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Abstract. Real Betti realization is a symmetric monoidal functor from the category of motivic spectra over R to

that of topological spectra, extending the functor that associates to a scheme over R the space of its real points. In

this article, we show that the motivic Thom spectrum functor and the topological one correspond to each other, as
symmetric monoidal functors of ∞-categories, under real (and complex) realization. More precisely, we compare the

constructions of Bachmann–Hoyois (in the motivic setting) and Ando–Blumberg–Gepner (in the topological setting).
In particular, we obtain equivalences of E∞-rings between the real realizations of the variants MGL, MSL, and MSp
of algebraic cobordism, and the variants MO, MSO, and MU of topological cobordism, respectively, and an analogous

result for complex realization.
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Introduction

Classical cobordism spectra such as MO, MSO, MU admit geometric descriptions as colimits of (infinite suspen-
sions of) Thom spaces of certain bundles over Grassmannians ([Ada74, §III, Ex. 2.4]). Modern treatments reinterpret
these constructions using the symmetric monoidal Thom spectrum ∞-categorical functor Mtop : Spc/Sp' → Sp (see

[ABG18, Thm. 1.6]). On objects, the functor Mtop is given by taking the colimit of the X-shaped diagram in Sp
represented by the morphism X → Sp', that is, Mtop(F : X → Sp') ' colimXF ∈ Sp.

Since Mtop is symmetric monoidal, an En-structure on F induces an En-structure on the associated Thom spec-
trum. The spectrum MO and its classical E∞-structure (see [MQRT77, §IV.2]) can be recovered as the image under
Mtop of an E∞-map BO → Pic(Sp) ↪→ Sp', called the j-homomorphism (see Example 2.5). This functor recovers
many other classical spectra with higher multiplicative structures, for example HZ(2) as an E2-ring ([Mah79], also see
[ACB19, Thm. 5.7]). More generally, the (symmetric monoidal) Thom spectrum functor can be used to produce E∞-
or En-structures on certain motivic spectra; perhaps more importantly, it can also be used to produce multiplicative
maps between such ring spectra. For example, using this formalism, one can produce an E2-map HZ(2) → MSO(2),
showing in particular that MSO(2) is an HZ(2)-module (see [HLN21, Cor. 3.7]).

While MO and its variants represent cobordism cohomology theories for spaces, one may ask about the algebraic
analogs. Indeed, one can define similar-looking cohomology theories for schemes, yielding various flavors of algebraic
cobordism. Analogously to the way spectra represent stable cohomology theories for spaces, Morel and Voevodsky
define a category of motivic spectra SH(k) over a base field k, whose objects represent certain cohomology theories
for smooth schemes over k (those satisfying A1-invariance and Nisnevich descent). Those are basic objects of motivic
homotopy theory, where one works with the (∞-)categories of motivic spaces Spc(k) and motivic spectra SH(k).

The original geometric construction of the cobordism spectra has a motivic counterpart. Most notably, the al-
gebraic cobordism spectrum MGL [Voe98], or its variant MSL, can similarly be described as a colimit of (infinite
suspensions of) Thom spaces of algebraic vector bundles over certain Grassmannians (see [BH20, §4] for a modern
description in these terms). A symmetric monoidal motivic Thom spectrum functor was also constructed in [BH21,
§16.3]: it is an ∞-categorical functor M : PΣ(Smk)/SH' → SH(k), given on objects by a similar colimit formula as
in the topological setting, namely M(G → SH') ' colim(x,X)∈(SmR)�G (pX)]γ(x), as we will recall in Subsection 2.3.
Again, this formalism agrees with the geometric construction, and MGL or MSL can be recovered as the motivic
Thom spectra of a motivic E∞-map K◦ → SH' (see Example 2.30).

The purpose of this article is to compare these two multiplicative Thom spectrum constructions under real Betti
realization. The latter is a symmetric monoidal functor rR : SH(R)→ Sp between the ∞-category of motivic spectra
over R and that of spectra (see Subsection 3.1). It extends the functor of real points, sending a scheme to its space of
real points, and connects the motivic and topological pictures. Computations of real realizations of motivic spectra
have been carried out in a number of cases and have also been used to obtain results in the motivic category (see
e.g. [ARØ20, 2.3, 2.9, 2.13], [Lev14, Thm. 5.5] for HZ, [BH20, 3.9, 3.35, 4.7], [NZ26, 5.15, 5.16], [NRZ26, §7], etc.).
We will also compare the Thom spectrum constructions under complex Betti realization, which is defined similarly.

Since real realization preserves colimits, the geometric description of MGL in terms of Grassmannians in the motivic
setting recovers the topological one for MO under real realization, giving the equivalence rR(MGL) ' MO at the level
of spectra [BH20, Cor. 4.7]. The compatibility of their respective E∞-structures is more subtle. Our main result
shows that real (or complex) realization is indeed compatible with the motivic and topological multiplicative Thom
spectrum functors. This requires a precise comparison of the constructions of their symmetric monoidal structures.

Theorem A (Theorems 3.20 and 4.6). Let k = R or C. The Betti realization rk of the motivic multiplicative Thom
spectrum functor M : PΣ(Smk)/SHω,' → SH (as constructed in [BH21, §16.3]) is equivalent as a symmetric monoidal
functor to the topological multiplicative Thom spectrum functor Mtop : Spc/Spκ,' → Sp (as constructed in [ABG18,

Thm. 1.6]). More precisely, there is a commutative diagram of symmetric monoidal functors

PΣ(Smk)/SHω,' Spc/Spκ,'

SH(k) Sp

M Mtop

rk

where the top horizontal arrow is also induced by rk (see Diagram (3) in Lemma 3.15).
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As an application, we compute the realizations of several variants of algebraic cobordism spectra as E∞-rings.

Theorem B (Theorems 3.21 and 4.7). There are equivalences of E∞-rings

rRMGL ' MO, rRMSL ' MSO, rRMSp ' MU,
rCMGL ' MU, rCMSL ' MSU, rCMSp ' MSptop.

To prove Theorem A, we take a detour through the more general motivic colimit functors [BEH22], where SH is
replaced by a more general presheaf F . We establish a naturality statement for this construction with respect to the
presheaf F , and use it to compare the motivic Thom functor M to a motivic colimit functor more closely related
to real realization, taking values in Sp. Finally, we show that this new motivic colimit functor factors through the
usual domain Spc/Spκ,' of Mtop, and that the functor obtained in this way is indeed equivalent to Mtop.

Theorem B is then a rather direct consequence of Theorem A. This corollary is used in [Ban26] to compute the real
Betti realization of ko, the very effective cover of the Hermitian K-theory motivic spectrum, as an E1-ring. Indeed,
the equivalence of E∞-rings rR(MSL) ' MSO is used to produce an E2-map HZ(2) → (rRko)(2) in a similar vein to
the example of the map HZ(2) → MSO(2) above.

Organization of the article. Sections 1 and 2 are dedicated to establishing our context and some tools; they
recall preexisting results from the literature. Section 3 contains our main contribution.

More precisely, Section 1 is devoted to some ∞-categorical prerequisites about symmetric monoidal structures on
categories of presheaves and slice categories. Then, Section 2 recalls the constructions of symmetric monoidal struc-
tures on the topological and motivic Thom spectrum functors. In Section 3, we prove our main results Theorems A
and B. Finally, Section 4 establishes the analogous results in the case of complex realization. The proof is similar in
spirit to that of the real case, but a few modifications are needed. The argument also applies to the real realization
functor, but it is slightly more involved than the first proof we provided, hence the decision to include it separately.
The reader may refer to the Index of notation at the very end for any unexplained notation.

Conventions and prerequisites

• More introductory material for this article can be found in [Ban25].

• We use the language of ∞-categories following [Lur09] and [Lur17]. For us, “category” will always mean “∞-
category” (and we will specify “1-category” if needed). We denote by Cat∞ the∞-category of small∞-categories.
This setup is crucial to our work; indeed the main goal is to compare higher multiplicative structures built using
this language.

• Let Spc be the category of spaces and Sp be the category of spectra.

• If S is a qcqs base scheme, we denote by SmS the 1-category of smooth schemes of finite type over S. Let Spc(S)
and SH(S) be the categories of motivic spaces and motivic spectra, respectively, over S (constructed in the setting
of model categories in [MV99], and in that of ∞-categories in [Rob13] for example). If X ∈ SmS and Y ∈ Spc, we
will abuse notation and denote the corresponding motivic spaces or motivic spectra also by X and Y .

• Let rR : SH(R) → Sp be the real realization functor (see Subsection 3.1). We will also denote the corresponding
functors P(SmR)→ Spc and Spc(R)→ Spc, or their pointed analogs, by rR.

1. Some ∞-categorical prerequisites

This introductory section contains preliminaries about certain ∞-categorical constructions needed to define and
work with the symmetric monoidal structures we will consider on the topological and motivic Thom spectrum
functors. More precisely, we will study Day convolution on categories of presheaves (Subsection 1.1), especially its
universal property, and symmetric monoidal structures on slice categories (Subsection 1.2), since the source of the
Thom spectrum functors we will consider are such categories, as discussed in the Introduction.

1.1. Day convolution on∞-categories of presheaves. The category of functors between two symmetric monoidal
categories can be endowed with a symmetric monoidal structure, called Day convolution.

Theorem 1.1 ([Gla16, Prop. 2.11] and [Lur17, Ex. 2.2.6.9]). Let C⊗ and D⊗ be symmetric monoidal categories.
Assume that D has all small colimits and that the tensor product on D preserves them in each variable separately.
Then the category Fun(C,D) admits a symmetric monoidal structure Fun(C,D)⊗, called Day convolution. It has in

particular the property that there is an equivalence of categories CAlg(Fun(C,D)⊗) ' Funlax(C⊗,D⊗).
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For any symmetric monoidal category C⊗, in the particular case D⊗ = Spc×, Day convolution endows the category
of presheaves P(C) with a symmetric monoidal structure (because the opposite of C has an induced symmetric
monoidal structure [Lur17, Rmk. 2.4.2.7]). This symmetric monoidal structure has the following universal property:

Proposition 1.2 ([Lur17, Cor. 4.8.1.12 and Rmk. 4.8.1.13]). Let C⊗ be a symmetric monoidal category. Day
convolution is the essentially unique symmetric monoidal structure on the category P(C) such that:

(1) the tensor product preserves colimits in both variables separately,

(2) and the Yoneda embedding y : C → P(C) can be extended into a symmetric monoidal functor y⊗.

Proposition 1.3. Let C⊗ be a symmetric monoidal category, and consider P(C)⊗ with the Day convolution symmetric
monoidal structure. Let D⊗ ∈ CAlg(PrL). Then, the symmetric monoidal Yoneda embedding y⊗ : C⊗ → P(C)⊗

induces an equivalence −◦y⊗ : FunL,lax(P(C)⊗,D⊗)
'−→ Funlax(C⊗,D⊗), where Funlax denotes lax symmetric monoidal

functors, and FunL,lax those preserving colimits.

Definition 1.4. In the setting of Proposition 1.3, let LKE⊗ be an inverse for the equivalence − ◦ y⊗. Given
F ∈ Funlax(C⊗,D⊗), we say that the lax symmetric monoidal functor LKE⊗(F ) : P(C)⊗ → D⊗ is left Kan extended
as a lax symmetric monoidal functor from F .

Proof of Proposition 1.3. Day convolution makes Fun(P(C),D) and Fun(C,D) into symmetric monoidal categories
Fun(P(C),D)⊗ and Fun(C,D)⊗, respectively. By [Nik16, Cor. 3.8], precomposition by a lax symmetric monoidal
functor induces a lax symmetric monoidal functor with respect to the Day convolution on the functor categories.
In our case, this implies that precomposition with the symmetric monoidal Yoneda embedding induces a lax sym-
metric monoidal functor Fun(P(C),D)⊗ → Fun(C,D)⊗. By the usual universal property of the presheaf category

(free cocompletion), the underlying functor restricts to an equivalence FunL(P(C),D) → Fun(C,D). In particular,

FunL(P(C),D) is a symmetric monoidal subcategory of Fun(P(C),D), equivalent as a symmetric monoidal category
to Fun(C,D).

Therefore, precomposition by the Yoneda embedding induces an equivalence

CAlg(FunL(P(C),D)⊗)
'−−−→ CAlg(Fun(C,D)⊗).

By Theorem 1.1, the left and right-hand sides are respectively equivalent to FunL,lax(P(C)⊗,D⊗) and Funlax(C⊗,D⊗).
Indeed, for the first one, note that if E⊗ is a symmetric monoidal category with a symmetric monoidal full subcate-
gory F⊗, then the categories of commutative algebras in F is that of commutative algebras in E whose underlying
object lies in F . This follows from the description of commutative algebras in terms of the representing coCartesian
fibrations. �

Proposition 1.5. The equivalence of Proposition 1.3 restricts to an equivalence:

− ◦ y⊗ : FunL,⊗(P(C)⊗,D⊗)
'−→ Fun⊗(C⊗,D⊗)

between subcategories of (strongly) symmetric monoidal functors.

