 € H%(k,Z/2) = us(k) = Z/2 be a generator (us denotes the square roots of
unity), i.e., corresponding to —1 € pa (k).

Theorem 3.5 ([Voe96]). There are isomorphism of graded rings
K (k)/2 = Hy(k, 2/2) = 1o (HZ/2) (k).
Moreover, m, ,(HZ/2)(R) ~ Z/2[r, p], where T has bidegree (0, —1) and p has bidegree (—1,—1).

Proof. Milnor’s conjecture, proven by Voevodsky [Voe96], states in particular that for a field k" of
characteristic not 2, we have K (k')/2 = H},(k',Z/2). In words, the Milnor K-theory mod?2 of &’ is
equal to the étale cohomology mod 2 of k’, or equivalently the group cohomology of the absolute Galois
group of k' with coefficients in Z/2. By Voevodsky’s proof we also have KM (k')/2 = H™"(k',Z/2)
(where the right hand-side is motivic cohomology mod 2, so it is =_,, _,,(HZ/2)(k) if k = k'), and
that cup product with 7 € H%1(k,Z/2), induces isomorphisms HP4(k',Z/2) = HP9t1(k' 7/2) when
0 < p < ¢ (see for example [RA16], Lem. 6.1 and the end of the proof of Lemma 6.9], or [KR®20, (7.1)]).

In particular, if k = &/, we get KM (k)/2 = [Spec(k), X" HZ/2] = T —n(HZ/2)(K). If k =R, by the
above KM (R)/2 is the group cohomology mod 2 of Z/2 (for the trivial action). By [Bro94, §IIL.1, Ex. 2],
it is thus equal to Z/2 in every non-negative degree (and trivial otherwise), and as a ring it is polynomial

on one generator, namely p. Finally, the last claim follows from the statement about multiplication by
TE 10’71(HZ/2)(R). O

Proposition 3.6. There is an equivalence of £ -maps
re(HZ — HZ/2) ~ (HZ/2[t*] — HZ/2[t])

where HZ — HZ /2 is the projection, and HZ/2[t?] — HZ/2[t] is the map of free £1-HZ/2-algebras (see
Definition inducing the inclusion Z/2[t?] C Z/2[t] in homotopy.

Proof. We proceed in three steps. We first identify the homotopy groups of the real realization of HZ/2
and their structure as a graded ring. Then, using this and a theorem of Hopkins and Mahowald, we
identify rr(HZ/2) as a free £;-HZ/2-algebra. Finally, we deduce the homotopy ring and the &;-structure

of rr(HZ) from the cofiber sequence HZ 2 HZ — HZ/2.

Step 1: Computation of the homotopy ring of rr(HZ/2). By Lemma 7 (rkHZ/2) is obtained
as the colimit colim,, 7, (HZ/2),,(R) = colim,, mx_,, —n(HZ/2)(R). By Theorem for k>0and n >k
this can be rewritten as

colim,, H" %" (R, Z/2) = colim,, 7* H"~*"~¥(R, Z/2) = colim,7* K™ , (R) = colim, Z/2{r*p"~*}.

This colimit is Z/2 with generator (7p~1)* € 7, (HZ/2)o(R). It follows that m,(rgHZ/2) = Z/2[t] is
a polynomial ring on a single generator t := rg(7p~1) in degree 1.

Step 2: Structure of rg(HZ/2) as an & -ring. We will show that there exists a map of &-rings
HZ/2 — rg(HZ/2). Here, on the left-hand side, HZ/2 is the topological Eilenberg-Mac Lane spectrum,
whereas on the right-hand side it is the motivic Eilenberg-Mac Lane spectrum from Definition [3.1] By
Proposition [T.21|(iii), we obtain a map HZ/2[t] — rr(HZ/2) sending ¢ on the left hand-side to the element
t € m1(rr(HZ/2)) we had above. Then, since by Proposition i1), m«(HZ/2[t]) = Z/2[t] as rings, and
m(HZ/2[t]) — 7« (rg(HZ)) is a ring homomorphism, we deduce that the latter is an isomorphism, so
HZ/2[t] — rr(HZ/2) is an equivalence of &;-rings.

To produce the aforementioned £-map HZ/2 — rr(HZ/2), we appeal to the so-called Hopkins—
Mahowald theorem ([Mah79], reformulated in [MNNI5, Thm. 4.18]): the free &-ring with 2 = 0 is
HZ/2, i.e., there is a pushout diagram of &;-rings

Fe, (S8 —2—'S
—_—
S ——— HzZ/2.
Since 2 = 0 € 7. (rgHZ/2) by the previous computation, we obtain an E-map HZ/2 — rr(HZ/2).

Step 3: Realization of HZ, and of the quotient map to HZ/2. Consider once more the cofiber sequence

HZ 2 HZ — HZ/2. We claim that rg(-2) = -2 = 0 on rgHZ. By definition, we have HZ = foK.
However, in Milnor K-theory, 2p = 0. Indeed, p € [S°, G,,] = 7((S)1 (k) = KW (k) corresponds to [—1]
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in the Milnor-Witt K-theory of & [Mor99, Thm. 6.3.3 and 6.4.1]. But then in Milnor K-theory, we obtain
2p = [-1] + [-1] = [(=1)?] = [1] = 0. Thus, after inverting p, the multiplication by 2 map becomes the
zero map. We obtain a long exact sequence (here n > 0)

D —— T (rrHZ) =% 7 (rgHZ) < 7 (rrHZ/2) 2 72

L

n

By Lemma all spectra involved are connective (since HZ and HZ/2 are very effective by Proposition
3.3). Therefore, qq is also surjective; it is an isomorphism. Then 7o(rgHZ) = Z/2 and 9y is a surjection
Z/2 — 7Z/2, namely an isomorphism. Thus, the injective map ¢; has trivial image, and so 71 (rgHZ) = 0.
We are back to the original situation: the long exact sequence repeats in exactly the same way. Therefore,
mn(rrHZ) is Z/2 if n is even and non-negative and 0 else. Let u be a generator of my(rgHZ) = Z/2.
Since ¢y is an isomorphism, the real realization of the quotient map sends v to the generator ¢2 of
ma(rgHZ/2). Since this quotient map induces after real realization a ring homomorphism on homotopy,
and an isomorphism in even degrees, we obtain go, (u™) = t2", so u™ generates 7o, (rgHZ). This proves
that m,(rgHZ) = Z/2[t?] as rings. The identification with HZ/2[t?] as &;-rings follows as in Step 2 from
the Hopkins—Mahowald theorem. (Il

3.2. The real realizations of KGL and kgl.

The algebraic K-theory spectrum KGL (as defined in [BH20} §3.2] for example) appears in our compu-
tations with KO because the two of them are related by the Wood cofiber sequence $1KO % KO % KGL
where 7 : G,,, — 1 is the motivic Hopf map and c is the forgetful map (Hermitian K-theory is defined
using bundles with a symmetric form, and algebraic K-theory all algebraic bundles, the forgetful map
ignores the form) [RO16, Thm. 3.4].

Lemma 3.7 ([BH20, Lem. 3.9]). We have rgKGL ~ 0.

Proof. Let us show that 7, (rgkKGL) = 0 for all n € Z. We want to use Lemma about computing real
realization of spectra levelwise. Since KGL = (K, K, ...) where K is the motivic localization of Z x BGL
IMV99], we first compute

re(K) = rg(Lmet(Z x BGL)) ~ rg <|_| BGL) ~| |ra(BGL) = ZxB|re||]GL,
Z Z n>1

~ZxB||JGL.(R) | ~ ZxB||]JO.|~ZxBo.

n>1 (%) n>1

Here (%%) follows from the fact that GL,(R) deformation retracts onto the orthogonal group O, (R)
by Gram-Schmidt orthogonalization, and (%) from the fact that rg commutes with colimits and finite
products, in particular with geometric realizations and the bar construction. Then, by Lemma [1.12)
7 (rRKGL) 22 colimy, mp1m(Z x BO) for all n € Z. The homotopy groups of Z x BO are given by
7,7/2,72/2,0,Z,0,0,0,... repeating with period 8 [Bot59]. In particular, there is a cofinal subsequence
of zeroes appearing in the colimit, so all homotopy groups of rg KGL vanish. O

Proposition 3.8. There is an equivalence of £1-maps
rr(kgl = HZ) ~ (HZ/2[t"] — HZ/2[t?))
where kgl — HZ is the cofiber of the map Beg : P* A kgl — kgl induced by the periodicity generator BreL

for KGL, and HZ/2[t'] — HZ/2[t?] is the map of free & -HZ/2-algebras (see Deﬁnition inducing
the inclusion Z/2[t*] C Z/2[t?] in homotopy.

Proof. We consider the cofiber sequence T' A kgl — kgl — HZ of the statement [AR(?20, Prop. 2.7]. By
Proposition rr(HZ) ~ HZ/2[t?]. We defer to Lemma below the proof that 7g(Bkg) = 0. Using
this, the long exact sequence induced in homotopy after real realization splits as short exact sequences

0—— Wn(Tngl) —_— ﬂn(TRHZ) —_— 7Tn,2<’l"ng|) — 0

for all n € Z. For n odd, the middle term vanishes, so all odd homotopy groups of rrkgl are trivial. By
Lemma rrkgl is connective, so for n = 0, we obtain an isomorphism mo(rgkgl) — mo(reHZ) = Z/2.
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For n = 2, the map on the right of the sequence is therefore a surjection Z/2 — 7Z/2, so it is an
isomorphism, and ma(rgkgl) = 0. For n = 4 we obtain an isomorphism 7, (rgkgl) = 7, (rgHZ) = Z/2.
Continuing this argument inductively, kgl — HZ induces after real realization isomorphisms in homotopy
in degrees divisible by 4, and the other homotopy groups of rrkgl vanish. The fact that rgkgl ~ HZ/2[t*]
as £1-rings is then proven exactly as in Proposition [3.6]for rgHZ. In this construction, using the Hopkins—
Mahowald theorem, the realization of the £-map kgl — HZ becomes a map of &s-rings under HZ/2,
in particular a map of &-HZ/2-algebras (by the proof of Proposition iii)). Then, HZ/2[t'] being a
free object, the real realization of kgl — HZ is exactly the map of £-HZ/2-algebras in the statement. [

Lemma 3.9. In the Notation of Proposition we have g (Bkg) = 0.