Proof. Since y⊗ is (strongly) symmetric monoidal, the functor − ◦ y⊗ preserves strong monoidality. On the other

hand, if F ∈ Funlax(C⊗,D⊗) is actually strongly symmetric monoidal (which, once we have specified a lax monoidal
structure, is a property and does not require additional data), let H = LKE⊗(F ). Then, we have to show that H is
strongly symmetric monoidal, i.e., that for any F ,G ∈ P(C), the map H(F)⊗DH(G) −→ H(F⊗P(C)G) (coming from
the lax symmetric monoidal structure on H) is an equivalence. By assumption, this holds for F and G representable
presheaves. Moreover, the class of presheaves F and G for which this holds is closed under colimits in both F and
G. Indeed, H preserves colimits by construction, and tensor products in both D and P(C) preserve colimits in each
variable (by Proposition 1.2). Since every presheaf is a colimit of representable ones, this concludes the proof. �

1.2. Slice∞-categories. For C a category and X ∈ C, one defines a slice category C/X := Fun(∆1, C)×Fun({1},C){X}
[Lur09, Prop. 1.2.9.2]. This can be thought of as the category of edges in C with target X, and morphisms over
X. It comes with a forgetful functor C/X → C, remembering the source of an edge. Slice categories are an essential
ingredient of our discussion in Sections 2 and 3, as the respective sources of the motivic or topological Thom spectrum
functors are slice categories.

Definition 1.6. Let C be a category, X ∈ C and D ⊆ C a subcategory. Then the category D/X is defined as the
fiber of the forgetful functor C/X → C over D.

Proposition 1.7. Let C be a category, and F ∈ P(C). We view C as a subcategory of P(C) via the Yoneda
embedding. Then, the left Kan extension of the embedding C/F → P(C)/F (from Definition 1.6) defines an equivalence

of categories θ : P(C/F ) '−→ P(C)/F . The functor θ restricts to an equivalence PΣ(C/F ) '−→ PΣ(C)/F .
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Proof. The first claim is proven in [ABG18, §5.3]. For the second part of the statement, consider G ∈ PΣ(C)/F . Then

G is a sifted colimit of arrows of the form y(c) → F for c ∈ C, so that θ−1(G) is a sifted colimit of representables
y(c→ F). It is thus a spherical presheaf in P(C/D). The argument for the converse is the same. �

Slices of symmetric monoidal categories over commutative algebras inherit a symmetric monoidal structure:

Proposition 1.8 ([Lur17, Thm. 2.2.2.4, Rmk. 2.2.2.5]). Let D⊗ be a symmetric monoidal category and X ∈ CAlg(D).
Then the slice D/X admits a symmetric monoidal structure D⊗/X , making in particular the projection D⊗/X → D

⊗

symmetric monoidal. Informally, the tensor product of two objects c → X and d → X in the slice can be described
by (c→ X)⊗ (d→ X) = (c⊗ d→ X ⊗X → X) where X ⊗X → X is given by the multiplicative structure of X.

As a particular case of Proposition 1.7, for C = ∗, so that P(C) ' Spc, we obtain the following result.

Lemma 1.9 ([ABG18, §6.2]). Let X ∈ CMon(Spc). In the case C = ∗, Proposition 1.7 provides an equivalence
of symmetric monoidal categories Spc/X ' P(X), where Spc/X is endowed with the symmetric monoidal structure

from Proposition 1.8, and P(X) is the category of presheaves on X with the Day convolution symmetric monoidal
structure (see Subsection 1.1), viewing X as a symmetric monoidal category.

The symmetric monoidal structure from Proposition 1.8 has a very convenient universal property:

Proposition 1.10 ([ACB19, Lem. 2.12]). Let C⊗ and D⊗ be symmetric monoidal categories classified by coCartesian
fibrations p : C⊗ → Fin∗ and q : D⊗ → Fin∗. Let X ∈ CAlg(D), and F : C⊗ → D⊗ be a lax symmetric monoidal
functor. Then lax symmetric monoidal functors C⊗ → D⊗/X lifting F correspond to symmetric monoidal natural

transformations F → X ◦ p, where X is viewed as a section of q. More precisely, there is an equivalence

MapFunlax(C⊗,D⊗)(F,X ◦ p) ' Funlax(C⊗,D⊗/X)×Funlax(C⊗,D⊗) {F}.

In particular, for C⊗ = E⊗n , if we view F as an En-algebra Y ∈ AlgEn(D⊗), then En-algebras in D⊗/X lifting

Y ∈ AlgEn(D⊗) correspond to morphisms of En-algebras Y → X in D⊗. More precisely, there is an equivalence

MapAlgEn (D⊗)(Y,X) ' AlgEn(D⊗/X)×AlgEn (D⊗) {Y }.

Remark 1.11. Both Propositions 1.8 and 1.10 are proven in a more general setting in the references we gave; namely
for O⊗-monoidal categories, for some ∞-operad O⊗. We will only need the case O⊗ = Fin∗.

2. Motivic and topological multiplicative Thom spectra

In this section and the next, our goal is to show the compatibility of real realization with the multiplicative motivic
and topological Thom spectrum functors. This will in particular allow us to show in Section 3 that the real realization
of the motivic E∞-rings MGL,MSO,MSp ∈ SH(R) (representing variants of algebraic cobordism) are equivalent to the
E∞-rings MO,MSO,MSptop ∈ Sp respectively (representing variants of topological cobordism). Again, this result was
already proved at the level of spectra in [BH20, Cor. 4.7], but we want to take into account the E∞-ring structures.

These E∞-structures are obtained by realizing the underlying objects as Thom spectra of certain commutative
algebra objects, using the fact that the corresponding Thom spectrum functors are symmetric monoidal.

Therefore, we first recall in this section the precise construction of these functors and their symmetric monoidal
structures, in the topological case (Subsection 2.1) and in the motivic case (Subsection 2.3). In order to solve some
size issues arising in the latter context, we will need some prerequisites about subcategories of τ -compact objects,
where τ is a regular cardinal (Subsection 2.2).

2.1. The symmetric monoidal topological Thom spectrum functor.

Definition 2.1. Let Pic(Sp) ∈ Spc be the subgroupoid of invertible objects in Sp (with respect to the tensor product).
The (topological) Thom spectrum functor Mtop : Spc/Pic(Sp) −→ Sp sends an arrow X → Pic(Sp) to the colimit of

the diagram X −→ Pic(Sp) ↪−→ Sp. More precisely, under the equivalence Spc/Pic(Sp) ' P(Pic(Sp)) from Lemma 1.9,

the functor Mtop is the left Kan extension of the embedding Pic(Sp) ↪−→ Sp.

Viewing Pic(Sp) ⊆ Sp as a symmetric monoidal subcategory allows us to endow the functor Mtop with a symmetric
monoidal structure. More precisely, for any symmetric monoidal small subcategory Pic(Sp) ⊆ C ⊆ Sp, the maximal
groupoid in C, denoted by C', is then an E∞-algebra in Spc (the functor (−)' : Cat∞ → Gpd ' Spc is right
adjoint to the forgetful functor, it preserves products, and thus is symmetric monoidal with respect to the Cartesian
structures). Thus, Proposition 1.8 gives us a symmetric monoidal structure on the slice category Spc/C' , with the
universal property described in Proposition 1.5.
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Remark 2.2. Note that Pic(Sp) is itself essentially small (invertible objects are compact, and Spω is small, see for
example Lemma 2.7). In Theorem 2.3 below, we restrict ourselves to intermediary subcategories Pic(Sp) ⊆ C ⊆ Sp
that are small, in order to avoid some set-theoretic issues. Indeed, only small groupoids can be viewed as objects
in Spc. Although the Thom spectrum of any arrow X → Sp' could in principle be considered, Sp' is not small.
Actually, all the examples of arrows X → C' we will be interested in factor through Pic(Sp) (but using only Pic(Sp)
would cause us difficulties in Subsection 3.2.2, see Remark 3.7).

Theorem 2.3 ([ABG18, Thm. 1.6]). For any symmetric monoidal small subcategory Pic(Sp) ⊆ C ⊆ Sp, there is a
symmetric monoidal colimit preserving topological Thom spectrum functor Mtop : Spc/C' −→ Sp, left Kan extended

as a symmetric monoidal functor (see Definition 1.4) from the embedding C' ↪−→ Sp.

The symmetric monoidal left Kan extension described in the theorem agrees with the construction in [ABG18,
Thm. 1.6] because, by Proposition 1.5, it is determined as a symmetric monoidal functor by its restriction to
∗/C' ' C'.

Notation 2.4. Let κ be a fixed uncountable regular cardinal such that Spcκ, the full subcategory of κ-compact
objects in Spc, is closed under finite limits in Spc. Such a cardinal κ exists by [Lur17, Lem. 5.4.7.6], and one may
actually choose κ = ℵ1 [Lur09, Rmk. 5.4.2.9]. Note that Spcω is not closed under limits, for example ΩS1 is a
pullback of compact objects, but it is not compact. From now on, Mtop will denote the Thom spectrum functor of
Theorem 2.3 corresponding to C = Spκ (by Lemma 2.9 below, this is indeed a small symmetric monoidal subcategory
in Sp). It contains Pic(Sp), as an invertible spectrum E is compact (E is the image of the compact object S under
the equivalence −∧E), in particular κ-compact. The requirement that Spcκ is closed under finite limits will become
crucial in Subsection 3.2.2, see Remark 3.7.

Example 2.5. Let us see how one can define E∞-structures on MO, MSO, and MU. The spectrum MO representing
topological cobordism can be recovered as Mtop(BO → Spκ,') where the map BO → Spκ,' is the j-homomorphism
(by [ABG18, Cor. 3.24], the construction Mtop agrees with that of [GJMS+86, §IX], which, by [GJMS+86, §IX,
Rmk. 3.3], agrees in turn with the most classical one [MQRT77]). To define the latter, following [HY20, p. 2],
one first considers the symmetric monoidal functor

∐
n∈NBOn → Sp, where the left-hand side is viewed as the

maximal ∞-groupoid in the 1-category of real vector spaces viewed as an ∞-category (or in other terms real vector
bundles on the point), and a vector bundle is sent to the infinite suspension of its Thom space (in this case, the
one-point compactification of our vector space). This map takes values in Pic(Sp), and thus factors through the
group completion Z × BO of

∐
n∈NBOn. Restricting to {0} × BO (corresponding to rank 0 virtual vector bundles

on the point), we obtain the j-homomorphism BO → Pic(Sp) ↪−→ Spκ,'. Such constructions date back to [BV73] for
the E∞-structure on BO, and [Whi42, §3] for a j-homomorphism.

Similarly, we have MSO ' Mtop(BSO → BO → Spκ,') and MU ' Mtop(BU → BO → Spκ,'). By Proposi-
tion 1.10, any map of E∞-spaces X → Spκ,' defines a commutative algebra in Spc/Spκ,' . We thus have E∞-algebra

structures on BO → Spκ,', BSO → Spκ,', and BU → Spκ,' in the slice category (since the j-homomorphism is
an E∞-map by its construction as a symmetric monoidal functor). The Thom spectrum functor being symmetric
monoidal, we obtain E∞-structures on MO, MSO, and MU.

2.2. Digression: subcategories of τ-compact objects.

Because of the choices in Notation 2.4, we will need some technical results about subcategories of (ω-)compact
and κ-compact objects in general, and also more specific results about κ-compact objects in the slices of the category
Spc. This will be useful to us in Subsections 2.3 and 3.2.2, where we consider, respectively, the categories SH(X)ω

and Sp(Spc/rRX)κ for X ∈ SmR.

Lemma 2.6. Let τ be a regular cardinal, and let {Ci}i∈I be a family of categories indexed by a τ -small set I. Then,
the subcategory of τ -compact objects in their product is the product of their respective subcategories of τ -compact
objects, i.e.,

(∏
i∈I Ci

)τ '∏i∈I(Ci)τ .

Proof. Let D :=
∏
i∈I Ci, and for all i ∈ I, let πi : D → Ci be the projection. Let d ∈ D. We want to show that d is

τ -compact in D if and only if πi(d) is τ -compact in Ci for all i ∈ I. Assume first d ∈ Dτ . Let i ∈ I and colimj∈J cj
be a τ -filtered colimit diagram in Ci. Note that the τ -filtered colimit of a constant diagram on a certain object is
always this object again (it holds by [Lur09, Prop. 4.3.1.12] for colimits indexed by weakly contractible categories,
in particular for filtered categories by [Lur09, Lem. 5.3.1.18] (and a τ -filtered category is filtered)). By assumption,
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we have equivalences

MapCi(πi(d), colimj∈J cj)×
∏

`∈I\{i}

MapC`(π`(d), colimj∈J π`(d))

' MapD(d, colimj∈J (cj , (π`(d))` 6=i))

' colimj∈JMapD(d, (cj , (π`(d))` 6=i))

' colimj∈J

MapCi(πi(d), cj)×
∏

`∈I\{i}

MapC`(π`(d), π`(d))

 .

Now, the natural map colimj∈JMapCi(πi(d), cj)→ MapCi(πi(d), colimj∈J cj) is a retract of this equivalence (pick the
identities in all MapC`(π`(d), π`(d)) on both sides), so it is an equivalence as well.

The converse direction is [Lur09, Lem. 5.3.4.10(2)]. �

Lemma 2.7. Let C be a stable category generated under colimits by an essentially small family of compact objects
E ⊆ C. Then:

(i) The full subcategory Cω of compact objects in C is the thick subcategory of C generated by E.

(ii) Let D be a stable category with small colimits, and L : C � D : R be an adjoint pair. Then L preserves compact
objects if and only if L(E) ⊆ Dω.

(iii) For an uncountable regular cardinal τ , if E generates C under filtered colimits, then the full subcategory of Cτ
of τ -compact objects in C is the full subcategory spanned by retracts of colimits of τ -small (ω−)filtered diagrams
with values in Cω. In the situation of item (ii), L preserves τ -compact objects if and only if L(E) ⊆ Dτ .

Proof. Item (i) is [Nee92, Lem. 2.2]. In part (ii), the “only if” direction is tautological. For the converse, note that
since L preserves colimits and Dω is thick (by stability of D and [Lur24, Tag 064W]), the full subcategory C′′ ⊆ C of
objects c′′ such that L(c′′) ∈ Dω is thick. If L(E) ⊆ Dω, then C′′ contains E by assumption. Therefore, using part
(i), C′′ contains Cω, so L preserves compact objects.

By the proof of [Lur09, Prop. 5.4.2.11] (which applies since τ � ω [Lur09, Rmk. 5.4.2.9]), we have C ' Indτ (C′),
where C′ ⊆ C is the full subcategory spanned by colimits of τ -small (ω−)filtered diagrams with values in Cω.
Furthermore, the proof of [Lur09, Lem. 5.4.2.4] shows that the subcategory of τ -compact objects of Indτ (C′) is
spanned by retracts of objects in C′. This proves the first part of item (iii). For the second part, the “only if”
direction is again tautological. Conversely, assuming that L(E) ⊆ Dτ , let c ∈ Cτ . Then, by what we just proved,
L(c) is a retract of a colimit of some τ -small (ω−)filtered diagram with values in L(Cω). By the same argument as
in item (i), since L(E) ⊆ Dτ and Dτ is thick, we have L(Cω) ⊆ Dτ . The latter category being closed under τ -small
colimits and retracts [Lur24, Tags 064W and 064Z], L(c) is τ -compact, as desired. �

Lemma 2.8. (i) Let τ be a regular cardinal. For any B ∈ Spcτ , the source functor Spc/B → Spc preserves and
detects τ -compact objects.

(ii) Let k = R or C. The functor rk : Smk → Spc takes values in Spcκ. In particular, for any X ∈ Smk, an arrow
(E → rkX) ∈ Spc/rkX defines a κ-compact object if and only if E is κ-compact in Spc.

Proof. The source functor Spc/B → Spc (forgetting the structure map) admits a right adjoint, sending E ∈ Spc to

the projection map (E×B → B) ∈ Spc/B . The latter commutes with all colimits in Spc (by universality of colimits,

see e.g. [Lur09, 6.1.0.1]), in particular with τ -filtered ones, and thus the source functor preserves τ -compact objects.
Conversely, if f : E → B is a map with E ∈ Spcτ , let colimj∈J (gj : Aj → B) be a τ -filtered colimit diagram in
Spc/B . Then, we have:

MapSpc/B (E, colimj∈JAj) ' MapSpc(E, colimj∈JAj)×MapSpc(E,B) {colimj∈J gj}
' (colimj∈JMapSpc(E,Aj))×MapSpc(E,B) {colimj∈J gj} (since E ∈ Spcτ )

' colimj∈J (MapSpc(E,Aj)×MapSpc(E,B) {gj}) (colimits are universal in Spc)

' colimj∈JMapSpc/B (E,Aj)

which proves τ -compactness of (E → B) ∈ Spc/B .

For item (ii), note that the real realization of a smooth scheme of finite type is a smooth manifold, and such a
manifold admits a countable triangulation (by [Cai35, §2] or [Whi40, Thm. 7 and §4], and the fact that a manifold
is by definition a second-countable topological space). Thus, any smooth manifold defines a κ-small space (κ was
chosen uncountable). The complex case is similar. The second part of the claim is then a particular case of (i). �

https://kerodon.net/tag/064W
https://kerodon.net/tag/064W
https://kerodon.net/tag/064Z
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Lemma 2.9. Let B ∈ Spcκ. Then Sp(Spc/B)κ ⊆ Sp(Spc/B) is a symmetric monoidal subcategory, and it is essen-

tially small. Here, the symmetric monoidal structure on Sp(Spc/B) := Sp ⊗PrL Spc/B (see [Lur17, Ex. 4.8.1.23]) is
induced by the Cartesian structure on Spc/B.

Proof. First note that Spc/B admits finite products, since by Lemma 1.9 it is equivalent to P(∗/B). By [Lur09, Lem.

5.4.2.4], it suffices to show that this subcategory is closed under the tensor product and contains the unit. First note
that the functor Σ∞+ preserves τ -compact objects for any cardinal τ , because its right adjoint commutes with filtered
colimits, in particular with τ -filtered colimits (in view of the equivalence Sp(Spc/B) ' Fun(Bop,Sp), this follows from

the corresponding result for Ω∞ : Spc → Sp (or use the same argument as in [Hoy14, Prop. C.12])). Thus, since
B → B is κ-compact in Spc/B by Lemma 2.8, the unit Σ∞+ (B → B) is κ-compact in Sp(Spc/B).

The category Sp(Spc/B) is generated under filtered colimits by E := {ΣnΣ∞+ V | n ∈ Z, V ∈ (Spc/B)ω}, which is

a (small) set of compact objects (the category (Spc/B)ω ' P(B)ω is essentially small by [Lur09, Prop. 5.3.4.17]). In
particular, it is itself essentially small.

To conclude the proof, we have to show that the subcategory of κ-compact objects is stable under the tensor
product. Let X ∈ Sp(Spc/B)κ, we will show that the functor − ⊗ X preserves κ-compact objects. By Lemma 2.7

(and the fact that the tensor product preserves colimits in each variable separately), it is sufficient to prove that it
sends any object of the form Σ∞+ Y for Y ∈ (Spc/B)ω to a κ-compact object. Therefore, it suffices to show −⊗Σ∞+ Y

preserves κ-compact objects, and by the same argument, it then suffices to prove that Σ∞+ Y ∧ Σ∞+ X ' Σ∞+ (X × Y )
is κ-compact for any X,Y ∈ (Spc/B)κ. By Lemma 2.8 below, it suffices to show that the fiber product X ′ ×B Y ′ in

Spc is κ-compact, where X ′ and Y ′ are the sources of the arrows X and Y , respectively. But by the same Lemma,
X ′, Y ′ ∈ Spcκ, and B ∈ Spcκ by assumption. Thus, by our choice of κ, the finite limit X ′×B Y ′ is again κ-compact,
as needed. �

2.3. The symmetric monoidal motivic Thom spectrum functor.

In this subsection, we define the motivic analog to the topological Thom spectrum functor Mtop. More precisely,
this will be a symmetric monoidal functor MS : PΣ(SmS)/SHω,' → SH(S), where PΣ(SmS) is the category of
spherical presheaves (Definition 2.14), and SHω,' is the presheaf sending X ∈ SmS to the maximal groupoid in the
subcategory SH(X)ω of compact objects of SH(X). Again, the compactness requirement has only the purpose of
avoiding set-theoretic issues.

2.3.1. Functoriality of SH(−) and SH(−)ω.

The definition of the motivic Thom spectrum functor and its symmetric monoidal structure relies on the study of
the functoriality in the base scheme S of the whole construction, in particular of the assignments S 7→ SH(S) and
S 7→ SH(S)ω. This is what this subsection is dedicated to. The functoriality properties of SH we will study fit into
a complete six functors formalism, constructed by Ayoub [Ayo07]. We want to consider SH as a spherical presheaf
(Definition 2.14) of (not necessarily small) symmetric monoidal categories on SmS .

Definition 2.10. Let fold be the collection of morphisms in SmS containing all finite coproducts of fold maps, i.e.,
maps of the form Y :=

∐
i≤nX

qmi
i →

∐
i≤nXi := X for n ≥ 0 and m1, . . . ,mn ≥ 0.

Theorem 2.11 ([Ayo07, §1.4.1], [Hoy17]). Let S be a qcqs scheme and let f : X → Y be a morphism in SmS.

(i) For all A,B ∈ SmS, we have SH(A q B) ' SH(A) × SH(B). Given a morphism ∇ ∈ fold of the form

V :=
∐
i≤n U

qmi
i →

∐
i≤n Ui := U , let ∇⊗ : SH(V ) → SH(U) be the map induced under these identifications

by
∏
i≤n SH(Ui)

mi →
∏
i≤n SH(Ui) given by the tensor products ⊗ : SH(Ui)

mi → SH(Ui) each i ≤ n.

(ii) There are induced pullback-pushforward adjunctions

P(SmX) Spc(X) SH(X)

P(SmY ) Spc(Y ) SH(Y )

Lmot

f∗

Σ∞+

f∗ f∗f∗

Lmot

f∗

Σ∞+

f∗a a a

where the squares involving f∗ commute. The squares formed by f∗ and the right adjoints ι ` Lmot, Ω∞ ` Σ∞+
also commute.

(iii) All three functors f∗ in (ii) are symmetric monoidal, with respect to the Cartesian structure on the categories
of presheaves and motivic spaces, and the smash product on the stable motivic categories.
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(iv) If f is moreover smooth, there are induced adjunctions

P(SmX) Spc(X) SH(X)

P(SmY ) Spc(Y ) SH(Y )

Lmot

f]

Σ∞+

f] f]f∗

Lmot

f∗

Σ∞+

f∗a a a

where the squares involving either f∗ or f] commute.

(v) In the situation of (iv), the projection formula holds for all three functors f], i.e., for every A in the source of
f] and B in its target, we have f](A⊗ f∗B) ' f](A)⊗B.

(vi) The constructions of (i) to (iv) are functorial in f .

(vii) For every commutative square in SmS

X ′ X

Y ′ Y

g′

f ′ f

g

with f and f ′ smooth, there is an exchange transformation of functors SH(X)→ SH(Y ′)

Ex∗] : f ′](g
′)∗ =⇒ g∗f]

(defined in the proof below). It is an equivalence if the square is Cartesian in SmS.

(viii) For every diagram in SmS of the form

W Y ′ Z ′

X Y Z

g

∇′

u′ u

f ∇

with u and u′ smooth and ∇,∇′ ∈ fold, there is a distributivity transformation of functors SH(W )→ SH(Z)

Dis]⊗ : u]∇′⊗(f ′)∗ =⇒ ∇⊗(πY )]π
∗
W

(defined in the proof below). It is an equivalence when the square on the right-hand side is a pullback and
Z ′ = RY/Z(W ×X Y ) is the Weil restriction (see [BH21, §2.3], and the proof below for an easier description
in our case).

Proof. We give references for the proof; parts for which no reference is mentioned are proven in [Hoy17]. Part (i) is
proven in [BH21, proof of Lem. 9.6]. In (vii), the exchange transformation is the composition

Ex∗] : f ′](g
′)∗

ηf
====⇒ f ′](g

′)∗f∗f] ' f ′]f ′∗g∗f]
εf′

====⇒ g∗f]

where ηf and εf ′ are the (co)units for the adjunctions f] a f∗ and f ′] a f ′∗, respectively, and the equivalence in

the middle witnesses the commutativity of the square in (vii). It is an equivalence for pullback squares by [Hoy17,
Cor. 6.12]. In (viii), the distributivity transformation is the composition

Dis]⊗ : u]∇′⊗(f ′)∗
Ex],⊗

=====⇒ ∇⊗u′](f ′)∗ ' ∇⊗(πY )](f
′ × u′)](f ′ × u′)∗π∗W

εf′×u′
======⇒ ∇⊗(πY )]π

∗
W

where the equivalence in the middle uses u′ ' πY ◦ (f ′ × u′) and f ′ ' πW ◦ (f ′ × u′), and Ex],⊗ is the composition

Ex],⊗ : u]∇′⊗
ηu′===⇒ u]∇′⊗(u′)∗u′] ' u]u∗∇⊗u′]

εu===⇒ ∇⊗u′]

with the equivalence in the middle given by the symmetric monoidality of u∗ (since the ∇⊗ and ∇′⊗ are given by the
smash product). It is an equivalence when the conditions of statement (viii) are satisfied by [BH21, Prop. 5.10]. The
latter result assumes that h is quasi-projective, but we do not need it here: this assumption is only used to ensure
the existence of the Weil restriction, however the latter always exists for maps in fold. Indeed, the Weil restriction
RY/X (when it exists) is defined by the property that SchX(U,RY/XV ) ' SchY (U ×X Y, V ) for all X-scheme U and

Y -scheme V . In the case of a map (Y =
∐
i≤nX

qmi
i →

∐
i≤nXi = X) ∈ fold, it is easy to check that RY/XV exists

and is given by

RY/XV =
∐
i≤n

(
VXi,1 ×Xi · · · ×Xi VXi,mi

)
−→

∐
i≤n

Xi,

where Xi,j is the j-th component in Xqmii and VXi,j is the component of V over Xi,j , for all i ≤ n and 1 ≤ j ≤ mi. �
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We now study the functoriality of the subpresheaf of categories of compact objects SHω, associating to each
X ∈ SmR the full subcategory of SH(X) spanned by its compact objects.

Theorem 2.12 ([Hoy14, Prop. C.12]). Let S be a qcqs scheme. Then SH(S) is generated under colimits by the
essentially small family of compact objects

ES = {Σ−2n,−nΣ∞+ X | X ∈ SmS , n ∈ N}.

Proposition 2.13. Let S be a qcqs scheme, and let f : X → Y be a morphism in SmS.

(i) The full subcategory of compact objects SH(X)ω ⊆ SH(X) is the thick subcategory generated by the family EX
from Theorem 2.12. It is a symmetric monoidal subcategory, and is essentially small.

(ii) The pullback f∗ : SH(Y )→ SH(X) from Theorem 2.11(ii) restricts to f∗ : SH(Y )ω → SH(X)ω.

(iii) If furthermore f is smooth, the map f] : SH(X) → SH(Y ) from Theorem 2.11(iv) restricts to f] : SH(X)ω →
SH(Y )ω.

(iv) Let A,B ∈ SmS. The equivalence SH(AqB) ' SH(A)×SH(B) from Theorem 2.11(i) restricts to an equivalence
SH(AqB)ω ' SH(A)ω × SH(B)ω.