Proof. Let us abbreviate 8 := [Big. After real realization, the map 7' A kgl — kgl induces multiplication
by rr(83) in homotopy, viewing rg(3) as an element in 7 (rgkgl) (because 3 : T — kgl and rg(T) = St).
We want to show that rg(8)-1 = 0 where 1 € mo(rrkgl), i.e., that the map 7o (rrkgl) — 71 (rrkgl) induced
by [ is the zero map. Consider the cofiber sequence appearing as the last row in the following diagram
(obtained by the octahedral axiom)

ni2kgl = wh2kgl T8 y21kg
2“;{ BZJ BJ

kgl —— kgl ——— kel
2“& l ’Yl

$2IHZ -5 kgl/B2 ——---- > HZ.

Then we have a commutative diagram

mo(rrkgl) L 71 (rrkgl)

l | (4)

o —— my(rr(kel/B)) —2> mo(rr(kgl/B)) — mi(rr(kgl/B?)) — -+

where the bottom row is the long exact sequence induced by this cofiber sequence after realization, and
the square comes from the left bottom square in the previous diagram.

Step 1: It suffices to show that O is surjective; in other terms, that it hits 1 € mo(kgl/B) = Z/2.
Indeed, note that the proof of Proposition did not use that rg(8) = 0 to obtain the isomor-
phisms 7o (rrkgl) = mo(rr(kegl/B)) = mo(rr(HZ)) = Z/2. This fact implies that the vertical map on
the left-hand side in Diagram is an isomorphism. The vertical map on the right-hand side is an
isomorphism, because in the long exact sequence induced by the real realization of the cofiber sequence

2
42kgl Ly kgl — kgl/B2, the groups 7;(rr(X*%kgl)) = m;_o(rrkgl) vanish for i = 0,1 by connectivity of
rrkgl. Thus, in Diagram , by exactness, if 0 is surjective then (5 is the zero map.

Step 2: Reduction to a computation in the homotopy of HZ/2 € SH(k). By Step 1, it suffices to
show that 9(t?) = 1, where t? is viewed as an element in 7. (rg(kgl/B)) = m.(rr(HZ)) = Z/2[t?]. By
Proposition the quotient map HZ — HZ/2 induces isomorphisms in even homotopy groups after real
realization. Let d : HZ — X3'HZ be the boundary map representing @ before real realization. We claim:
(1) that the diagram

HZ —%— $31HZ

mod 2l lmod 2

Sa® 3,1
HZ/2 9 $31HZ/2

is commutative, where Sq® is the third motivic Steenrod square (see [Voe03]); and (2) that Sq®(72) = p°.
Claims (1) and (2) imply that d(t?) = 1. Indeed, t* € ma(rgHZ/2) = colim,, m5(HZ/2),,(R) corresponds
to p=272 € my(HZ/2)o(R) (see Theorem 7 or equivalently, in the colimit, to 72 € m,(HZ/2)2(R). It
is therefore mapped to p? € my(HZ/2)3(R), corresponding in colim,, 7y(HZ/2),(R) = m(rgHZ/2) to
1 € my(HZ/2)p(R) and thus a generator of Z/2 = my(rgHZ/2). This suffices because in the commutative
square of Claim (1), the vertical maps induce isomorphisms on the even homotopy groups after real
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realization.

Step 3: We prove Claim (1). By [RO16, Lem. A.4], we have
[HZ,¥3'HZ/2] = H*O(Spec(R), Z/2){Sq® o (HZ — HZ/2)} = Z/2{Sq® o (HZ — HZ/2)}

because H%°(Spec(R),Z/2) = K3 /2(R) = Z,/2 by Theorem Then, (mod 2)od is either Sq® o (mod 2)
or 0. To distinguish between them, we take complex realizations. The complex realization of the se-
quence Y2'kgl — kgl 5 HZ is the sequence X2ku — ku — HZ (by [Levid, in particular Thm. 5.5] for
HZ and [ARO20, Lem. 2.3] for kgl). Therefore, the complex realization of d is exactly the suspension
of the map Y 'HZ — Y2HZ called the first k-invariant of ku. This map is the non-zero operation Q;
(whose reduction mod 2 is non-zero as well), see [Bru2ll Section 2] for a proof and more details.

Step 4: We prove Claim (2). By [Voe03|, we have the following properties of the motivic Steenrod
squares: firstly, Sq*(7) = 0 since Sq*"(u) = 0 for any u of bidegree (p,q) with n > p — ¢ and n > ¢, and
then Sq*(7) = Sq'Sq*(r) = 0; secondly, Sq* = 8 and A7 = p, and finally, we have the motivic Cartan
formula

2i+1 i—1

Sa* ™ (u— ) =Y Sq"(u) — Sq” " (0) + p Y Sa*H (u) — Sq* T (v).
r=0

r=0
Using these facts, we compute
Sa’(7%) = Sa°(7)Sa*(7) + Sa' (7)Sa*(r) + Sa’(7)Sq' (1) + Sa”(7)Sa”(7) + pSq' (7)Sq' (7)

= p(B71)* = p*

which proves Claim (2). O

)

Remark 3.10. The long exact sequence argument in the proof of Lemma could have been replaced by
a spectral sequence argument using the real realization of the very effective slice filtration on kgl and its
multiplicative structure, as we will do later in the proof of Lemma for ko instead. Then, computing
the differential d' : E2170 = mo(rrSokgl) — m (rréikgl) = E1171 boils down to our proof of Lemma
(actually d' = (m o rr)(d) where d : HZ — ¥31HZ is the connecting map in the proof of the latter).

3.3. The real realization of HZ.

The motivic spectrum HZ = foK iVI W appears in the computation of the very effective slices of ko,
which we will need for the proof of our main result about rg(ko) in Section |4l It is endowed with the
structure of a motivic E-ring in the same way as HZ and HZ/2 in Remark

Proposition 3.11. On the homotopy rings, the real realization of the quotient map
HZ := foEMY — fo(BMY n) = foKM = HZ.
identifies with the quotient map Z[t?]/(2t?) — Z[t?]/2.

Proof. The homotopy ring of rgHZ was computed in Proposition By [BacI7, Lem. 17], the quotient
map in the statement induces isomorphisms on homotopy sheaves m,,(—). for all n # 0. In particular,
for all n # 0, Wn(TRl‘TZ) = coIimmﬂn(I-TZ)m(R) = colimy,m,, (HZ)m(R) & 7, (rgHZ). Since HZ is very
effective by Proposition its real realization is connective (Lemma , and so we only have to deal
with the zeroth homotopy group. Consider the unit map 1 — HZ. By [Bacl?, Lem. 17] and [Mor99, after
Thm. 6.4.7], this map induces isomorphisms on the homotopy sheaves 7 (—)., which agree with those of
the sphere spectrum. In particular, arguing as above, WO(TRFTZ) > 1o (re KM = o (rgS) = mo(S) = Z.
We therefore have in degree 0 a ring map Z — Z/2, which must be the quotient by 2 map. This suffices
to conclude our proof, because we have determined m, (rgHZ) — 7. (rgHZ) in every degree, we know the
ring structure on the right hand-side, and we know that the map is a ring homomorphism. O
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3.4. The real realization of KO.

We now compute the real realization of KO (as defined in [BH20, §3.2] for example) as an E-ring.
The result was already proven at the level of spectra (see [BH20, Lem. 3.9]); the proof here is very
similar, with more care to the multiplicative structure. In the proof, we will encounter the motivic
Eoo-ring KW := KO[n~!] representing Balmer-Witt K-theory, see for example [Hor05, Appendix A].

Proposition 3.12. There is an Ex-map of spectra
v : L(R) — rgKW,

where L denotes the L-theory spectrum, inducing an equivalence of Exo-rings L(R)[1/2] ~ rgKW. In
particular, there is an equivalence of Eu-rings

rrKO ~ rrKO[1/2] ~ rgKW ~ KO"*P[1/2].

Proof. By [CHN25, Cor. 8.1.8], we have I'(R,KW) ~ L(R) as E-rings, where I'(R, —) is the global
sections functor, if we view a motivic spectrum as a presheaf of topological spectra (see for example
[CHR24]). There is a slight technicality, in that we have to check that the E,-ring KWy from [CHN25|
Def. 8.1.1] is indeed the same as the one we were previously considering. By [KR24], the motivic Ex-ring
KQg constructed in [CHN25| Def. 8.1.1] is equivalent to the E.-ring KO we are considering. Therefore we
want to show that the map of KQg-modules wg : KQg — KWy from [CHN25| below Cor. 8.1.8] is indeed
given by n-localization, which can be described as the natural map to the colimit of the telescope for
multiplication by 1. The map wg is obtained by applying the lax symmetric monoidal, colimit-preserving
functor M3 [CHN25, Lem. 7.4.10] to the map of GW-modules GW — L between stabilized Grothendieck-
Witt theory and stabilized L-theory. By [Sch25, §3], the latter is also given by 7’-localization, where 7’ is
the image of the unit in GW(EO] (Z) by the boundary map from [CHN25, Rmk. 8.1.11]. It is shown there
that after applying the functor My, this boundary map is the usual 1, namely the motivic Hopf map.
The desired conclusion follows.