Proof. The first part of (i) follows from the fact that, by Lemma 2.7(i) and Theorem 2.12, SH(X)ω is the thick
subcategory generated by the essentially small family EX . To prove that SH(X)ω ⊆ SH(X) is a symmetric monoidal
subcategory, by [Lur09, Lem. 5.4.2.4] it suffices to show that it is closed under the tensor product and contains the unit.
For the latter, note that the unit even belongs to EX . The former follows from the description SH(X)ω = thick(EX),
the fact that EX is closed under the tensor product, and the fact that the tensor product preserves colimits in both
variables. This proves part (i).

To prove (ii), by Lemma 2.7, it suffices to show that f∗ maps the compact generators of Theorem 2.12 for
SH(Y ) to compact objects in SH(X). For any U ∈ SmY , by Theorem 2.11(ii)-(iii) we have f∗((P1

Y )∧−n ∧ Σ∞+ U) '
(P1
X)∧−n ∧ Σ∞+ f

∗(U) ∈ E ⊆ SH(X)ω, as needed.
Part (iii) is proven similarly: for any U ∈ SmX , by Theorem 2.11(iv)-(v), we have

f]((P1
X)∧−n ∧ Σ∞+ U) ' f]((f∗P1

Y )∧−n ∧ Σ∞+ U) ' (P1
Y )∧−n ∧ Σ∞+ f]U.

Finally, part (iv) is a particular case of Lemma 2.6. �

2.3.2. Construction of the motivic Thom spectrum functor.

As mentioned before, we want to view SHω as a spherical presheaf of essentially small symmetric monoidal
categories, inducing a spherical presheaf of spaces SHω,' : Smop

S → CAlg(Spc×). One could perform the same
construction with SHκ instead (also see Remark 3.7 below).

Definition 2.14 ([Lur09, Def. 5.5.8.8]). Let C be an essentially small category with finite coproducts. Then, the
category of spherical presheaves (of spaces) on C, denoted by PΣ(C), is the category of functors Cop → Spc preserving
finite products (i.e., sending finite coproducts in C to products in Spc). This construction defines a functor PΣ(•) from
essentially small categories to sifted-cocomplete categories, which has a partial right adjoint given by the inclusion of
essentially small sifted-cocomplete categories. In other terms, PΣ(C) is the free sifted-cocomplete category generated
by C [Lur09, Prop. 5.5.8.15], and every spherical presheaf is a sifted colimit of representable presheaves [Lur09, Lem.
5.5.8.14], which are in particular spherical.

The motivic Thom spectrum functor will be defined as a particular instance of the more general motivic colimit
functors. Given F a spherical presheaf of essentially small symmetric monoidal categories on SmS , with good
functoriality properties inspired by the ones of SH studied in the previous subsection, we will construct symmetric
monoidal functors PΣ(SmS′)/F' → F(S′) for all S′ ∈ SmS . The construction of these motivic colimit functors is itself
functorial in S′, in the sense that we will view both the source and target categories as presheaves of (not necessarily
small) symmetric monoidal categories on SmS , and construct a natural symmetric monoidal transformation between
these presheaves.

Applying the construction to F = SHω produces the motivic Thom spectrum functor, but we will also apply the
construction to another presheaf R related to real realization (Subsection 3.2.2) in order to compare the motivic
Thom spectrum functor with the topological one (Subsection 3.2.3).

Before proceeding to the construction itself, we need another point of view on spherical presheaves of symmetric
monoidal categories (on SmS). As we now explain, the latter may be viewed as functors Span(SmS , all, fold)→ Cat∞
on a certain category of spans, that preserve finite products. Recall that the objects in Cat∞ are essentially small
categories.
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Definition 2.15 ([Bar17, Section 5]). Let C be a category and let left and right be two classes of edges in C, both
containing equivalences and closed under pullback along one another. Then, there is a category Span(C, left, right)
with vertices the objects of C, and for any X,Z ∈ C, the edges from X to Z are given by all spans X ← Y → Z
where Y ∈ C, and (Y → X) ∈ left, (Y → Z) ∈ right. The composition of two spans V ← W → X and X ← Y → Z
is the span V ←W ×X Y → Z.

Definition 2.16. Let Fin be the category of finite sets, and Fin∗ be the category of finite pointed sets and pointed
maps. For all n ∈ N, let 〈n〉 := {∗, 1, . . . , n} ∈ Fin∗, and 〈n〉◦ := {1, . . . , n} ∈ Fin.

Proposition 2.17 ([BH21, Prop. C.1]). Let D be a category with finite products, and let all be the class of all edges
in D. Consider the functor θ : Fun(Span(Fin, all, all),D) −→ Fun(Fin∗,D) induced by restriction along the functor
Fin∗ → Span(Fin, all, all) sending 〈n〉 to 〈n〉◦, and a map (f : 〈n〉 → 〈m〉) to (〈n〉◦ ↪−→ f−1(〈m〉◦) → 〈m〉◦). Then, θ
restricts to an equivalence of categories Fun×(Span(Fin, all, all),D) '−→ CAlg(D×), where Fun× denotes the full category

of functors preserving finite products.

This statement generalizes to presheaves with values in CAlg(D×). We first need some notation.

Notation 2.18. Let C be an extensive category C (e.g. SmS , see [BH21, Def. 2.3]). Consider the functor

χ : Cop × Span(Fin, all, all) −→ Span(C, all, fold)

(c, 〈n〉◦) 7−→ cqn

(c′
fop

−−→ c, 〈n〉◦ a←− 〈m〉◦ b−→ 〈k〉◦) 7−→ (c′qn ← cqm → cqk)

where the restriction of cqm → cqk to the i-th component is the inclusion as the b(i)-th component, and the restriction
of cqm → (c′)q to the i-th component is given by f followed by the inclusion as the a(i)-th component.

Proposition 2.19 ([BH21, Prop. C.5]). In the situation of Notation 2.18, for D a category with finite products,
restriction along χ induces a functor Θ : Fun(Span(C, all, fold),D) → Fun(Cop × Span(Fin, all, all),D), which restricts
to an equivalence Fun×(Span(C, all, fold),D) '−→ Fun×(Cop,CAlg(D×)).

Using this point of view, we are finally ready for the construction of our motivic colimit functors.

Notation 2.20. When working over a fixed base scheme S, denote Span := Span(SmS , all, fold).

Theorem 2.21 ([BH21, §16.3]). Let F : Span −→ Cat∞ be a functor preserving finite products, such that:

(i) for any f : Y → X in SmS smooth, f∗ := F(X ← Y == Y ) : F(X)→ F(Y ) admits a left adjoint f].

(ii) for any Cartesian square in SmS

X ′ X

Y ′ Y

g′

f ′
y

f

g

with f , f ′ smooth morphisms, the exchange transformation Ex∗] : f ′](g
′)∗ =⇒ g∗f] of functors F(X) → F(Y ′)

(defined as in Theorem 2.11) is an equivalence.

(iii) Given (∇ : Y → Z) ∈ fold, let ∇⊗ := F(Y == Y → Z) : F(Y ) → F(Z). Then ∇ encodes the tensor product
on the symmetric monoidal category F(Z) (Proposition 2.19). For every diagram in SmS of the form

W RY/X(W ×X Y )×Z Y RY/X(W ×X Y )

X Y Z

g

f ′ ∇′

u′
y

u

f ∇

with u and u′ smooth morphisms and ∇,∇′ ∈ fold, the distributivity transformation

Dis]⊗ : u]∇′⊗(f ′)∗ =⇒ ∇⊗(πY )]π
∗
W

of functors F(W )→ F(Z) (defined as in Theorem 2.11) is an equivalence.

Then, there exists a natural transformation MF : (Sm•)/F' → F of finite products preserving functors Span→ Cat∞
(i.e., of spherical presheaves of symmetric monoidal categories).

Assume furthermore that F is a subfunctor of G : Span → Ĉat∞, a spherical presheaf of non-necessarily small
symmetric monoidal categories. Then, if G lifts to the category of (not necessarily small) sifted-cocomplete categories
and functors preserving sifted colimits, then we obtain a natural transformation MF : PΣ(Sm•)/F' → G of spherical
of presheaves of (not necessarily small) sifted-cocomplete symmetric monoidal categories.
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Remark 2.22. In the notation PΣ(Sm•)/F' , F' is viewed as a functor associating to (u : X → S) ∈ SmS a presheaf
of spaces on SmX , given by

Smop
X

u]
↪−−→ Smop

S
F−→ Cat∞

(−)'−−−→ Spc.

Thus, PΣ(Sm•)/F' associates to X the slice category PΣ(SmX)/F' , viewing F' ∈ PΣ(SmX). It is a priori unclear
whether the symmetric monoidal structure on the slice category induced by this construction agrees with the one in
Proposition 1.8. We will come back to this question in Subsection 3.2.3.

Notation 2.23. We denote the symmetric monoidal structure on PΣ(SmR)/SHω,' induced by Theorem 2.21 by

PΣ(SmR)⊗
′

/SHω,' . By Proposition 1.8, the underlying slice category admits another symmetric monoidal structure.

We denote this second monoidal structure by PΣ(SmR)⊗/SHω,' . A priori, we do not know if they agree; we will come

back to this question right after the proof of Theorem 2.21.

Proof of Theorem 2.21. For completeness, we repeat the construction in [BH21, §16.3] in our more general context.
By straightening-unstraightening [Lur09, §3.2], the functor F classifies a Cartesian fibration F : E → Spanop. Let
FunSm(∆1,Span) be the full subcategory of Fun(∆1,Span) consisting of functors whose image is a span of the form
X ← Y == Y with Y → X a smooth morphism in SmS . The composition

FunSm(∆1,Span)×∆1 ev−→ Span
F−→ Cat∞

where the first functor is evaluation, can be viewed as a natural transformation between the functors F ◦ s and
F ◦ t, where s (resp. t) is the source (resp. target) functor FunSm(∆1,Span) → FunSm(∆0,Span) ' Span induced by
the inclusion {0} → ∆1 (resp. {1} → ∆1). Since precomposition of functors corresponds to pullbacks of Cartesian
fibrations [Lur09, Def. 3.3.2.2], the functors F ◦s and F ◦t classify the Cartesian fibrations s∗F and t∗F , respectively,
defined as the pullbacks

s∗E E t∗E E

FunSm(∆1,Span)op Spanop FunSm(∆1,Span)op Spanop,

s∗F

y
F t∗F

y
F

sop top

and the natural transformation F ◦ s⇒ F ◦ t gives a morphism of Cartesian fibrations φ : s∗E → t∗E (i.e., a functor
over FunSm(∆1,Span)op that preserves Cartesian edges). We have a commutative diagram

t∗E s∗E E

FunSm(∆1,Span)op Spanop.

t∗F

φ χ

s∗F F

sop

We now pause to give an outline of the rest of the proof. Our goal is to show that the composition sop ◦ t∗F :
t∗E → FunSm(∆1,Span)op → Spanop is a Cartesian fibration, classified by a presheaf of symmetric monoidal categories
(Sm•)�F , of which (Sm•)/F is a subfunctor; and to construct a morphism of Cartesian fibrations t∗E → E . The
latter corresponds to the natural transformation MF we are looking for. Here are the steps we will follow:

(1) Show that sop is a Cartesian fibration, so that the composition sop ◦ t∗F : t∗E → Spanop is a Cartesian fibration
(note that t∗F is a Cartesian fibration because it is a pullback of F ).

(2) Define a relative left adjoint ψ to φ, which will in particular be a map t∗E → s∗E .

(3) Show that the composition χ ◦ ψ is a morphism of Cartesian fibrations over Spanop, and thus corresponds to a
natural transformation between the functors classifying these Cartesian fibrations.

(4) Show that sop◦t∗F is indeed classified by some presheaf (Sm•)�F admitting (Sm•)/F as a subfunctor, and deduce
the first part of the statement of the theorem.

(5) Prove the second part of the statement, i.e., the extension to sifted-cocompletions.

Step 1: The functor sop is a Cartesian fibration. Equivalently, we show that s is a coCartesian fibration. Firstly, it
is an inner fibration because the source functor Fun(∆1,Span)→ Span is an inner fibration by [Lur09, Cor. 2.4.7.11],
and the restriction of an inner fibration to a full subcategory is still an inner fibration by [Lur24, Tag 01CU]. Secondly,

we claim that a coCartesian edge over X
f←− Y

∇−→ Z in Span with source X
j←− W == W is given by the edge in

https://kerodon.net/tag/01CU
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FunSm(∆1,Span) (i.e., natural transformation)

W RY/Z(W ×X Y )×Z Y RY/Z(W ×X Y )

W RY/Z(W ×X Y )×Z Y RY/Z(W ×X Y )

X Y Z,

j

y

f ′ ∇′

y

f ∇

which we call e (for a grid like this to define a natural transformation between the vertical spans on the left and
right-hand sides, we need the top left and bottom right squares to be pullbacks, which is the case here). Indeed,
given another edge e′ with the same source

W B D

W B D

X A C

j

y

g′ ∇̃′

y

g ∇̃

and a commutative diagram in Span

X Y Z

A E

C

f ∇

g

∇̃

h

∇

(in particular A ' Y ×Z E), the following edge e′′ in FunSm(∆1,Span) lifts Z ← E → C and provides a commutative
diagram e′′ ◦ e ' e′

RY/Z(W ×X Y ) D ×C E D

RY/Z(W ×X Y ) D ×C E D

Z E C.

h′

y

h ∇

To construct h′, note that by definition of the Weil restriction, there are equivalences

SchZ(D ×C E,RY/Z(W ×X Y )) ' SchY ((D ×C E)×Z Y,W ×X Y )

' SchY (D ×C A,W ×X Y )

' SchY (B,W ×X Y ).

Then, under these equivalences, h′ corresponds to the map in SchY (B,W ×X Y ) induced by g′ : B → W . The
bottom right square in e′′ is determined by the requirement of it being a pullback, and the map h′ is determined,
under the equivalences we just saw, by the condition e′′ ◦ e = e′, so that the lift e′′ is essentially unique.

Step 2: The functor φ has a relative left adjoint. This means that there exists a functor ψ in the other direction,
and a transformation ε : ψφ → id exhibiting ψ as a left adjoint to φ, and moreover ψ commutes with the structure
maps, in the sense that s∗F ◦ ψ ' t∗F ◦ φ ◦ ψ ⇒ t∗F is an equivalence [Lur17, Def. 7.3.2.2]. By [Lur17, Prop.
7.3.2.6], since φ is a morphism of Cartesian fibrations, it suffices to show that φ has fiberwise a left-adjoint. Over
(X ← Y == Y ) ∈ FunSm(∆1,Span) (so f : Y → X is smooth), the functor φ is by definition the corresponding
component of the natural transformation F ◦ s → F ◦ t it encodes. Therefore, it is given by f∗ : F(X) → F(Y ),
which admits a left adjoint f] by assumption (i). We thus obtain a relative left adjoint ψ : t∗E → s∗E .

Step 3: The composition χ◦ψ : t∗E → s∗E → E is a morphism of Cartesian fibrations over Spanop. Compatibility
with the structure maps down to Spanop holds by construction. So we have to show that χ ◦ ψ preserves Cartesian
edges. By [Lur24, Tag 01UL], for Cartesian fibrations p : E → C and q : C → D, an edge e in E is (q ◦ p)-Cartesian

https://kerodon.net/tag/01UL
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if and only if e is p-Cartesian and p(e) is q-Cartesian. In our situation, if e is an (sop ◦ t∗F )-Cartesian edge, e is
(t∗F )-Cartesian and (t∗F )(e) is sop-Cartesian. It follows that (t∗F )(e) is the opposite of an edge in FunSm(∆1,Span)
of the form

W Y ′ Z ′

W Y ′ Z ′

X Y Z

g

f ′ ∇′

u′
y

u

f ∇

(1)

where Y ′ = RY/Z(W×XY )×ZY and Z ′ = RY/Z(W×XY ). Here g, u, and u′ are smooth. Since e is a (t∗F )-Cartesian
lift of this edge, it is of the form α : (Z ← Z ′ == Z ′, H) → (X ← W == W,E) with H ∈ F(Z ′), E ∈ F(W ), and α
consists in the data of (t∗F )(e) (the diagram above) together with an equivalence H '−→ ∇′⊗f ′∗E. Then, χψ(e) is an

edge (Z, u](H)) → (X, g](E)) given by the morphisms (X ← Y → Z)op and u]H → ∇⊗f∗g]E, where the latter is
the composite

u]H −−−→ u]∇′⊗f ′∗E
Dis],⊗−−−−−→ ∇⊗(πY )]π

∗
WE

Ex∗]−−−−→ ∇⊗f∗g]E,
with πY : Y ×X W → Y and πW : Y ×X W → W the projections. We saw above that the first map in the com-
position was an equivalence, and the two other ones are equivalences by assumptions (iii) and (ii) in the statement
respectively. Therefore, χψ(e) is F -Cartesian, as desired.

Step 4: We deduce the first part of the statement. The morphism of Cartesian fibrations χψ corresponds to a
natural transformation MF of functors Span → Cat∞ between the functors classified by sop ◦ t∗F and F , respec-
tively. The former associates to X ∈ SmS the fiber of sop ◦ t∗F over X. The fiber of sop over X can be identified
with SmX ; and over an object Y in SmX , the fiber of t∗F is by definition F(Y ). Therefore, the functor classified
by sop ◦ t∗F may be denoted by (Sm•)�F : it associates to X ∈ SmS the category (SmX)�F of pairs (U,E) with
U ∈ SmX and E ∈ F(U), and a morphism (U,E) → (U ′, E′) is the data of f : U → U ′ in SmX and a map
E → F(fop)(E′) in F(U) (not required to be an equivalence). These categories splice into a presheaf as follows.

Given a morphism X
f←− Y

∇−→ Z in Span, consider the Cartesian lift built in Step 1. Then X ← Y → Z is mapped
to the functor (SmX)�F → (SmZ)�F sending a pair (W,E) with W ∈ SmX and E ∈ F(X ′) to the pair consisting
of RY/Z(X ′ ×X Y ) ∈ SmZ and ∇′⊗f ′∗E ∈ F(RY/Z(X ′ ×X Y )). The slice category (SmX)/F' is viewed as the wide
subcategory of (SmX)�F where the maps E → F(fop)(E′) in F(U) in the description above are required to be
equivalences. Then, (Sm•)/F' forms a subpresheaf of (Sm•)�F , to which the natural transformation MF restricts.
This proves the first part of the statement.

Step 5: We prove the second part of the statement. If F embeds into a presheaf of not necessarily small symmetric
monoidal categories G that lifts (as a functor with source category Span) to sifted-cocomplete categories, we have
a composite morphism of presheaves (which can also be viewed as a natural transformation of functors on Span)
(Sm•)/F' → F → G. Since G lifts to sifted-cocomplete categories, by the universal property of the sifted-cocompletion
(see Definition 2.14), this morphism left Kan extends to a transformation PΣ((Sm•)/F') ' PΣ((Sm•))/F' → F → G
(the equivalence on the left hand-side is Proposition 1.7), where PΣ((Sm•)/F') corresponds to the composition

Span Cat∞ Ĉat
sift

∞ .
(Sm•)/F' PΣ(•)

This is the desired morphism of presheaves of symmetric monoidal categories MF : PΣ(Sm•)/F' → G. �

Definition 2.24. Let F be a presheaf on SmS as in Theorem 2.21. The motivic colimit functor associated with F
is the S-component of the transformation MF . Abusing notations, we also denote it by MF .

Notation 2.23 gives rise to the following question.

Question 2.25. In the situation of Theorem 2.21, do the symmetric monoidal structures PΣ(SmS)⊗
′

/F (obtained from

the construction of Theorem 2.21, i.e., from [BH21, §16.3]) and PΣ(SmS)⊗/F (described in Proposition 1.8) agree?

We conjecture that this question can be answered by the affirmative, but we were unable to prove it. We prove
a weaker result in Proposition 3.19. Since both symmetric monoidal structures are by construction Day convolution
with respect to some symmetric monoidal structures on the slice (SmS)/F , it would suffice to prove that the structures
⊗ and ⊗′ agree at this level. Here is a hint in the direction of a positive answer to Question 2.25:
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Proposition 2.26. In the situation of Theorem 2.21, the tensor product of any two objects for the symmetric

monoidal structures PΣ(SmS)⊗
′

/F and PΣ(SmS)⊗/F agree.

Proof. Let g : X → F and h : Y → F be two objects in (SmS)/F , represented by x ∈ F(X) and y ∈ F(Y ),

respectively. By the informal description of the tensor product in PΣ(SmS)⊗/F in Proposition 1.8, we have

(X → F)⊗ (Y → F) = X × Y g×h−−−−→ F ×F µ−−−→ F
where µ gives the multiplicative structure on the presheaf of symmetric monoidal categories F . The resulting map
X×Y −→ F is represented by the element F(πop

X )(x)⊗X×Y F(πop
Y )(y) ∈ F(X×Y ), where for Z ∈ SmR, the functor

⊗Z is the tensor product on F(Z), namely F(Zq2 === Zq2 −→ Z) (viewing F as a functor Span→ Cat∞ preserving
finite products).

On the other hand, recall that the presheaf of symmetric monoidal categories PΣ(Sm•)
⊗′
/F is classified by the

Cartesian fibration sop ◦ t∗F : t∗E → Spanop (in the notation of the proof of Theorem 2.21). Thus, the tensor
product of g and h is the source of an (sop ◦ t∗F )-Cartesian lift for the edge (Sq2 == Sq2 → S)op with target
(X qY, (x, y) ∈ F(X qY ) ' F(X)×F(Y )) ∈ t∗E . We have seen in the proof of Theorem 2.21 that an sop-Cartesian
lift for such an edge was given by (the opposite of)

X q Y (X × Y )q2 X × Y = RSq2/S(X q Y )

Sq2 Sq2 S

∇′

∇

and thus the source of the (sop ◦ t∗F )-Cartesian lift we are looking for is(
X × Y,F(X q Y ←− (X × Y )q2 −→ X × Y )(x, y)

)
,

which is exactly F(πop
X )(x)⊗X×Y F(πop

Y )(y) ∈ F(X × Y ) by construction. �

Proposition 2.27. Let F be as in Theorem 2.21. Then the associated motivic colimit functor MF is a symmetric
monoidal, colimit-preserving functor sending the arrow u : y(X)→ F' (where X ∈ SmS has structure map f : X →
S) to f](E), where E = u(X)(idX) ∈ F'(X) is classified by u. More generally, the image of an arrow γ : G → F'
in P(SmS)/F' is given by

MF ' colim(x,X)∈(SmS)�G (pX)]γ(x).

Proof. The last assertion is [BH21, Rmk. 16.5] or [BEH22, Rmk. 2.6], and is deduced from the expression of an
element of the slice as a colimit of representable objects, and the fact that MF preserves colimits (or viewing MF as
a left Kan extension). �

To obtain the motivic Thom spectrum functor, we now apply Definition 2.24 to the functor SHω.

Proposition 2.28. The functor SHω : Smop
R → CAlg(Cat×∞) satisfies all assumptions of Theorem 2.21; in the

statement of the latter, we may choose F = SHω and G = SH. In particular, there is a motivic colimit functor
(SmR)/SHω,' → SHω(R), extending to a symmetric monoidal functor M := MSHω,' : PΣ(SmR)/SHω,' −→ SH(R),
which we call the motivic Thom spectrum functor.

Proof of Proposition 2.28. By Theorem 2.11, the functor SH defines a spherical presheaf of symmetric monoidal
categories that satisfies assumptions (i) to (iii) in Theorem 2.21. Then, by Proposition 2.13, SHω also satisfies these
assumptions. Therefore, the statement follows as soon as we show that SH, viewed as a functor with source category
Span with values in categories, lifts to sifted-cocomplete categories. For all X ∈ SmR, SH(X) is cocomplete, in

particular sifted-cocomplete. Moreover, if (X
f←− Y ∇−→ Z) is a morphism in Span, then its image ∇⊗ ◦ f∗ : SH(X)→

SH(Z) by SH preserves sifted colimits. Indeed, f∗ preserves all colimits as a left adjoint, and ∇ is induced by the
tensor product functor, which preserves sifted colimits since it preserves colimits in both variables separately. More
precisely, if ∇ : Z q Z → Z is the simplest fold map, then ∇⊗ : SH(Z) × SH(Z) → SH(Z) is the tensor product
(Theorem 2.21(iii)). In this situation, for any sifted diagram G : D → SH(Z)× SH(Z), we have

∇⊗(colimD G) ' ∇⊗(colimD π1G, colimD π2G)

' (colimD π1G)⊗ (colimD π2G)

' colimD×D (π1Gπ1 ⊗ π2Gπ2) (⊗ preserves colimits in both variables separately)

' colimD (π1G ⊗ π2G) (by definition of a sifted category)

' colimD ∇⊗G
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where π1 and π2 are the canonical projections for the products SH(Z)×SH(Z) and D×D. The same holds for more
general fold maps. This finishes the proof. �

Remark 2.29. By Proposition 2.27, the motivic Thom spectrum functor is informally given by the formula

M(G → SH') ' colim(x,X)∈(SmR)�G (pX)]γ(x),

where pX is the structure map X → R, and the colimit is taken in SH(R).

Example 2.30 ([BH21, §16.2 and Ex. 16.22], [BH20, below Lemma 4.6]). Paralleling Example 2.5, we now explain how
to define E∞-structures on the motivic cobordism spectra using the motivic Thom spectrum functor. The motivic
E∞-ring spectrum MGL is the image by M of the motivic j-homomorphism j : K◦ −→ SHω,', where K◦ is the rank
0 summand of algebraic K-theory. As we will now see, j is constructed as a morphism of presheaves of symmetric
monoidal categories, and thus acquires by Proposition 2.31 below the structure of a commutative algebra object in
the source category of the functor M . For any X ∈ SmR, there is a symmetric monoidal category Vect(X) of algebraic
vector bundles on X, where the tensor product is the direct sum of vector bundles. Pullback of vector bundles makes
the construction contravariantly functorial in X. There is a symmetric monoidal functor Vect(X) → Pic(SH(X))
sending a vector bundle ξ to Σ∞(ξ/(ξ \ {0})), where Pic(SH(X)) is the subgroupoid of SH(X)' spanned by the
invertible objects. It extends to a morphism of presheaves of E∞-spaces Vect' → Pic(SH(−)), which factors through
the group completions Vect(X)',gp because Pic(SH(X)) is already group-like by construction. Thus, we obtain a
morphism K → Pic(SH(−)) → SHω,' of spherical presheaves of group-like E∞-spaces. Furthermore, the rank map
Vect(X)' → N is a morphism of monoids, and taking group completions yields a morphism K → Z of spherical
presheaves of group-like E∞-spaces, whose fiber is the rank zero part K◦. Restricting our morphism K → SHω,' to
K◦, we obtain the motivic j-homomorphism j : K◦ −→ SHω,'.

This construction of MGL recovers the original definition of Voevodsky: in [Voe97, §3.5] (also see [Voe98, §6.3]),
MGL is defined using a more explicit colimit of suspensions of Thom spaces of the canonical bundles on Grassmannians;
the formula of Remark 2.29 for the motivic j-homomorphism agrees with this more geometric definition by [BH21,
Theorem 6.13].