Then, since KW[1/p] ~ KWI[1/2] (see the proof of Proposition [3.12)), by Theorem we have
reKW =~ T(R, KW[1/p]) ~ D(R,KW[1/2]) ~ T'(R, KW)[1/2] ~ L(R)[1/2]. By [LNS23, Ex. 9.2], there is
an Ex-map Tg : ko' — L(R)>q, inducing an equivalence after inverting 2. Moreover, on the eighth
homotopy groups, this maps sends Ag (a generator for mg(ko'P) = Z) to 16b? (where b is a generator of
m4(L(R)) = Z). Therefore, there is an equivalence

ko'[1/2)[A5 "] = L(R)>0[1/2][(166*) '] = L(R)>o0[1/2][6™"].

)
The left-hand side is equivalent to KO™P[1/2] since ko™P[\
[ILN18, Cor. 5.1]), and similarly the right-hand side is L(
reference).

This proves the last equivalence in the statement. To prove the first equivalence, consider the Wood
cofiber sequence 1'KO -1 KO — KGL [R@16, Thm. 3.4]. In Milnor-Witt K-theory, we have hp? = 0.
Indeed, by [Mor12, Cor. 3.8], Milnor-Witt K-theory is “(1 — h)-graded commutative”, so p* = (1 — h)p>.
Therefore, after inverting p, or equivalently, after real realization (Theorem, we have 0 = h = 2+4-pn.
Then the real realization of 7 is equivalent to multiplication by —2. But also, we have seen in Lemma
[3:7 that 7R KGL ~ 0. This means that the cofiber of the multiplication by 2 map on rgKO is zero,
in other terms -2 is an equivalence, and thus rgKO ~ rg(KO[1/2]) via the canonical localization map.
Also, the above implies that rg(KO[1/2]) identifies with KO[p~!,1/2] ~ KO[p~1,n71] =~ KW[p~!] under
the equivalence SH(R)[p™!] ~ Sp. Then rg(KO[1/2]) =~ rg(KW). This establishes the first and second
equivalences in the statement. (I

s '] =~ KO™P by periodicity (see for example
R)[1/2] because L(R)>o[b~!] ~ L(R) (same

Let kw := KW be the connective cover of KW in the homotopy t-structure. It inherits the structure
of a motivic E-ring (Remark . Also let ko™P := KOtZOg be the connective cover of the real topological
K-theory spectrum.

Proposition 3.13. The equivalences rgKO[1/2] ~ rgKW ~ KO*P[1/2] of Proposition induce equiv-
alences of Eq-rings
ko'P[1/2] ~ rrkw ~ rrko[1/2].

Proof. By [BH20, Lem. 6.9], the composition ko — KO — KO[n~!] =: KW induces an equivalence
ko[n™!] =~ KWxo =: kw. Then, as in the proof of Proposition localization away from 7 and away
from 2 induce equivalences rpkw ~ rgkw[1/2] ~ rgko[1/2]. Note that the functor rg is t-exact: by
Definition E € SH(k) belongs to SH(k)>¢ if and only if m;(E). = 0 for all ¢ < 0 (respectively,
SH(k)<o and i > 0), and by Lemma [1.14] we have m;(rg(E)) = colim,,x;(E), (R) for all i € Z. Therefore,
rrkw ~ 1R (KW)>o ~ KO*P[1/2]5¢ ~ ko"P[1/2] by Proposition O
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4. THE REAL REALIZATION OF ko

The motivic spectrum ko inherits an E,-ring structure from that of KO, because the very effective
cover functor is lax symmetric monoidal by Proposition[I.8] Thus, rgko is also an E.-ring. In this section,
we identify the underlying &;-structure by an explicit 2-local fracture square. In Subsection 4.1} we will
compute the homotopy ring of rgko, thanks to the Wood cofiber sequence ¥!''ko — ko — kgl [AR(?20)
Prop. 2.11] and the knowledge of the very effective slices of ko (computed in [BacI7], see Theorem [4.2
below), which involves only motivic spectra whose real realizations we have already computed in Section
[Bl This homotopy ring is a polynomial ring over Z with a single generator in degree 4.

But this is not enough to identify rgko as an &;-ring. Indeed, by Proposition [1.19] the free & -HZ-
algebra HZ[t*] has the same homotopy ring, but they are not equivalent (see Remark [4.4)). Inverting 2
makes things easier; we have already identified rg(ko)[1/2] in Proposition This might be a good
reason to consider a 2-local fracture square, expressing rrko as the pullback of 7g(ko)[1/2] and 7g (ko) 2)
over rg(ko)g. Our approach is to identify these terms and the maps in the square more explicitly,
taking into account the &;-structures. This will use the description of free £1-HZy)-algebras and their
homotopy rings from Proposition this is one reason for which we identify the £ -structure only (and
not the £,.-one). The resulting 2-local fracture square coincides with the one obtained in [HLN21] for the
connective L-theory spectrum of R. As a corollary, we get an equivalence of &;-rings rgr(ko) ~ L(R)>¢.

4.1. The homotopy ring of rg(ko).

Proposition 4.1. The homotopy ring of rrko is the polynomial ring m.(rrko) = Z[z|, where x is a
generator in degree 4, mapping to a generator of mwy(rrkgl) = Z/2 (see Proposition @) in the real
realization of the Wood cofiber sequence L'*ko — ko — kgl.

Proof. We will proceed in four steps:

(1) We first show that these homotopy groups are finitely generated in every degree, using the description
of the very effective slices (Definition of ko.

(2) Using the Wood cofiber sequence, we show that these groups have no 2-torsion.

(3) We then show that they have no torsion at the other primes, and that they are actually free abelian
groups of rank 1 in every non-negative degree divisible by 4, and 0 else. To do so, we reduce to a
statement after inverting 2, and use the computation of rgko[1/2] in Proposition

(4) Finally, we describe the ring structure, studying again the Wood cofiber sequence.

Step 1: The homotopy groups of rrko are finitely generated abelian groups. We claim that: (x) the
real realizations of the very effective slices of ko have degreewise finitely generated homotopy groups.
Then, we show by induction on m the following statement: for all n € N, 7,4, (rr(f,KO)) is finitely
generated. This holds for m < —1 since real realization on SH(R)'*f(n) takes values in n-connective
spectra as seen in Lemma [1.11] This implies our result because for n = 0, we get that for all m € N,
T (TR (foKO)) = mp (rrko) is finitely generated. Assume that the induction hypothesis holds for some
fixed m > —1. Then for all n € N, the cofiber sequence anKO — foKO — 5,KO defining the very
effective slices induces a long exact sequence

- 7Tn+1+M(TR(JFn+1KO)) E— 7Tn+m+1(rR(ano)) — Tntm+1(rr(5,KO))

b/
7Tn+m(TR(fn+lKo)) E— 7Tn+m(rR(ano)) -

and therefore 7, 41 (re(f,KO)) is an extension of ker(b) and coker(a). The former is finitely generated
because it is a subgroup of 7, ym+1 (TR (5,KO)), which is finitely generated by (x). The latter is also finitely
generated since it is a quotient of 7,41 m (& (fny1KO)), which is finitely generated by the induction
hypothesis. Therefore, m,1m+1(rr( anO)) is finitely generated, finishing our proof by induction. To
finish Step 1, it remains to prove (*).

Theorem 4.2 ([Bacl7, Thm. 16]). The very effective slices of KO are given by §,KO ~ n2ng 44
where
Sy =5KO, S =HZ/2, S, =HZ, S;3=0,
and there is a cofiber sequence
21OHZ/2 — 5,KO —» HZ.
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By the computation of the real realizations of HZ, HZ/2 and HZ in Subsections and we know
that their homotopy groups are finitely generated in every degree. Thus, that of the realizations of very
effective slices of ko are too (for §p, use the same inductive argument as we just did).

Step 2: There is no 2-torsion in 7. (rgko). The Wood cofiber sequence seen in the proof of Proposition
refines to one on the very effective covers: by [ARD20, Prop. 2.11], there is a cofiber sequence
Yiko L ko S kgl, where 7 is induced by the Hopf map and c is induced by the forgetful map from
Hermitian K-theory to algebraic K-theory. As we computed in the case of KO (Proposition , the
real realization of 7 is the multiplication by 2 map on the sphere spectrum, and by Proposition
the &;-ring rrkgl is the free £1-HZ/2-algebra HZ/2[tY]. Assume for a contradiction that m,,(rgko) has

2-torsion for some m > 0. Then, in the long exact sequence induced by the Wood cofiber sequence
- —— Ty (rrkel) —— 7, (rrkO) —2=b, T (TRKO) —— T (rRKE) —— -+,

the kernel of the map -2 = b is non-trivial, so a is non-zero and m,,+1(rrkgl) # 0, i.e., k = 3 mod 4.
Then 7,,(rrkgl) = 0, meaning that multiplication by 2 is surjective on 7,,(rgko). In Step 1, we saw
that this group was finitely generated abelian. Using the classification of such groups, we see that this
is impossible for non-zero groups with 2-torsion.

Step 3: The groups mp,(rrko) are torsion-free of rank 1 in degrees m € 4N, and zero otherwise. By
Proposition and since real realization and homotopy groups commutes with localization away from
2 (Lemma [1.15]), we have isomorphisms of graded abelian groups

7. (rzko)[1/2] & m, ((rko) [1/2]) = m, (ri(ko[1/2])) = . (ko'*P[1/2))
(Zlow BusAs] [ (a3, 201, 0 s, 82 — a0s) ) [1/2] 2 Z[1/2][84]

(where |ay| = 1, |B4] = 4, and |Ag| = 8) by a classical result in topology, see for instance [Str92 §1.1].
In particular, the homotopy groups of rgko cannot have any p-torsion for p # 2 either. Otherwise, their
localizations away from 2 would still have torsion, but Z[1/2] does not. Therefore, 7. (rgko) is degreewise
free. Comparing with the localization away from 2, we deduce that it consists in a copy of Z in every
degree divisible by 4, and the trivial group else. Indeed, if Z%™[1/2] 2 Z[1/2] for some m € N, then the
quotients by the Z-module map -3 on both sides are isomorphic as well. They are respectively (Z/3)®™
and Z/3, whence m = 1 for cardinality reasons.