Similarly, the motivic spectra MSL and MSp are respectively given by M(KSL◦ → K◦
j−→ SHω,') and M(KSp◦ →

K◦
j−→ SHω,'), where KSL◦ and KSp◦ are defined similarly as K◦, but with respect to even-dimensional ori-

ented bundles and even-dimensional symplectic bundles, respectively. They can be described by K◦ ' LmotBGL '
Lmotcolimn∈NBGLn, KSL◦ ' LmotBSL, and KSp◦ ' LmotBSp, respectively ([BH20, after Lem. 4.6] and [BH21,
before Thm. 16.13]).

Proposition 2.31. There is a functor

Fun×(Span(SmS , all, fold),Spc)/SHω −→ CAlg
(
PΣ(SmS)⊗

′

/SHω,'

)
,

where Fun× denotes the category of functors preserving finite products (and compatible natural transformations). In
particular, a morphism of spherical presheaves E∞-spaces A → SHω,' defines a commutative algebra object in the

slice PΣ(SmS)⊗
′

/SHω,' .

Proof. This follows from the last displayed composition of functors in [BH21, proof of Prop. 16.17 and Rmk. 16.18].
�

Remark 2.32. This is a partial analog to Proposition 1.10. Indeed, by Proposition 1.10, a morphism of commutative
algebras in PΣ(SmS) with target SHω,' yields a commutative algebra in the slice PΣ(SmS)⊗/SHω,' . We don’t know

if the ⊗ and ⊗′ structures agree, but Proposition 2.31 tells us that, at least, we may construct some commutative
algebras with respect to both structures in the same way.

3. Real realizations of motivic Thom spectra

As explained in the introduction to the previous section, we now prove that real realization interacts well with
multiplicative Thom spectra. More precisely, we show that there is an equivalence of symmetric monoidal functors
rR ◦M ' Mtop ◦ r̃R, where r̃R : PΣ(Smk)/SHω,' → Spc/Spκ,' is the functor induced by real realization between the
respective sources of the motivic and topological Thom spectrum functor. We will make the statement more precise
and provide a proof in Subsection 3.2. Before that, we will need to recall some facts about the real realization functor
(Subsection 3.1).

As an application, we compute in Subsection 3.3 our main examples, showing that the real realizations of the
motivic E∞-rings MGL, MSL, and MSp, representing, respectively, general linear, special linear and symplectic
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algebraic cobordism, are equivalent to the topological E∞-rings MO, MSO, and MU, representing, respectively, non-
oriented, oriented, and complex cobordism.

The case of complex realization is deferred to Section 4. The arguments are very similar to the real case; however,
small modifications are required since our proof in the real case uses that the functor rR : Spc(R) → Spc is a
localization (Theorem 3.3), whereas this is not known in the complex case.

3.1. Recollections on the real realization functor.

We first need to recall a few important properties of the real realization functor. See [DI04] for the original
construction in the C2-equivariant case; we follow the exposition of [Bac18, §10] or [ABEH25, §7.2] (in the ∞-
categorical, non-equivariant setting). In this subsection, we assume that k ↪→ R is a subfield. We could also assume
k = R without loss of generality, as then the real realization functor over k is simply obtained by precomposing the
one over R with the base change along k ↪→ R.

Definition 3.1. Consider the functor of real points Smk → Spc. It preserves finite products. Therefore, its left
Kan extension P(Smk) → Spc (respectively P(Smk)∗ → Spc∗) is a colimit-preserving, symmetric monoidal functor
for the Cartesian structures (respectively for the smash products). These functors invert motivic equivalences.
Thus, passing to the localization, we obtain colimit-preserving, symmetric monoidal functors rR : Spc(k) → Spc,
rR : Spc(k)∗ → Spc∗, called real Betti realization. The composition Spc(k)∗ → Spc∗ → Sp with the infinite suspension
functor sends P1 to a tensor-invertible object, and thus induces a colimit-preserving, symmetric monoidal functor
rR : SH(k)→ Sp.

An important feature of the real realization functor on motivic spaces is that it admits a description as an explicit
localization. An analogous statement holds for motivic spectra [Bac18, Thm. 35]. To describe this localization, we
first need a definition.

Definition 3.2 ([Sch94, §1.2]). The real-étale topology on Smk is the topology generated by real-étale covers, that
is, families {Ui → X}i∈I of étale morphisms inducing a surjection

∐
i∈I R(Ui)→ R(X) (here R(X) denotes the real

spectrum of X [Sch94, §0.4.2]; it is a topological space on the set of pairs (x, o) with x ∈ X a point and o an ordering
on the residue field of x).

Theorem 3.3 ([ABEH25, Thm. 1.1]). The (unstable) real realization functor rR : P(SmR) → Spc factors through
the localization LA1,ret(P(SmR)) (A1-invariant real-étale sheaves), and the induced functor LA1,ret(P(SmR)) → Spc,
given by taking sections on Spec(R), is an equivalence

P(SmR) Spc

LA1,ret(P(SmR))

LA1,ret '

whose inverse is given by left Kan extension.

3.2. Comparison of the topological and motivic Thom spectrum functors.

In this subsection, we aim to show that the motivic Thom spectrum functor corresponds under real realization
to the topological Thom spectrum functor, in the appropriate sense (see Theorem 3.20). To do so, we will consider
another motivic colimit functor that already incorporates real realization in its definition (Subsection 3.2.2). In order
to compare the latter with the motivic Thom spectrum functor (Subsection 3.2.3), we first study in Subsection 3.2.1
naturality in F of the construction from Definition 2.24.

3.2.1. Naturality of the motivic Thom spectrum functor in the presheaf F .

Proposition 3.4. Let F ,G : Span → Cat∞ be functors satisfying the assumptions of Theorem 2.21. Assume that
τ : F → G is a natural transformation such that, in the notation of assumption (i) in Theorem 2.21, for any smooth
morphism f : Y → X in SmR, the canonical transformation f]τY ⇒ τXf] is an equivalence (see Remark 3.5 below).
Then, postcomposition with τ induces a natural transformation τ] : (Sm•)/F' → (Sm•)/G' , fitting into a commutative
diagram of transformations of functors Span→ Cat∞ preserving finite products:

(Sm•)
'
/F (Sm•)

'
/G

F G.

τ]

MF MG

τ

(2)
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Moreover, if F and G are subpresheaves of some spherical presheaves of symmetric monoidal categories that lift to
sifted-cocomplete categories, denoted by F ′ and G′ respectively, and τ extends to a transformation F ′ ⇒ G′ of functors

Span → Ĉat
sift

∞ , then the statement holds for MF and MG replaced with PΣ(Sm•)/F' → F ′ and PΣ(Sm•)/G' → G′,
respectively.

Remark 3.5. In the situation of Proposition 3.4, F and G are in particular Sm-premotivic categories over SmR [EK20,
§2.2]. That is, they are functors Smop

R → Cat∞ such that for each (f : Y → X) ∈ Sm a smooth morphism in SmR,
f∗ : F(X) → F(Y ) has a left adjoint f] (respectively, for G). If each component of τ admits a left adjoint, our
assumption on τ gives exactly the notion of a premotivic adjunction. Notice further that a transformation τ as in
Proposition 3.4 automatically also preserves the units and counits of the adjunctions f] a f∗ for any smooth morphism
f . Indeed, applying τ to the unit and counit for an adjunction f] : F(Y )� F(X) : f∗ yields transformations which
exhibit f] : G(Y ) � G(X) : f∗ as an adjunction; they must therefore be equivalent to the unit and counit we were
originally given for this adjunction [Lur24, Tag 02F4]. This holds very generally and may also be seen by viewing
τY as a morphism between the biCartesian fibrations over ∆1 representing these adjunctions [Lur09, §5.2.2].

Proof of Proposition 3.4. Firstly, to construct τ], we have to produce a morphism between the Cartesian fibrations
classified by (Sm•)/F' and (Sm•)/G' . We use the notation of the proof of Theorem 2.21. The transformation
τ induces a morphism between the Cartesian fibrations F : E → Spanop and G : H → Spanop classified by F
and G, respectively. It pulls back to morphisms of Cartesian fibrations s∗τ : s∗E → s∗H and t∗τ : t∗E → t∗H
over FunSm(∆1,Span)op. The latter defines a morphism of Cartesian fibrations over Spanop between sop ◦ t∗F and
sop ◦ t∗G. Indeed, assume e is an (sop ◦ t∗F )-Cartesian edge in t∗E . Then, by [Lur24, Tag 01UL], e is t∗F -Cartesian
and therefore (t∗τ)(e) is (t∗G)-Cartesian. By loc. cit., (t∗G)((t∗τ)(e)) = (t∗F )(e) is sop-Cartesian, and so t∗τ(e) is
(sop ◦ t∗G)-Cartesian.

Secondly, we show the commutativity of Diagram (2). We have a diagram

t∗E s∗E E

t∗H s∗H H

Spanop

ψF

t∗τ

t∗F

χF

s∗τ τ

F

ψG

t∗G

χG

G

of morphisms of Cartesian fibrations over Spanop. We have to show that the top parallelogram commutes. Since
the square on its right-hand side commutes by construction of s∗τ , it suffices to show the commutativity of the
square on its left-hand side. Recall that ψF was obtained as a relative left adjoint to the morphism of Cartesian
fibrations φF : s∗E → t∗E corresponding to the natural transformation FunSm(∆1,Span) × ∆1 → Span → Cat∞
(postcomposition of the evaluation map with F ) and similarly for G. The diagram

s∗E t∗E

s∗H t∗H

φF

s∗τ t∗τ

φG

involving the left adjoints φF a ψF and φG a ψG is commutative by construction, since both composites correspond
to the natural transformation

FunSm(∆1,Span) Span Cat∞.

s

t

F

G

ev τ

In particular, there is a canonical exchange transformation ψG ◦ t∗τ ⇒ s∗τ ◦ ψF given by the composition

ψG ◦ t∗τ ⇒ ψG ◦ t∗τ ◦ φF ◦ ψF ' ψG ◦ φG ◦ s∗τ ◦ ψF ⇒ s∗τ ◦ ψF .

Consider an edge in t∗E , it takes the form of a diagram similar to (1) in Step 3 of the proof of Theorem 2.21, together
with objects H ∈ F(Z ′), E ∈ F(W ), and a morphism κ : H → ∇′⊗f ′∗E in F(Z ′). The difference compared to the
aforementioned Step 3 is that Y ′ and Z ′ are not required to be Weil restrictions, and κ need not be an equivalence.
On the one hand, the composite s∗τ ◦ψF maps this edge to the edge consisting in the data of the same diagram and

https://kerodon.net/tag/02F4
https://kerodon.net/tag/01UL
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the morphism

τZ

(
u]H

u]κ−−→ u]∇′⊗f ′∗E
Dis],⊗−−−−→ ∇⊗(πY )]π

∗
WE

Ex∗]−−→ ∇⊗f∗g]E
)

in G(Z), where the (−)], (−)⊗, and (−)∗ refer to the functoriality of F . On the other hand, ψG ◦ t∗τ maps it to the
edge consisting in the data of the same diagram and the morphism

u]τZ′(H)
τZ′ (κ)−−−−→ u]τW (∇′⊗f ′∗(E)) ' u]∇′⊗f ′∗τW (E)

Dis],⊗−−−−→ ∇⊗(πY )]π
∗
W τW (E)

Ex∗]−−→ ∇⊗f∗g]τW (E),

where the (−)], (−)⊗, and (−)∗ now refer to the functoriality of G. By assumption and by Remark 3.5, τ is com-
patible with the exchange transformation Ex∗] and with u]. For compatibility with the distributivity transformation,
note that it is by definition the composition of the exchange transformation Ex],⊗ with the counit of the adjunction
(−)] a (−)∗. The transformation τ is compatible with them by assumption and Remark 3.5, since compatibility of τ
with (−)⊗ is given by it being a morphism of presheaves of symmetric monoidal categories (naturality for forward mor-
phisms in Span, i.e., spans consisting of one identity and one fold map). This shows that our exchange transformation
ψG ◦t∗τ ⇒ s∗τ ◦ψF is an equivalence, and, as explained above, this allows us to conclude that Diagram (2) commutes.

Finally, since t∗τ is a pullback, the induced transformation (Sm•)/F' → (Sm•)/G' is indeed given over X ∈ SmR
by the functor (SmX)/F' → (SmX)/G' induced by post-composition by τ (in the sense that a pair (Y ∈ SmX , E ∈
F(Y )) is sent to (Y ∈ SmX , τY (E) ∈ G(Y ))). This justifies the notation τ] in Diagram (2). When F and G are
subpresheaves of F ′ and G′ lifting to sifted-cocomplete categories, the argument is the same as in Step 5 of the proof
of Theorem 2.21. �

3.2.2. Motivic colimit functor associated with the real realization functor.

We now construct a functor Rκ : Span → Cat∞ satisfying the assumptions of Theorem 2.21, which provides us
with a motivic colimit functor related to real realization. Using the naturality result of the previous subsection, we
compare it to the motivic Thom spectrum functor. Then, in Subsection 3.2.3, we will compare our new motivic
colimit functor to the topological Thom spectrum functor.

Definition 3.6. Let R be the presheaf of (not necessarily small) symmetric monoidal categories on SmR, defined
by X ∈ SmR 7→ Sp(Spc/rR(X)), where functoriality is given by pullback (see Proposition 3.8 below). Let Rκ : Span =

Span(SmR, all, fold)→ Cat∞ be the spherical presheaf of essentially small symmetric monoidal categories defined by
X ∈ SmR 7→ Sp(Spc/rR(X))

κ (recall from Notation 2.4 that κ is an uncountable regular cardinal such that Spcκ is

closed under finite limits in Spc). Here Sp(Spc/rR(X))
κ is viewed as a (small) symmetric monoidal subcategory of

Sp(Spc/rR(X)) (by Lemma 2.9 for B = ∗).

Remark 3.7. Unlike the case of SH in Subsection 2.3, Rω is a priori not a subpresheaf of R. Indeed, its functoriality
is given by the pullback functors, which a priori do not preserve compact objects in the case of R. However, as we
will see in Proposition 3.8, they do preserve κ-compact objects. This is the reason for our choice of the cardinal κ.
One could also want to use the subcategories of invertible objects Pic(SH(X)) and Pic(R(X)) instead, in which case
we do obtain subpresheaves, but then it is not clear that the functors f] (for f a smooth morphism in SmR) restrict
to these subcategories, as f] is not symmetric monoidal.

To apply Definition 2.24 to F = Rκ, we show the following result.

Proposition 3.8. The functor R from Definition 3.6 satisfies all the assumptions of Theorem 2.21, except possibly
for essential smallness of the categories in its image, and lifts to sifted-cocomplete categories. It also satisfies a
projection formula as in Theorem 2.11(v). The functor Rκ satisfies all the assumptions of Theorem 2.21; in the
statement of the latter, we may choose F = Rκ and G = R. In particular, we obtain a symmetric monoidal motivic
colimit functor

MR : PΣ(SmR)/Rκ,' −→ R(R) ' Sp.

Proof. Step 1: We prove that R is a spherical presheaf of symmetric monoidal categories and satisfies assumption
(i). For any morphism f : X → Y in SmR, we have a diagram

Spc/rR(X) Sp
(
Spc/rR(X)

)

Spc/rR(Y ) Sp
(
Spc/rR(Y )

)
Σ∞+

f] f∗ f]f∗

Σ∞+

f∗a aa
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The adjunction f] a f∗ is built as in the case of schemes, where f∗ is the pullback functor and f] is induced by post-
composition of structure maps. In particular, f∗ preserves products because it is a right adjoint, so it is symmetric
monoidal with respect to the Cartesian symmetric monoidal structures on both categories. The right adjoint f∗ to
f∗ exists because pullbacks commute with colimits in spaces. Since both f] and f∗ are left adjoints, they preserve
colimits and thus descend to an adjunction on the stabilization of both categories (see [Vol23, Rmk. 2.2], using
that stabilization is tensoring with Sp in PrL by [Lur17, Ex. 4.8.1.23]). The induced functor f∗ becomes symmetric
monoidal for the smash product. Moreover, we have, for all X,Y ∈ SmR

R(X q Y ) ' Sp(Spc/rR(XqY )) ' Sp(Spc/rR(X) × Spc/rR(Y ))

' Sp(Spc/rR(X))× Sp(Spc/rR(Y )) ' R(X)×R(Y ).

This proves assumption (i) and establishes R as a spherical presheaf of symmetric monoidal categories.

Step 2: We prove that R satisfies assumption (ii). Consider a square as in the statement of assumption (ii). We
first prove a projection formula, i.e., that for all S ∈ R(X) and T ∈ R(Y ), we have f](S ∧ f∗T ) ' f](S)∧T (via the
canonical map). Since both sides preserve colimits in S and T separately, it suffices to show that the formula holds
for the infinite suspension spectra of S ∈ Spc/rR(X) and T ∈ Spc/rR(Y ). We have equivalences

f](Σ
∞
+ S ∧ f∗Σ∞+ T ) ' f](Σ∞+ S ∧ Σ∞+ f

∗T ) ' f](Σ∞+ (S ×rR(X) f
∗T )) ' Σ∞+ f](S ×rR(X) f

∗T )

' Σ∞+ (f](S)×rR(Y ) T ) (pasting law for pullbacks, [Lur09, Lem. 4.4.2.1])

' f](Σ∞+ S) ∧ Σ∞+ T

induced by the canonical map (as can be checked at the level of spaces, because it is already the case for the
equivalence f](S ×rR(X) f

∗T ) ' f](S)×rR(Y ) T ).
To prove that the exchange transformation is an equivalence, it again suffices to show it before stabilization. For

any arrow (S → rR(X))Spc/rR(X) with structure map x : S → rR(X), we have

g∗f](S → rR(X)) ' g∗(S → rR(X)→ rR(Y )) ' (S ×rR(Y ) rR(Y ′)→ rR(Y ′))

' f ′](S ×rR(X) rR(X ′)→ rR(X ′)) (?)

' f ′]g′∗(S → rR(X))

where (?) follows from the pasting law for pullbacks in the diagram

S ×rR(Y ) rR(Y ′) rR(X ′) rR(Y ′)

S rR(X) rR(Y )

f ′

g′
y

g

x f

Thus the exchange transformation is an equivalence.

Step 3: We prove that R satisfies assumption (iii). Consider a diagram as in the statement of assumption
(iii). To lighten notation we deal only with the case Y = Zqn; the case of general maps in fold is similar. Write
U := W ×X Y =

∐
i≤n Ui, where Ui lives over the i-th copy Zi of Z in Y . Let e : Y ′ := RY/X(U) ×Z Y → U

be the natural map; it is given over Zi by the projection on the i-th component
∏
j≤n Uj → Ui. Then, for any

(A→ rR(W )) ∈ Spc/rR(W ), let B = (πW )∗(A), which lives over rR(U). Write Bi for the component of B over rR(Ui).

Now, e∗(B), as a space over rR(Y ′) =
∐
i≤n(rR(U1)×rR(Z) · · · ×rR(Z) rR(Un)), is given by∐

i≤n

(rR(U1)×rR(Z) · · · ×rR(Z) Bi ×rR(Z) · · · ×rR(Z) rR(Un)).

In the remainder of Step 3, unless specified otherwise, all products are fibered over rR(Z). Then u]∇′⊗f ′∗(A) =
u]∇′⊗e∗(B) is given by the fiber product over rR(U1)×· · ·× rR(Un) of the factors rR(U1)×· · ·×Bi×· · ·× rR(Un) for
1 ≤ i ≤ n. That is, u]∇′⊗e∗(B) = B1× · · ·×Bn −→ rR(Z), which coincides with ∇⊗(πY )](πW )∗(A) = ∇⊗(πY )](B).
Now ∇⊗u′]f ′∗(A) = ∇⊗u′]e∗(B) is given by∏

i≤n

(rR(U1)× · · · ×Bi × · · · × rR(Un)) −→ rR(Z).

The distributivity transformation is now the map

B1 × · · · ×Bn −→
∏
i≤n

(rR(U1)× · · · ×Bi × · · · × rR(Un)) −→ B1 × · · · ×Bn,
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which is seen to be the identity by chasing through the construction. Therefore, in our situation, the distributivity
transformation is an equivalence.

Step 4: We show that R lifts to sifted-cocomplete categories. For all X ∈ SmR, the slice Spc/rR(X) is presentable

(as a particular case of Lemma 1.9, it is equivalent to P(∗/rR(X))). Then, using [Lur17, Prop. 1.4.4.4], the category
Sp(Spc/rR(X)) is cocomplete. Moreover, for any map f in SmR, the functor f∗ preserves colimits; and for any fold
map ∇, the functor ∇⊗ preserves sifted colimits, by the same argument as in the proof of Proposition 2.28. Since
the operations f∗ and ∇⊗ describe the functoriality of R (viewed as a functor on the category Span), the latter lifts
to sifted-cocomplete categories.

Step 5: We prove that Rκ satisfies the assumptions of Theorem 2.21. By Lemma 2.8, for any X ∈ SmR,
rRX ∈ Spcκ. Then, by Lemma 2.9, R(X)κ ⊆ R(X) is indeed a small symmetric monoidal subcategory. We
are left to show that for any f : X → Y in SmR, the functors f∗ : R(Y ) → R(X) and f] : R(X) → R(Y )
preserve κ-compact objects. For the latter, it simply follows from the fact that its right adjoint f∗ preserves all
colimits, in particular κ-filtered ones. To show that f∗ preserves κ-compact objects, we use Lemma 2.7. Recall
from the proof of Lemma 2.9 that R(Y ) is generated under filtered colimits by the (small) set of compact objects
{ΣnΣ∞+ V | n ∈ Z, V ∈ (Spc/rRY )ω}. Thus, we have to show that f∗ maps any object of the form ΣnΣ∞+ V ∈ R(Y )

with n ∈ Z and V ∈ (Spc/rRY )ω to a κ-compact object. Since f∗ commutes with ΣnΣ∞+ by construction, and

this latter functor preserves κ-compactness in R(Y ) (as in the proof of Lemma 2.9), we only have to show that
f∗V ∈ (Spc/rRX)κ. Since f∗ is defined by pullback, by Lemma 2.8 it suffices to show that V ′ ×rRX rRY ∈ Spcκ,

where V = (V ′ → rRY ). This holds by choice of κ, since this is a finite limit of κ-compact spaces by Lemma 2.8
again (note that V is in particular κ-compact in Spc/rRY ). �

We now want to apply Proposition 3.4 to a transformation α : SHω → Rκ of functors Span → Cat∞. We first
define it at the level of SH and R. To do so, we use the universal property of SH as a presheaf of symmetric monoidal
categories. Indeed, as we saw in the construction of the real realization functor, to specify a symmetric monoidal
colimit preserving functor SH(S) → C where C is a symmetric monoidal stable category, it suffices to define a
symmetric monoidal functor Sm×S → C which is suitable A1-invariant and well-behaved with respect to the Nisnevich
topology, and inverts P1. A more precise statement is proven in [Rob13]. This universal property was made into one
of the presheaf SH in [DG22]. Before stating it, we need a definition that axiomatizes some functoriality properties
of SH we saw in Theorem 2.11.

Definition 3.9 ([DG22]). Let C be an essentially small 1-category with finite limits and a terminal object, and P
be a collection of maps in C stable under pullback and equivalences. A P -pullback formalism over C is a functor

C : Cop → CAlg(Ĉat∞) such that:

• for any f ∈ P , f∗ := C(f) has a left adjoint f],

• the exchange transformation is an equivalence for pullback squares with two parallel sides in P (see Theo-
rem 2.11(vii)),

• C satisfies the projection formula (see Theorem 2.11(v)).

A morphism of P -pullback formalisms over C is a natural transformation τ : C → C ′ such that the canonical
transformation fC

′

] τ ⇒ τfC] is an equivalence for any f ∈ P . This can be organized into a category PB(C, P ).

Definition 3.10 ([DG22]). Let PB(SmR,Sm)c,ptLmot,(P1,∞) be the subcategory of PB(SmR,Sm) consisting of cocomplete

pointed A1-local Nisnevich-local Sm-pullback formalisms with P1 invertible, that is, of objects C such that:

• for any X ∈ SmR, C(X) is a cocomplete and pointed category,

• C satisfies Nisnevich excision,

• for any X ∈ SmR, the projection induces a fully faithful functor C(X)→ C(X × A1),

• the essentially unique morphism of pointed cocomplete pullback formalisms Spc(−)∗ → C sends (P1,∞) ∈ Spc(R)∗
to an invertible object in C(R).

The morphisms are those maps of P -pullback formalisms that are componentwise colimit-preserving.

Theorem 3.11 ([DG22, Cor. 6.35 and Rmk. 7.11]). The functor SH is initial in the category PB(SmR,Sm)c,ptLmot,(P1,∞)

(see Definition 3.10).

Lemma 3.12. The presheaf of symmetric monoidal categories R is a cocomplete pointed A1-local Nisnevich-local
Sm-pullback formalism over SmR with P1 invertible.
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Proof. It follows from Proposition 3.8 that R is a pullback formalism. Moreover, for any X ∈ SmR, the category
Sp(Spc/rR(X)) = R(X) is pointed and cocomplete. The pullback formalism R is furthermore A1-local, because

rR(X) ' rR(X ×A1) for any X ∈ SmR via the projection, so that R(X)→ R(X ×A1) is in particular fully faithful.
To check that R has Nisnevich excision, let ι : U ↪−→ X and p : Y → X form an elementary distinguished Nisnevich
square (i.e. ι is an open immersion, and p is an étale map inducing an isomorphism between the complement of U
and its preimage by p). Then the corresponding pullback square in SmR becomes a pushout square in Spc(R); since
rR preserves colimits we have

Spc/rR(X) ' Spc/rR(U)qrR(U×XY )rR(Y ) ' Spc/rR(U) ×Spc/rR(U×XY )
Spc/rR(Y )

by the descent property in Spc. Finally, we have

R(X) ' Sp(Spc/rR(X)) ' Sp(Spc/rR(U))×Sp(Spc/rR(U×XY ))
Sp(Spc/rR(Y )) ' R(U)×R(U×XY ) R(Y )

because stabilization preserves limits. Indeed, it is described by tensoring with Sp in PrL [Lur17, Ex. 4.8.1.23], but Sp
is dualizable [Lur18, Prop. D.7.2.3], thus −⊗Sp preserves all limits and colimits; moreover limits in PrL are computed
on the underlying categories [Lur09, Prop. 5.5.3.13]. Finally, the essentially unique morphism of pointed cocomplete
pullback formalisms χ : Spc(−)∗ → R sends (P1,∞) ∈ Spc(R)∗ to Σ∞((rR(P1) → rR(R),∞)) ' Σ∞(S1, ∗) ∈ Sp,
which is invertible (see Construction 3.13 below for the description of χ). This verifies all the axioms. �

Construction 3.13. Let α : SH → R be the unique morphism in PB(SmR,Sm)c,ptLmot,(P1,∞) from SH to R (using

Theorem 3.11 and Lemma 3.12). Unraveling the constructions in [DG22, Thm. 6.3 and Rmk. 7.11], we can give
an explicit description of the components of α. Given S ∈ SmR, real realization induces a finite-product-preserving
functor SmS → Spc/rR(S) sending X ∈ SmS to the real realization of its structure map rR(X) → rR(S) (in the

terminology of [DG22], this is a morphism of pre-pullback formalisms, for which Sm• is initial). The left Kan
extension of this functor inverts motivic equivalences, and factors through Spc(S). The corresponding functor on
pointed objects can be post-composed with the infinite suspension functor (Spc/rR(S))∗ → R(S). There is therefore

an induced symmetric monoidal functor Spc(S)∗ → R(S) that preserves colimits, and inverts P1. Finally, this
functor factors through SH(S), and we obtain αS : SH(S) → R(S). When S = R, this recovers by construction the
symmetric monoidal functor rR from Definition 3.1.