1%

Step 4: We describe the ring structure. The Wood cofiber sequence induced a long exact sequence
c 7T4m(7"]Rk0) ﬂ) 7T4m(Tng|) = Z/2 —_— 7T4m,1(’l“RkO) =0 — -

Let  be a generator of m4(rgko) = Z. Then since ¢4 is surjective, c4(x) generates my(rrkgl) = Z/2. The
forgetful map ¢ : ko — kgl in the Wood cofiber sequence is a map of E,-rings, and thus induces a ring
homomorphism in homotopy. Therefore, for m > 0, cam (z™) = ca(z)™ generates mam, (rrkgl) = Z/2 as
well (since m,(rgkgl) is a polynomial ring by Proposition [3.8). We claim that 2™ generates 4, (rgko).
Indeed, write ™ = a - g, with a € Z and gy, is a generator of 74, (rgrko). By Proposition we
have ring isomorphisms 7, (rgko) ® Z[1/2] = 7. (ko'P[1/2]) = Z[1/2][84). In degree 4, since = generates
m4(rgko), under this isomorphism x must be sent to a generator of Z[1/2]{54} as a Z[1/2]-module, i.e., ¢4
with ¢ € Z[1/2]*. In particular, 2™ corresponds to a generator ¢™ 37" of the degree 4m part. Therefore,
there exists b € Z[1/2] with g, = b- 2™ = ba - g, 80 a € Z is a unit in Z[1/2]. Thus, if a # +1,
then it must be even. In the latter case, we would have ¢, (™) = @ - cam(gm) = 0 € Z/2, which is a
contradiction. We conclude that a = +1, whence our claim follows. O

4.2. A 2-local fracture square for the & -ring structure on rg(ko).

4.2.1. Identifying the localization at (2).

Since . (rrko) = Z[x] by Proposition we have . ((1rko)(2)) = 7. (rrko) ®zZ2) = Z2)[z]. We want
to use this to identify (rgko)) with the free £1-HZ,)-algebra on one generator in degree 4. Inspired by
the computation of a 2-local fracture square for L(R)>¢ in [HLN21l p3], to prove this we use the spectrum

MSL as an intermediate step. This is where Theorem [2.45 comes in handy, since we have shown that
rr(MSL) ~ MSO as E-rings.
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Proposition 4.3. There is an equivalence of E1-rings

HZ(Q) [t4] i) (’I"Rko)(z)
sending t* € m4(HZ2)[t*]) to (the image in the localization of ) the generator @ € m4(rgko).

Proof. By [HINY22, Thm. 10.1], there is an E,-ring morphism MSL — ko. Its real realization is an
Eso-map MSO =~ rg(MSL) — rgko (Theorem [2.45). Now, by [HLN2I, Cor. 3.7], MSO admits after
localization at (2) a map of £-rings HZ () — MSOQ(3). Therefore, by composition, we obtain an £;-map
HZ3) — (rrko)(2). By Proposition uz), to obtain a map of &£;-rings HZ ) [t] — (rrko)(z), it then
suffices to specify an element of 74((rrko)(2)). We choose the image in the localization of - € my(rrko). By
Proposition ii), and since 7, ((rrko)(2)) = 7. (rrko) ®zZ ) = Z2)[x], this map induces isomorphisms
on the homotopy groups (note that Z,) is a module over itself in a unique way), whence the desired
equivalence HZ o) [t*] = (rgko) (2. O

Remark 4.4. Localization at (2) is crucial here, because MSO is not an HZ-module, since it has non-trivial
k-invariants. The k-invariants of E € Sp are the horizontal compositions in the diagram

Z’l+2H<TF,,+2E) —_— E§n+2

!

Y H(m 1 B) —— E<npn —— X" PPH(m,12F)

!

Ecn — S"F2H(m, 1 B)

where the right-down-right zigzags (one showed in blue, the other one in green) are distinguished triangles,
or the maps defined in the same way using the Whitehead tower instead of the Postnikov tower. In
particular, the strategy above cannot be used to identify rgko as an £;-ring with HZ[t*] directly. Actually,
we can even prove that this is wrong. Otherwise, we would have ko'P[1/2] ~ rgko[1/2] ~ HZ[1/2][t*] as
&1-rings. We would then have ku[1/2] A HZ ~ ko*®[1/2] A HZ & $2ko™P[1/2] A HZ (using the proof of
[LNS23, Thm. 9.3]), and thus ku[1/2] A HZ ~ HZ[1/2][t*] A HZ & X2HZ[1/2][t*] A HZ. Reducing mod 3,
this yields ku[1/2] AHZ/3 ~ HZ/3[t*] AHZ & $2HZ/3[t*] AHZ. Using formal group laws, one shows that
the left-hand side is trivial, while the right-hand side is not (see for example [GS12]).

4.2.2. Identifying the rationalization.
Using our knowledge of the localization at (2) of rgko, we can identify its rationalization.

Proposition 4.5. There is an equivalence of &1-rings
HQ[t"] = (rrko)q

sending t* € m4(HQ[tY)) to (the image in the localization of) the generator x € my(rgko).

Proof. By Proposition we have (rgko)g = (rrko)(2)[1/2] = HZ)[t*][1/2]. We claim that the latter
is equivalent to the free £1-HQ-algebra HQ[¢t*]. Indeed, the unique ring map Z2y — Q (which induces an
Eso-map HZ 2y — HQ and thus a map of HZ 2)-modules HZ ) — HQ[t*]) and the element t* € m4(HQ[t*])
induce a map of & -HZ)-algebras HZ)[t*] — HQ[¢*]. Comparing the homotopy rings (Proposition
u)), we see that after localization away from 2, this map induces isomorphisms in homotopy, as
desired. (]

4.2.3. Main result: identifying the maps and assembling the fracture square.

As the title indicates, we now combine the results of the previous subsection to identify the advertised
explicit 2-local fracture square for rgko. We first define the Chern character map; it will appear in our
fracture square.

Definition 4.6. Let HQ[t?] and HQ[u?] be the free & -HQ-algebras on one generator in degrees 4 and 2
respectively. We call Chern character any of the following:

e the map ku := KU>¢ — HQ[u?] given by the (connective cover of the) classical Chern character as
defined in [BH5S, §9.1]. In homotopy, it induces the inclusion Z[u?] — Q[u?] where u? € 7y(Z x BU) =
7 is a generator.
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e the map ko" — HQJ[t*] obtained by pre-composition of the previous map with the connective cover the
complexification map KO*? — KU (induced by complexification of vector bundles) (their composition
factors through the inclusion HQ[t*] — HQ[u?] given by #* + (u2)?). In homotopy, it induces the
map Z[ay, Ba, As)/ (a3, 201, a1 By, B3 — 4Xs) — Z[u?] sending vy to 0, B4 to 2(u?)?, and thus Ag to (u?)?
(see for example [Rog08|, §5.3]).

e the maps induced by the two previous ones after localization away from 2 of the source.

Remark 4.7. The Chern character ch : ko™ — HQ[t%] factors through the rationalization, and the map
chg : kog? — HQ[t*] obtained in this way is an equivalence. Indeed, . (kog") & . (ko'P) @z Q = Q[S4]
and 7, (HQ[t*]) = Q[t*] by Proposition ii), with chg sending B4 to 2t*: it induces isomorphisms in
homotopy.

Theorem 4.8. There is a Cartesian square of E1-rings (and thus also of spectra)

reko 22 yotop[ /9]

4
z»—n&‘{ Chh&/?'—ﬁ4

4 4

where HZ ) [t1] is the free E1-HZ3)-algebra on a generator of degree 4 (Definition , and similarly
for HQ[t*]; and the map ch is the Chern character from Definition . The assignments labeling the
arrows describe the maps induced on the fourth homotopy groups.

Proof. As mentioned in the introduction to this section, the 2-local fracture square of rgxko reads as the
pullback square of &£;-rings

rrko ———— (rgrko)[1/2]
(TRkO)(g) —_— (TRkO)Q.
This holds in general for rgko replaced with any spectrum or &,-ring for 1 < n < oo, and 2 replaced
by any prime p (to check that such a square is a pullback, it suffices to show that it is the case after
inverting p, and also after moding out p. In both cases, the squares are trivial pullbacks because two
parallel sides are identity maps).

Using the descriptions of the £1-rings (rgko)[1/2], (rrko)(), and (rrko)g in Propositions
and respectively, we obtain a commutative diagram

rgko ——— (rpko)[1/2] —5— ko™®[1/2]

i | | \Ch\

(rrko) 2y — (rrko)g —5— (ko™P[1/2])g Tz@; HQIt"]

HZ(2)[t4] ____________________ -k

where f is the equivalence of Proposition [£:3] g is the equivalence of Proposition [3.13] chg is the map
from Remark and k is chosen so that the diagram commutes. In particular, the outer quadrilateral

provides a pullback square
z—g(x)

rrko ko"P[1/2]

-
xb—ﬂﬁ‘ll lch

2o [1] ) HQUE):

We thus have to compute k(t*) = ch(g(z)). Looking back at the proof of Proposition g is the
inverse of the map ¢’ induced on the connective covers by the top row in the diagram

KO™P[1/2] — = L(R)[1/2] ~ (R, KW[1/2]) — D(R, KW[1/p,1/2]) ~ rzKO[1/2]

| | 5

KO — ™ 4 | (R) ~T(R,KW) ——— T'(R,KW[1/p]) ~ rg KW
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where all maps in the square on the right-hand side are induced by the localizations (away from 2 or
p), and the map 7r is defined in [LNS23] Thm. A and Ex. 9.2], where it is also proven that it sends
Bs € m(KO*P) to 8b € my(L(R)) ~ Z. We claim that b = +77*Bko € ma(T(R,KW)) = 74(L(R)).
Indeed, KW = KO[n~!] is Bko- and n-periodic, and thus multiplication by 7~*Bko is an equivalence
YAKW =3 KW, and induces an isomorphism
Z = mo(T(R, KW)) = [S*, THKW] —— [, KW] = 1, (T(R, KW)) = Z{b}.

So n74Bko = £b. Using the fact that rg(n) = —2 (see the proof of Proposition , it follows that
rr(b) = £rr(Bko)/16 € w4 (T (R, KW[1/p])). We defer to Proposition below the proof that rg(Sk) =
+16x. It follows that ¢'(34) = £rr(8b) = £8x, and thus g(z) = £3,/8. Then k(z) = ch(g(z)) = +t*/4
(see Remark [£.7)).

In order to be able to compare our fracture square with the one in [HLN21, p3] (Theorem ,
let us replace g : rgko[1/2] — ko'P[1/2] by ¢” = 2 o g, where ¥? : ko*P[1/2] — ko'™P[1/2] is the
second Adams operation. By [Kar78| Section IV, 7.13, 7.19 and 7.25], the latter is an £o-map, and it
induces multiplication by 4 on the fourth homotopy groups. Then, repeating the same proof, we obtain
g"(x) = ¥?(£B4/8) = £B4/2 and k(t*) = £t*. We can further replace g’ by —g” if needed to obtain
g"(x) = B4/2 and k(t*) = t*. Thus, the lower horizontal map k in our pullback square is the map of
E1-HZ z)-algebras HZ o) [t*] — HQ[t] sending ¢* to ¢* in the fourth homotopy groups, as desired. O

Proposition 4.9. In the notation of Proposition we have rr(Byo) = £16x € m4(rrko).

Proof. The proof is divided in several lemmas proven in Subsection We explain here how they
combine to prove the proposition.

Step 1: Reducing the problem to computing the cardinality of a certain homotopy group. We want
to understand the action of rgfy, on the homotopy groups of rgko, by considering a cofiber sequence
where this map appears together with only a small number of easily computable groups. We will thus
consider slices. By Lemma below, if we write rg(Bko) = az with a € Z (recall that = generates
m4(rrko) & Z), then a = +|my(rrC)|, where C'is the cofiber of the natural map fiko — ko. This result
holds because, as we will see in its proof, the natural map f4ko — ko corresponds to By under the iden-
tification fiko ~ f4KO ~ f4(28’4KO) ~ TM A foKO ~ T A ko, where the first equivalence is induced
by Bko (periodicity of KO) and the second one is Proposition

Step 2: Setting up a spectral sequence that computes |m4(rgrC)|. Under sufficiently nice assump-
tions, any (co)filtered object in a stable category has an associated strongly convergent spectral sequence
computing the values of a fixed homological functor on this object. We recall the general theory in
Subsection We will consider the very effective filtration on C' = ko/ fako, and after applying real
realization, this will give us a filtration on rgC. The E'-page of such a spectral sequence involves the
homotopy groups of the successive cofibers of the maps in the filtered object. In our case, these will be the
homotopy groups of the real realizations of the very effective slices of C, which are the first four very effec-
tive slices of ko. As we saw in Theorem these slices have already been computed in [Bac17, Thm. 16].

Step 3: Making explicit computations with this spectral sequence. We computed the realizations of
all the motivic spectra appearing as slices of ko in Section [3] except for soko. The only grasp we have on
the latter is given by its decomposition as a cofiber sequence in Theorem [{.2] To compute the homotopy
groups of rgr(8pko), we will use another spectral sequence, this time with respect to the filtration given
by the effective homotopy t-structure. This is the content of Lemma [4.13] This allows us to prove
|74 (rrC)| = 16 in Lemma using the first spectral sequence we mentioned. O

4.2.4. Digression: spectral sequences with a multiplicative structure.

The proofs of Lemmas[1.13|and [1.16| needed for Proposition [£.9will require us to use spectral sequences
arguments. We therefore recall the necessary machinery.

Theorem 4.10. Let X :=--- > X_1 = Xg — X1 — -+ be a tower in Sp. Then, there is a spectral
sequence E} = mp(cof(X_q_1 — X_g)) converging conditionally to mp(cof (lim, X,, — colim,Xy)).
Moreover, if the spectral sequence is concentrated in the upper half-plane and each term is the source of
only finitely many non-trivial differentials, then it converges strongly. Namely, for all p,q € Z, we have
Eps, = coker(m,(X_g) = mp(X—411)) and mp(colim, X;,) = colim, coker (7, (X —4) — mp(colim,, Xy,)).
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We call the cofibers cof (X_,_1 — X_,) the subquotients associated with the cofiltered object (X, )nez.

Proof. Such a spectral sequence for cofiltered objects in a general stable category C is defined in [Lurl7l
Construction 1.2.2.6]. The conditional convergence is proven in [BH20, Lem. 6.16]. Then, the statement
about strong convergence is [Boa99, Remark below Thm. 7.1]. O

If the tower of spectra we started with admits some kind of multiplicative structure, the spectral
sequence also inherits a multiplicative structure, which can help to determine certain differentials in such
spectral sequences. More precisely, assume that (X,,),ecz admits a pairing taking the form of compatible
maps X, A X, — Xnim for all n,m € Z. This descends to a pairing on the subquotients, given by
the maps vy, induced between the cofibers of a and the zero map in the bottom face of the following
diagram (where S, := cof(X,,_; — X,,) for all n € Z):

X1 N Xp1 Xm+n—2
\ I \
Xm /\Xn—l Xm+n—1

e
o X A Xn Xonin (5)
i Am—1,n Y
Xm—l A Sn ””””””””””””” ” Sm+n—1
T "o
e Armn A
Xm A Sn Sm+n
Yo, \
Sm A Sn Sm+n~

All vertical composites are cofiber sequences; the maps in blue in the bottom face are the maps induced
on the cofibers by the top two layers of horizontal maps.

Proposition 4.11 ([Dug03] §6, Thm. 6.2]). In the situation described above, the pairing on the subquo-
tients itself descends to a pairing Ej , @ B¢, — Ej o 1y (for allr > 1 and p,q,s,t € Z) on the spectral
sequence; and the differentials d” satisfy the (graded) Leibniz rule with respect to this pairing.

4.2.5. Results used in the proof of Proposition[{.9
Lemma 4.12. Let a € Z with rr(Bko) = ax (where x generates ma(rrko) =2 Z). Then a = +|m4(rrC)|,
where C' is the cofiber of the natural map fiko — ko.

Proof. The cofiber sequence fiko — ko — C' induces a long exact sequence
e — 71'4(7"Rf4ko) —— ma(rgko) —— my(rgC) —— Wg(er4ko) —_—
Since by definition ¥8%ko € SH(k)"*%(4), there is a lift
f 41ko

o /x'
-
-
P
-
-

»8:4ko —5 ko
ko

where f4ko — ko is the natural map. We claim that « is an equivalence. In particular, by Proposition
applying real realization and taking the fourth homotopy groups, the map m4(rg f4 ko) — m4(rrko)
is a morphism Z — Z given by multiplication by a. Since rg f4ko is 4-connective by Lemma in the
long exact sequence above we have 73(rg f1ko) 22 0 and thus 74 (rgC') = Z/a. Therefore, to finish the
proof we only have to show that « is an equivalence. In the following diagram

f4(28"4KO) ﬁ f4(KO) /%; f4(k°)

1
P -
o 7 -
7 a7
- -
. _
. —
. -

. -

8dko Ty WBAKO KO ko

— " e T

Bro
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the map « factors through the lift o' also obtained by very 4-effectiveness of ¥%%ko. But o/ is exactly
the equivalence T"* A foKO =~ f4(T"* AKO) of Proposition From the commutativity of the diagram,
we deduce that o' is a composition of three equivalences, and thus an equivalence, as needed. O

Lemma 4.13. The homotopy groups of rr(Soko) are given for k >0 by

Z ifk=0
mr(rrSoko) = ¢ Z/2  if k=2mod4 or k=3 mod4
0 if k=1mod4

and in positive degrees divisible by 4, m(rrSoko) is an extension of two copies of Z./2.

Remark 4.14. A posteriori, using the proof of Lemma we get that m4(rg(50ko)) is at the same time
a quotient of a subgroup of m4(rg(C)) = Z/16 and an extension of two copies of Z/2. Therefore, we have
ma(rr(Soko)) ~ Z /4.

Proof. We apply Theorem with X,, = rr((50ko)>,—,) for all n € Z. We will see in Step 1 below
that the spectral sequence obtained satisfies the additional assumptions for the strong convergence. The
colimit colim,, X, is eventually constant with value rg(Sgko), whereas the limit lim,, X, is trivial because
X,, is —n connective for all n < 0. Indeed,

7 (Xn) = 7 (rr((S0k0) >, —n)) = T (27" 1R ((X"S0k0)>0)) = 0

for all 7 < —n (because (X"5pko)>,o € SH(R)H, = SH(k) * by Proposition and very effective spectra
real realize to connective ones by Lemma . Since the limit of a tower of k-connective spectra is
(k — 1)-connective [GJ99L Prop. VI.2.15], lim,, X,, is oo-connective and thus trivial. Thus, the spectral
sequence converges strongly to m,(rr(Soko)).

Step 1: In the E'-page, only the zeroth and first line have non-trivial terms, i.e., only the zeroth
and first subquotients are non-trivial. Indeed, we have by definition 3oko € SH(R)'*f = SH(R)T, (by
Proposition [[5{4)), so that (50ko)>,0 = Soko. By Claim (1) in the proof of [Bacl7, Lem. 11], we
have (50ko)>,1 =~ sg(ko>1), and the latter is the first term in the cofiber sequence of Theorem
namely X1HZ/2. The natural map (59ko)>,1 — Soko is exactly the map $1"°HZ/2 — 3, appearing in
this cofiber sequence. In particular, the 0-th subquotient is nothing but the third term of this cofiber
sequence, HZ. Let us denote sko := (50ko)>.1 ~ B1YHZ/2 and spko := (50ko)/((50ko)>.1) ~ HZ. The
first subquotient is actually s}ko since (50ko)> i =~ 0 for all k£ > 2. Indeed, in the cofiber sequence

(SYOHZ/2)2 1 = (50k0)z b > (H)z2,k,
the two outer terms are zero, because by Proposition we have HZ/2, HZ € SH(R)*"? in particular
(HZ)> . ~ 0 for all k > 1 and (8V°HZ/2)> k ~ SVO(HZ/2> —1) ~ 0 for all k > 2.

Step 2: We write down the E'-page. By Propositions and we know the homotopy groups of
rr(shko) and 7g(s)ko). Therefore, the E'-page of our spectral sequence for 7, (rgsoko) reads as follows:

q
1 . z/2 72 Z)2  Z)2  ZJ2  Z)2 L2 T2
§ g2 8 t-s™ 94 25 \_g6 £3-5" N
0 z . 7.)2 . 7)2 . 7/2 . 7.)2
t t2 tis 1‘,4
0 1 2 3 | 5 6 7 g P

FIGURE 1. El-page for the spectral sequence for rp3oko with respect to the effective homotopy t-
structure.

The bullets “o” represent trivial groups. In red are some d' differentials, we will explain how to
determine them just below. Dotted arrows mean that the differential is trivial. The elements written in
blue under some groups in the E'-page are generators of these groups; we will see in Step 4 why it is
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indeed the case.

Step 3: We identify the differential go. To begin with, note that we must have 7 (rgSpko) = 0.
Indeed, this group is the Ell,o—term in the spectral sequence given by the theorem for X! = rgr(f_,ko)

(by convention fpko = ko for n < 0) (the assumptions are the theorem are verified in this case by the
same arguments as in the beginning of this proof). We obtain a spectral sequence concentrated in the
first quadrant with E;yq = mp(84ko) for all p,q € N, converging strongly to m,(rrko). In particular, the
E1 j-term will never receive a non-trivial differential. Moreover, since the first column of this same spec-
tral contains only zeroes except in position (0,0) (we have mo(rrS;ko) = 0 for all ¢ > 1), it will never be
the source of a non-trivial differential either, and will survive to the E*°-page. But since 71 (rgko) = 0 by
Proposition nothing in the first column can survive. This means that m (rgSoko) = 0. In particular,
in the spectral sequence for rg(Spko) and the effective homotopy t-structure, E1171 2 7,/2 must eventually
die. Since it cannot be the source of any non-trivial differential, the only possibility is that it receives a
non-trivial differential go from EQI,O & 7./2, which must then be an isomorphism.

Step 4: We use the multiplicative structure on this spectral sequence to compute the next differentials.
In the situation of Proposition let E = 5pko and X,, := rg(E>,_,,) for all n € Z. The pairings
X_oNX_p — X_,_p are given by the real realizations of the compositions E>_, AE>_ , - EAE = E
of the natural maps with the multiplication on E (the latter is itself induced by the pairing in the tower
for the very effective slice filtration on ko, as we will see below), which lifts to E'>_ ,4+m. Indeed, we have

SHR)S, ASHR)L, = S™OSH(R)L, A £™OSH(R)Y, € 5™ SHR)S, = SHR)S, .,

because the effective homotopy t-structure is compatible with the symmetric monoidal structure (in the
sense of [AN21], Def. A.10]). In particular, we have pairings

HZ A HZ ~ shko A shko — shko = HZ,
HZ A S1OHZ/2 ~ shko A i ko — ko = S1OHZ/2.

We defer to Lemma, below the proof that these are exactly the pairings induced, respectively, by
the ring structure on HZ and the composition HZ AHZ/2 — HZ ANHZ /2 — HZ/2 induced by the natural
map from Milnor-Witt K-theory to Milnor K-theory and the HZ-algebra structure on HZ /2. Then, the
pairing rg(spko) Arg(spko) — rr(spko) on the subquotients is given in homotopy by the ring structure of
W*(TRFTZ) = Z[t?]/(2t?) (Proposition, with HZ — HZ/2 killing 2. The pairing rg(s ko) Arg(siko) —
rr(siko) is given in homotopy, after desuspension, by Z[t?]/(2t?) @ Z/2[t] — Z/2[t*] @ Z/2[t] — Z/2]t],
where the first map is the quotient and the second one is multiplication (viewing Z/2[t?] C Z/2[t] by
Proposition [3.6). This explains why the generators are the ones displayed in the spectral sequence in
Figure [1} Since go is an isomorphism, we have d!(t) = s. It follows that goy is zero for k even and an
isomorphism for k odd. Indeed, by the Leibniz rule gor(t*) = d' (t*) = kt*~1d!(t) € Z/2 is 0 if k is even
and equals t*~1 . s otherwise (i.e., a generator in the target).

Step 5: We conclude. The previous steps show that the E'-page of our spectral sequence has the
form displayed in Figure [1, Therefore, the E?-page reads as follows:

q
1 . . Z)]2 Z/2 7)2 ° Z]2 Z)2 Z/2
s/ t-s 3.s
0 Z D o . 7)2 . D ° Z/2
t2 tt
0 1 2 3 1 5 6 7 g P

and for degree reasons, no non-trivial differential can exist (on the E2-page, differentials have degree
(-1,2)). Thus, the spectral sequence collapses, and this finishes the proof. O

Lemma 4.15. For any E € SH(R)*"Y there is an equivalence

MapSH(R)(HZ N E, E) i} MapSH(R) (E‘7 E)
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induced by precomposition by the map E~1AE—SHZAE (given by the unit of the Ex-ring HZ)

In particular, the pairings HZ AHZ — HZ and HZ A £ OHZ/2 — HZ/2 for the multiplicative spectral
sequence of Fzgm"’e\. (before taking real realization and homotopy group) are given, respectively, by the
multiplication of HZ and the composition HZ A HZ/2 — HZ ANHZ/2 — HZ/2 induced by the natural map
from Milnor-Witt K-theory to Milnor K-theory and the HZ-algebra structure on HZ/2.

Proof. First, we claim that, for any F,G € SH(R), we have (F A G)<,0 ~ (F<,0 A G<.0)<,0 Via the
natural maps F' = F< o and G — G<,o. Indeed, almost by definition of a t-structure, we have in
SH(R )efr a cofiber seql_lence NG S FAG = F< o A G. The associated long exact sequence then
gives an equivalence (FAG)<,0 = (F<,0AG)<,o (since F> 1 AG € SHR)S | ASH(R)S | € SH(R)L ).
Applying the same argument while exchanging the roles of ' and G, we obtain our claim.

Let E € SH(R)*"“. Using the previous claim and HZ = 1<,o [Bacl?, Lem. 12], we have

Mapgy gy (HZ A B, E) ~ Mapgy ) ((HZ A B) <0, E) =~ Mapsyg) ((1<,0 A E<,0)<.0, E)
~ Mapgsyg) (1 A E)<.0, E) ~ Mapsy) (1 A E, E).

This equivalence of mapping spaces is induced by precomposition with 1 — 1< ¢ ~ HZ (tensored with
E). Indeed, there is a commutative diagram

INE —2 1. gAE<oy~HZANE —2% E. ¢~ E

| |

(LA E)<,0 —— (I<.0 A E<,0)<.0-

where all maps in the square are induced by the natural maps in the truncation. The equivalence above
sends a map ¥ to the composite ¥’ o T30Ty U oT].

Wo now apply this result to £ = HZ, or E = HZ/2 (recall that HZ,HZ/2 € SH(R)*" by Proposition
. Since SH(R )(HZ A XHOHZ /2, 31O0HZ, /2) ~ SH(R )(HZ ANHZ/2,HZ/2), we only have to show that
the pairings induced on the subquotients of the tower correspond to the unitor after precomposition by
the natural map 1 — 1< _o =~ HZ. This can be proven by chasing through the construction of the pairing
induced on the subquot?ents; which is ultimately obtained from the multiplication on ko (and the latter
is unital). More precisely, the unit 1 — 1< ¢ = HZ is exactly the one induced by

1 — ko — Spko = fo(§0ko) — fo((goko)go) = fo(ﬂo(goko)) = Si)kO

To check that 1 A sjko — spko A sGko — sgko is the unitor, for example, using Diagram , we want to
show that it holds true for 1 A (50ko)>_; — (Soko)>,; for ¢ = 0,1. Since these pairings are induced by
one we had on 3§y, which is induced from that on the very effective filtration, we want to show it for the
maps 1 A fiko — fiko for i = 0,1, and these where ultimately induced by 1 A ko — ko A ko — ko, whence
the claim follows. O

Lemma 4.16. With the same notation as in Lemma[4.13, we have |m4(rgC)| = 16.

Proof. Applying Theorem again, this time with X,, = rg(f_nko) for all n € Z (by conven-
tion fnko = ko for n < 0), we obtain a spectral sequence concentrated in the first quadrant, with
E;q = mp(84ko) for all p,¢g € N. As we will see in Figure [2| the assumptions for strong convergence are
satisfied. We have colim, X,, ~ rgrko, and lim, X,, ~ 0 by the same argument as in the beginning of
the proof of Lemma [4.13] since a very n-effective spectra is in particular n-connective in the effective
homotopy t-structure. Indeed, we have SH(k)'*f(n) := T A SH(k)vf C X"SH(k)"*f = SH(k )efF by
Proposition i). Therefore, our spectral sequence converges strongly to m,(rrko). We know the Tatter
groups by Proposition and we will use this to compute several differentials in the E'-page. Then,
since the same spectral sequence for ko replaced with C' is given by the truncation above the third line,
this will give us information about the homotopy groups of rg(C).

Using the explicit description of the very effective slices of ko (Theorem and the computation of
the real realizations of these slices (Propositions and Lemma 7 the E'-page of our spectral
sequence reads as in Figure [2| below. The notation is as in Figure We will explain just below how
to determine the differentials, but let us first see how this implies the result. The spectral sequence for
rrC = rg(ko/ fa ko) is the truncation of that for rgko above the third horizontal line (indeed, 3;C = §;ko
for 0 < ¢ < 3, and 0 otherwise). In particular, the differentials must be the same and in the fourth
column, all terms on the E'-page survive to the £,-page. Therefore, 74(rgC) is an extension of four
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copies of Z/2; it has cardinality 16 (we can even identify it as Z/16 because we saw in the proof of
Lemma that it was cyclic), as desired.

q
6 ° ° ° ° ° . Z/Q
5 ° ° ° ° . Z/Q Z7]2
1 ° ° ° ° Z ° Z7]2
U
3 ° ° ° ° ° ° °
2 . . Z7/2 . Z]2 . Z])2
I3 K\f(;
rrC' < o AN
1 ° Z)2 7/2 Z)2 72 Z/2 Z)2
a N\ i o N £2-dN\_fs
ol oz ez oz Fesm. ez
s’ 2.
\
0 1 2 3 4 5 6 P
Converges to: / 0 0 0 Z 0 0

FIGURE 2. E-page of the spectral sequence for rgko with respect to the very effective slice filtration.

To conclude the proof, we only have to explain why the differentials are the ones displayed in Figure
First, note that by Proposition the spectral sequence for rgko converges to the groups displayed
in green above, i.e., to Z in every degree divisible by 4, and 0 otherwise.

e No non-zero differential with source Eil = 7/2 can exist. So it must receive a non-trivial differential
on some page; the only possibility is that d' : E%’O — E%’l, namely f1, is an isomorphism.

e The same argument shows that fo is an isomorphism.

e The E21’2—term could a priori also receive a non-trivial differential d? from E??,o on the E?-page; but
since fo is an isomorphism, E;O = 0. Thus, f3 must be an isomorphism.

e Since d' o d' = 0, we have f3 o fy = 0, so by the previous bullet point f4 = 0. The Ej j-term then
survives to the Fo.-page. So does the Eiyl—term (it cannot be reached by any non-trivial differential).

The multiplicative structure on the spectral sequence provides the missing information to determine
f5 and fs. The multiplicative structure comes this time from the pairing f,KO A frnKO — fr1mKO
obtained as follows: for any n,m > 0, the composition f,KO A f,, KO — KO A KO — KO given by the
natural maps, followed by multiplication, lifts to fn+mko, because

SH(R)*" (n) A SH(R)"*"(m) = (T"" A SH(R)**") A (T A SH(R)**)
C (T A SH(R)YS) = SH(R) " (n 4 m).

The compatibility between these pairings come from the £,-ring axioms for KO. Then the pairing
descends to the slices as Diagram . We claim that the pairing Spko A S1ko — 51ko factors through
(Soko)/(s1ko) A §1ko =~ spko A §1ko. Indeed, the latter is the cofiber of siko A §1ko — Spko A §1ko,
whose post composition with the pairing is zero. This holds because E}l(s’l ko A §1ko — §1ko) is a
map SVOHZ/2 AHZ/2 — HZ/2, so it must be zero by the axioms of a t-structure (the source belongs
to SH(R)" whereas the right-hand side belongs to SH(R)4Y (Proposition ) Moreover, the map
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S0ko A shko — 3pko A pko — pko induced by the natural map and the pairing lifts to sfko on the

target, and then by the same argument as above this lift factors through sjko A sjko. Then, since

51ko ~ ¥%IHZ/2, we can use the exact same strategy as we did for sjko ~ ¥1'HZ/2 to show that
spko A §1ko — §1ko is the (2,1) suspension of the pairing HZ A HZ/2 — HZ/2 previously considered. In
particular, we deduce the following;:

e Let us also denote by s a generator of mo(rgSpko) =2 Z/2 (it comes from the generator s’ of mo(rgs)ko)
in Figure . Then, a preimage in 74(rr3oko) for t> € m4(rrspko) acts upon s’ by sending it to the
image of t? - s’ € mg(rrsiko) in mg(rr3oko) = Z/2, which is a generator, as we can see from the spectral
sequence for rrSoko (Figure [1f).

e Let a be a generator of m(rgs1ko) = Z/2. Then a preimage in my(rrsoko) for t2 € my(rrspko) acts
upon a by sending it to a generator in 75(rgS1ko) = Z/2 (this is the action of rgHZ on re X% 1HZ/2
as we have seen it before, for the spectral sequence in Figure [1)).

o Therefore, since by the Leibniz rule for d*, we have

st s)=d"(t? ) =t*-d'(s) +d'(t?) - &' =t* - a € By, 2 7/2
(since fy is an isomorphism and fy is trivial), f5 maps a generator to a generator and is an isomorphism.

In particular, since d' o d* = 0, we also get fg = 0, and the Ei’z—term survives to the F..-page.
This finishes the proof. O

4.3. Comparison with the L-theory of R.

Theorem 4.17. There is an equivalence of &1 -rings
rrko ~ L(R)>o

between the real realization of the very effective Hermitian K-theory spectrum and the connective cover
of the L-theory spectrum of R.

Proof. It suffices to prove that the 2-local fracture square for L(R)>( is the same as in Theorem Such
a fracture square appears in [HLN21, p3] (with a typd'). We compute the fracture square for L(R)>g
following the same strategy as for rg(ko) (Theorem |4.8]).

To identify the localization away from 2, we consider the same map ko°® — L(R)>¢ as in the proof
of Theorem from [LNS23]; recall that this map is an equivalence after localizing at 2, and induces
multiplication by 8 on the fourth homotopy groups before localization. We post-compose it with the
automorphism of ko'P[1/2] given by the (connective cover of the) second Adams operation 12 as in the
proof of Theorem and obtain L(R)>q — ko™P[1/2] sending b to 84/2 in the fourth homotopy groups.

To identify the localization at (2), we consider the map of £x-rings MSO — L(R) from [HLN21, Thm.
3.4 and Rmk. 3.5]. By [HLN2I, Cor. 3.7], MSO(y) receives an E-map from HZ,y. Therefore, L(R) o)
receives an E>-map from HZ(,). By Propositionh(iii), it then also receives a map of & -rings from
the free €1-HZ)-algebra HZs)[t*], sending t* to b in my. Since the domain is connective, this map
lifts to L(R)>o. The ring structure on the homotopy groups on both sides implies that this map is an
equivalence (indeed, by [HLN21, Prop. 4.1], m.(L(R)) = Z[b] with [b| = 4, and by Proposition [L.21]ii),
T (HZ2)[t*]) = Z[t*] is the same ring).

For the rationalization, by Remark [4.7| we have ko*P[1/2]g ~ HQ[t*] via the Chern character map.

Finally, we have to determine what the map HZ ) [t*] — HQ[t*] in the pullback square is, correspond-
ing to our choices of identifications. Studying the actions of these maps on the fourth homotopy groups,
we see that the composite L(R)>o — ko™P[1/2] — HQ[t*] maps b to t*. Since the map L(R)>o — HZ (o) [t*]
we have chosen sends b to t*, the bottom horizontal map must send * to t*. ([l

top

Iprivate communication with Markus Land.
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APPENDIX A. DAY CONVOLUTION ON 00-CATEGORIES OF PRESHEAVES

The category of functors between two symmetric monoidal categories can be endowed with a symmetric
monoidal structure, called Day convolution.

Theorem A.1 ([Glal6, Prop. 2.11] and [Lurl7, Ex. 2.2.6.9]). Let C® and D® be symmetric monoidal
categories. Assume that D has all small colimits and that the tensor product on D preserves them in
each variable separately. Then the category Fun(C, D) admits a symmetric monoidal structure Fun(C, D)®,
called Day convolution. It has in particular the property that there is an equivalence of categories

CAlg(Fun(C,D)®) ~ Fun™(C®, D®).

For any symmetric monoidal category C®, in the particular case D® = Spc™, Day convolution endows
the category of presheaves P(C) with a symmetric monoidal structure (because the opposite of C has an
induced symmetric monoidal structure [Lurl7, Rmk. 2.4.2.7]). This symmetric monoidal structure has
the following universal property:

Proposition A.2 ([Lurl7, Cor. 4.8.1.12 and Rmk. 4.8.1.13]). Let C® be a symmetric monoidal category.
Day convolution is the essentially unique symmetric monoidal structure on the category P(C) such that:

(1) the tensor product preserves colimits in both variables separately,
(2) and the Yoneda embedding y : C — P(C) can be extended into a symmetric monoidal functor y®.

Proposition A.3. Let C® be a symmetric monoidal category, and consider P(C)® with the Day convo-
lution symmetric monoidal structure. Let D® € CAlg(Prb).
Then, the symmetric monoidal Yoneda embedding y® : C® — P(C)® induces an equivalence

—oy® : Fun"™(P(C)®, D®) = Fun™(C®, D®),

where Fun“'™ denotes colimit-preserving lax symmetric monoidal functors, and Fun'™ all laz symmetric
monoidal functors.

Definition A.4. In the setting of Proposition let LKE® be an inverse for the equivalence — o y®.
Given F € Fun'™(C®, D®), we say that the lax symmetric monoidal functor LKE® (F) : P(C)® — D® is
left Kan extended as a lax symmetric monoidal functor from F.

Proof of Proposition[A.3 Day convolution makes Fun(P(C), D) and Fun(C,D) into symmetric monoidal
categories Fun(P(C),D)® and Fun(C,D)®, respectively. By [Nik16, Cor. 3.8], precomposition by a lax
symmetric monoidal functor induces a lax symmetric monoidal functor with respect to the Day con-
volution on the functor categories. In our case, this implies that precomposition with the symmetric
monoidal Yoneda embedding induces a lax symmetric monoidal functor Fun(P(C),D)® — Fun(C,D)®.
By the usual universal property of the presheaf category (free cocompletion), the underlying functor
restricts to an equivalence Funt(P(C), D) — Fun(C,D). In particular, Fun*(P(C),D) is a symmetric
monoidal subcategory Fun(P(C), D), equivalent as a symmetric monoidal category to Fun(C, D).
Therefore, precomposition by the Yoneda embedding induces an equivalence

CAlg(Fun“(P(C), D)®) —— CAlg(Fun(C,D)®).

By Theorem the left and right-hand sides are respectively equivalent to Fun™"2(P(C)®, D®)
and Fun'aX(C®,D®). Indeed, for the first one, note that if £ is a symmetric monoidal category with
a symmetric monoidal full subcategory F®, then the categories of commutative algebras in F is that
of commutative algebras in & whose underlying object lies in F. This follows from the description of
commutative algebras in terms of the representing coCartesian fibrations. (|

Proposition A.5. The equivalence of Proposition[A.3 restricts to an equivalence:
—o0y® : Fun"®(P(C)®, D®) = Fun®(C®,D®)
between subcategories of (strongly) symmetric monoidal functors.

Proof. Since y® is (strongly) symmetric monoidal, the functor — o y® preserves strong monoidality. On
the other hand, if F € Fun'™(C®,D®) is actually strongly symmetric monoidal (which, once we have
specified a lax monoidal structure, is a property and does not require additional data), let H = LKE® (F).
Then, we have to show that H is strongly symmetric monoidal, i.e., that for any F,G € P(C), the map
H(F) ®p H(G) — H(F ®p() G) (coming from the lax symmetric monoidal structure on H) is an
equivalence. By assumption, this holds for F and G representable presheaves. Moreover, the class of
presheaves F and G for which this holds is closed under colimits in both F and G. Indeed, H preserves
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colimits by construction, and tensor products in both D and P(C) preserve colimits in each variable (by
Proposition [A.2)). Since every presheaf is a colimit of representable ones, this concludes the proof. O

APPENDIX B. SLICE co-CATEGORIES

For C a category and X € C, one defines a slice category C;x := Fun(A',C) Xpun(f1},0) {X} [Lur09,
Prop. 1.2.9.2]. This can be thought of as the category of edges in C with target X, and morphisms over
X. It comes with a forgetful functor C,x — C, remembering the source of an edge. Slice categories are
an essential ingredient of our discussion in Section Here are some results about them that we have
used.

Definition B.1. Let C be a category, X € C and D C C a subcategory. Then the category D,x is
defined as the fiber of the forgetful functor C,x — C over D.

Proposition B.2. Let C be a category, and F € P(C). We view C as a subcategory of P(C) via the
Yoneda embedding. Then, the left Kan extension of the embedding C,z — P(C), 7 (from Deﬁnition
defines an equivalence of categories

0:P(C/F) = PC)F.

The functor 6 restricts to an equivalence
Ps(Crr) = Ps(C))F

Proof. The first claim is proven in [ABGIS| §5.3]. For the second part of the statement, consider
G € Ps(C),7. Then G is a sifted colimit of arrows of the form y(c) — F for ¢ € C, so that §71(G) is a
sifted colimit of representables y(c — F). It is thus a spherical presheaf in P(C;p). The argument for
the converse is the same. O

Slices of symmetric monoidal categories over commutative algebra objects inherit a symmetric monoidal
structure:

Proposition B.3 ([Lurl7, Thm. 2.2.2.4 and Rmk. 2.2.2.5]). Let D® be a symmetric monoidal category
and X € CAlg(D). Then the slice D,x admits a symmetric monoidal structure D?X, making in particular
the projection D?X — D® symmetric monoidal. Informally, the tensor product of two objects ¢ — X
and d — X in the slice can be described by
(c=X)d—=X)=(cd—> XX = X)

where X ® X — X is given by the multiplicative structure of X.

As a particular case of Proposition for C = %, so that P(C) ~ Spc, we obtain the following result.
Lemma B.4 ([ABGIS| §6.2]). Let X € CMon(Spc). In the case C = x, Propositz'on provides an

equivalence of symmetric monoidal categories
Spe)x ~ P(X),
where Spc, x is endowed with the symmetric monoidal structure from Proposition (B.5, and P(X) is the
category of presheaves on X with the Day convolution symmetric monoidal structure (see Subsection ,
viewing X as a symmetric monoidal category.
The symmetric monoidal structure from Proposition has a very convenient universal property:

Proposition B.5 (JACBI9, Lem. 2.12]). Let C® and D® be symmetric monoidal categories classified by
coCartesian fibrations p : C® — Fin, and q : D® — Fin,. Let X € CAlg(D), and F : C® — D% be a lax
symmetric monoidal functor.

Then laz symmetric monoidal functors C® — D?X lifting F' correspond to symmetric monoidal natural
transformations F — X op, where X is viewed as a section of q. More precisely, there is an equivalence

Mapg, s (ce pey (F, X o p) ~ Fun™(C®, D?X) X funin(c® pe) {F}-

In particular, for C® = £%

n

viewing F as an E,-algebra Y € Algg (D¥), then &,-algebras in D%X

lifting Y € Algg (D®) correspond to morphisms of E,-algebras Y — X in D®. More precisely, there is
an equivalence

MaPA|g5n (=) (Y, X) ~ Alge, (D}g)x) Xalg, (pe) {Y}.

Remark B.6. Both Propositions and are proven in a more general setting in the references we
gave; namely for O®-monoidal categories, for some co-operad O%. We will only need the case O® = Fin,.
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INDEX OF NOTATION

Al Affine line over some base scheme

Alg(C®), CAlg(C®) Categories of £1-, resp. Ex-algebras in a symmetric monoidal category C® §1.3]
c= Maximal (oco-)groupoid in a category C (right adjoint to the forgetful functor)
Cato Category of small (co-)categories

n Motivic Hopf map

En oo-operad of little n-cubes

fn, fn n-effective, respectively very n-effective cover functors

Fin 1-category of finite sets (including ()

Fun*(C,D) Category of functors C — D preserving finite products 2.15
Funt(C,D) Category of colimit-preserving functors C — D A.3
Fun®(C®,D®) Category of symmetric monoidal functors C® — D% A5
Fun'®(C®, D®) Category of lax symmetric monoidal functors C® — D® A1
Gm Group scheme S Xspec(z) Spec(Z[t,t~1]) over a base scheme S

HA[t"] Free £1-HA-algebra on one generator in degree n

HZ,HZ/2 Motivic Eilenberg-Mac Lane spectra, representing motivic cohomology

HZ Effective cover of the Milnor-Witt K-theory sheaf: foK™MW

KMV gM W Milnor-Witt, Milnor, and Witt K-theory sheaves

KGL, kgl Algebraic K-theory motivic spectrum and its very effective cover

KO, ko Hermitian K-theory motivic spectrum and its very effective cover

KO®™P, ko"P Real topological K-theory spectrum and its connective cover

KU Complex topological K-theory spectrum

KW, kw Balmer-Witt K-theory motivic spectrum and its very effective cover

L(—) L-theory spectrum functor

M Motivic Thom spectrum functor

Map, Mapping space in a category C

MGL, MSL, MSp General linear, special linear, and symplectic cobordism motivic Thom spectra [2.27]
MO, MSO, MU Unoriented, oriented, and complex cobordism Thom spectra 2.5
Miop Topological Thom spectrum functor 21
(n), (n)° Finite pointed set {*,1,...,n} in Fin,, resp. finite set {1,...,n} in Fin 2.14
c¥ Full subcategory spanned by compact objects in a category C [2.1
Q> QF Infinite loop space functors for classical, resp. motivic (P!-)spectra

T (=)ws Ty () Homotopy sheaves of a motivic space or spectrum

P(C) Category of presheaves of spaces on a category C

Ps(C) Category of spherical presheaves of spaces on a category C 2.12
Prt Category of presentable categories and left-adjoint functors .
p Inclusion S° — G,,, on the points corresponding to 1 and —1 1.13]
TR, TC Real and complex Betti realization functors q1.2|
Spc Category of spaces

S Motivic sphere spectrum

Sn (Simplicial) n-sphere in the category of motivic spaces or motivic spectra

Spa Motivic bigraded spheres, SP7 = §P~4 A G4

Sny Sn n-effective, respectively very n-effective slices
S Topological sphere spectrum

S n-sphere in the category of spaces or spectra

SH(S) Category of motivic (P1-)spectra over S

SH(S)f, SH(S)veff Subcategories of effective, respectively very effective spectra over S
SH(S)%f(n), SH(S)"*(n) Subcategories of n-effective, respectively very n-effective spectra over S
X7 Functor T'A — : SH(S) — SH(S)

3> Infinite suspension functors for topological or motivic spectra

Smg 1-category of smooth schemes of finite type over the base scheme S

Sp Category of (topological) spectra

Span When working over a base scheme S, Span(Smg, all, fold) 2.17
Span(C, left, right) Category of objects in C, with morphisms certain span diagrams 2.13
Spc(S) Category of motivic spaces over the base scheme S

T Pointed motivic space or spectrum corresponding to (P!, o)

To>n, T<n Truncation functors for a ¢-structure

(—=)+ Disjoint base point functor (free functor from unpointed to pointed objects)
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