As promised, we now apply Proposition 3.4 to the transformation α from Construction 3.13.

Proposition 3.14. The transformation α from Construction 3.13 restricts to a natural transformation α : SHω →
Rκ, inducing a commutative diagram of symmetric monoidal categories and symmetric monoidal functors

PΣ(SmR)/SHω,' PΣ(SmR)/Rκ,'

SH(R) Sp
(
Spc/rR(R)

)
' Sp.

α]

M MRκ

αR=rR

Proof. We begin by proving the first claim. By Lemma 2.7, for all X ∈ SmR, SH(X)ω is the thick subcategory
generated by the family EX of Theorem 2.12. By stability of R(X), and the fact that κ-compact objects are stable
under finite colimits [Lur24, Tag 064W], R(X)κ ⊆ R(X) is itself a thick subcategory. Since αX : SH(X) → R(X)
preserves colimits, it suffices to show that for any n ∈ Z and Y ∈ SmX , we have αX(Σ−2n,−nΣ∞+ Y ) ∈ R(X)κ. This
object is equivalent to Σ∞+ (rRY → rRX), which is κ-compact because Σ∞+ preserves κ-compact objects as we saw
before, and rRY → rRX is κ-compact in R(X) by Lemma 2.8.

To prove the remainder of the statement, it suffices to check that α : SH → R satisfies the assumption of
Proposition 3.4 (compatibility with the left adjoints (−)]), because then so does its restriction to the subcategories
of compact and κ-compact objects respectively. But α is by construction a morphism of pullback formalisms, and
so the assumption holds by definition. We have αR = rR by Construction 3.13. �

3.2.3. Comparing the motivic colimit functor MRκ and the topological Thom spectrum functor.

As mentioned at the beginning of the previous subsection, we now compare MRκ with the topological Thom
spectrum functor. We saw in Theorem 3.3 that the unstable real realization functor rR : P(SmR) → Spc was a
localization functor, inducing an equivalence between the category of A1-invariant real-étale sheaves and that of
spaces. We now apply this localization to the category P(SmR)/Rκ,' .

Lemma 3.15. The functor MRκ : PΣ(SmR)/Rκ,' → Sp from Proposition 3.8 factors through the localization

LA1,ret(P(SmR))/Rκ,' of A1-invariant real-étale sheaves over Rκ,'. In particular, there is a commutative diagram of
symmetric monoidal functors

https://kerodon.net/tag/064W
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PΣ(SmR)/SHω,' PΣ(SmR)/Rκ,' LA1,ret(P(SmR))/Rκ,' Spc/Spκ,'

SH(R) R(R) ' Sp

α]

M

LA1,ret

rR

MRκ

'

M ′top
rR

(3)

Proof. By [BEH22, Prop. 2.11], to show that the functorMRκ : PΣ(SmR)/Rκ,' → Sp factors through LA1,ret(PΣ(SmR))/Rκ,' ,

it suffices to show that Rκ,' ∈ LA1,ret(PΣ(SmR)) is an A1-invariant real-étale sheaf. We will prove this at the end. Let
us first see how this implies the statement of the lemma. Note first that we may ignore the sphericity condition, i.e.,
the inclusion LA1,ret(PΣ(SmR)) ⊆ LA1,ret(P(SmR)) is an equivalence, since any real-étale sheaf is in particular spherical
(for any U, V ∈ SmR, the inclusions of U and V in U q V form a real-étale cover of the latter). Moreover, Theo-
rem 3.3 gives an equivalence LA1,ret(P(SmR))/Rκ,' ' Spc/rR(Rκ,') induced by real realization, which for A1-invariant

real-étale sheaves corresponds to taking the real sections. Then, rR(Rκ,') ' Sp(Spc/rR(R))
κ,' ' Spκ,', and we ob-

tain Diagram (3), where the symmetric monoidal structure on Spc/Spκ,' is induced by that of LA1,ret(P(SmR))/Rκ,'

(described in Lemma 3.17 below).
To conclude the proof, we are left with showing that Rκ,' is an A1-invariant real-étale sheaf. We have already

proven that R was an A1-invariant Nisnevich sheaf (Lemma 3.12). The argument for the real-étale topology is the
same, using the fact that the unstable real realization functor inverts the real-étale equivalence by Theorem 3.3.
Then, the A1-invariance of Rκ,' follows. We defer to Lemma 3.16 just below the proof that Rκ is a real-étale sheaf.
Then, Rκ,' is also a real étale sheaf: it is obtained from Rκ by postcomposition with the functor (−)' : Cat∞ → Spc,
which preserves limits as it is right adjoint to the inclusion, and being a sheaf is a limit condition. �

Lemma 3.16. The subpresheaf of κ-compact objects Rκ ⊆ R is a real-étale sheaf on SmR.

Proof. Recall from the proof of Lemma 3.15 that R is a real-étale sheaf on SmR. Thus, it suffices to show that for any
real-étale cover {fi : Ui → X} in SmR, if a ∈ R(X) satisfies f∗i (a) ∈ R(Ui)

κ, then also a ∈ R(X)κ. Let colimj∈J aj
be a κ-filtered colimit diagram in R(X). We want to show that

colimj∈JMapR(X)(a, aj)
'−→ MapR(X)(a, colimj∈J aj). (?)

We will first construct “mapping sheaves” and consider the analog of (?) for these. Since by definition all fi’s are
étale, we work over EtX , the small étale site of X. Let a, b ∈ R(X). We can construct a “mapping presheaf”
MapR(a, b) sending (f : U → X) ∈ EtX to the space MapR(U)(f

∗a, f∗b) [Bac22, Cor. 3.8]. Since R is in particular

a real-étale sheaf on EtX , MapR(a, b) is also a sheaf. Indeed, if V → Y is a real-étale cover in EtX , then R(Y ) is

equivalent to the limit over the Čech complex limR(Č•(V)), so that

MapR(a, b)(Y ) ' MaplimR(Č•(V))(a, b) ' limMapR(Č•(V))(a, b) = limMapR(a, b)(Č•(V)),

where in the second-to-last term, the pullback of a and b to the terms of the Čech complex is implicit. There is a

natural map of presheaves ξ : colim
P(EtX)
j∈J MapR(a, aj)→ MapR(a, colimj∈J aj) inducing equivalences after restriction

to each Ui. This holds because colimits are computed sectionwise in presheaves, and for any morphism f : V → Ui,
the restriction f∗a ∈ R(V )κ is κ-compact (by assumption f∗i a ∈ R(Ui)

κ is κ-compact, and f∗ preserves κ-compact
objects by Proposition 3.8). The right-hand side is already a sheaf, and thus ξ induces an equivalence between the

sections on X of the sheafification of the left-hand side, which is equivalent to colim
Shv(EtX)
j∈J MapR(a, aj), and that of

the right-hand side. Therefore, we have equivalences

colimj∈JMapR(X)(a, aj) =: colimj∈J

(
MapR(a, aj)(X)

)
(??)
'
(
colim

Shv(EtX)
j∈J MapR(a, aj)

)
(X)

' MapR(a, colimj∈J aj)(X) := MapR(X)(a, colimj∈J aj),

which gives (?). Here, (??) is obtained by viewing global sections as corepresented by y(X), and using that the
(sheafification of the) latter is a compact object in Shv(EtX). To see this, note that it is the terminal object in
Shv(EtX) ' Shv(RX) [ES21, Thm. B.10], so it suffices to check that the terminal object in Shv(RX) is compact.
This follows from the fact that RX is a coherent topological space [ABEH25, Prop. 4.1] and the end of the proof of
[Lur09, Prop. 6.5.4.4]. �

Lemma 3.17. The localization L′ : P(SmR)/Rκ,' → LA1,ret(P(SmR))/Rκ,' from Lemma 3.15 is symmetric monoidal,
making the right-hand side into a presentably symmetric monoidal subcategory of the left-hand side via the fully faithful
right adjoint of the localization L′.
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Notation 3.18. As in Notation 2.23, we denote the corresponding symmetric monoidal structure on Spc/Spκ,'

obtained via the equivalence with LA1,ret(P(SmR))/Rκ,' by Spc⊗
′

/Spκ,' , to distinguish it from the one in Proposition 1.8,

which we denote by Spc⊗/Spκ,' .

Proof. To lighten notation, let C := P(SmR)/Rκ,' and D := LA1,ret(P(SmR))/Rκ,' . Recall that there is a source
functor (or forgetful functor) C → P(SmR) remembering only the domain of an arrow. We first use the criterion of
[GGN15, Lem. 3.4]: if we show that local equivalences are preserved by the functors −⊗X for all X ∈ C, then this
shows that there is an induced symmetric monoidal structure on D, such that L′ is symmetric monoidal and its right-
adjoint ι is lax symmetric monoidal. This holds because local equivalences in C are those maps that are equivalences
of presheaves after applying the source functor and the A1-real-étale localization L : P(SmR)→ LA1,ret(P(SmR)). On
the sources, the tensor product of C is the categorical product (Proposition 2.26). Since L commutes with products
(since real realization does), we are done.

As an accessible localization of C in the sense of [Lur09, §5.5.4], D is presentable. By symmetric monoidality of
L′, for any X,Y ∈ D, we have X ⊗D Y = L′(ιX ⊗C ιY ). Thus, to show that D is actually a symmetric monoidal
subcategory of C, it suffices to show that such tensor products ιX ⊗C ιY are already local, and that so is the unit.
The latter is clear, and for the former, we use again that being local is checked after applying the source functor; and
that ⊗C is the categorical product on the sources. Since L commutes with products, the product of local objects is
local, and this is what we needed.

Finally, we show that the symmetric monoidal structure is presentable. Let X ∈ D, we have to show that
−⊗D X : D → D preserves colimits. Let colimiYi be a colimit diagram in D. Using that both L′ and ι preserve the
tensor products, and L′ preserves colimits, we have:

(colimiYi)⊗D X ' (colimiL
′ιYi)⊗D X ' L′ (colimiιYi)⊗D L′ιX ' L′ ((colimiιYi)⊗C ιX)

' L′ (colimi (ιYi ⊗C ιX)) (C is presentably symmetric monoidal)

' colimiL
′ (ι(Yi ⊗D X)) ' colimi(Yi ⊗D G).

This finishes the proof. �

The functor M ′top can be viewed as the real realization of the motivic Thom spectrum functor. We can now show
that it is equivalent to the topological Thom spectrum functor.

Proposition 3.19. The symmetric monoidal structures Spc⊗
′

/Spκ,' and Spc⊗/Spκ,' agree (see Notation 3.18). The

functors M ′top (from Diagram (3)) and Mtop (from Theorem 2.3) agree as symmetric monoidal functors.

Proof. By Lemma 1.9, the symmetric monoidal structure Spc⊗/Spκ,' from Proposition 1.8 is equivalently the Day

convolution structure on P(∗/Spκ,') ' P(Spκ,'), where Spκ,' is viewed as a symmetric monoidal subcategory of

Sp with the usual smash product. On the other hand, the underlying category of Spc⊗
′

/Spκ,' is the same as that of

Spc⊗/Spκ,' , namely P(Spκ,'). Then, by Proposition 1.2, to show that the symmetric monoidal structure is equivalent

to the Day convolution one, it suffices to show that:

(1) the tensor product ⊗′ preserves colimits in both variables,

(2) the Yoneda embedding Spκ,' → P(Spκ,') admits a symmetric monoidal structure with respect to the smash

product on the left-hand side and the structure Spc⊗
′

/Spκ,' on the right-hand side.

Part (1) was proved in Lemma 3.17. To show (2), consider the commutative diagram of fully faithful embeddings

P(∗/Spκ,') ' Spc/Spκ,' P(SmR)/Rκ,' ' P
(
(SmR)/Rκ,'

)
Spκ,' ' ∗/Spκ,' (SmR)/Rκ,' .

ι

y1 y2

The dashed arrow exists because the composition ι ◦ y1 factors through the subcategory of representables (its
image only contains arrows with source y(R) ∈ P(SmR)). We claim that y2 is symmetric monoidal with respect

to the monoidal structures introduced in Theorem 2.21. Indeed, the coCartesian fibration P(SmR)⊗
′

/Rκ,' → Fin∗
representing the symmetric monoidal structure is classified by a composition

Fin∗
H−−−−→ Cat∞

P(−)−−−−→ PrL
U−−−→ Ĉat∞

where H classifies the coCartesian fibration (SmR)⊗
′

/Rκ,' −→ Fin∗ encoding the symmetric monoidal structure con-

structed in the proof of Theorem 2.21, and U is the forgetful functor. Let η be the unit of the adjunction P(−) a U .
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It induces a natural transformation

Fin∗ Cat∞ Ĉat∞

PrL

H

U◦P(−)
P(−) U

η

between the functors Fin∗ −→ Ĉat∞ classifying (SmR)⊗
′

/Rκ,' and P(SmR)⊗
′

/Rκ,' , respectively. This induces a symmetric

monoidal functor between these categories, whose underlying functor is by construction the Yoneda embedding y2,
as claimed. By Lemma 3.17, the embedding ι is symmetric monoidal too. Then also y1 is symmetric monoidal,

with respect to the structure Spκ,',⊗
′

(induced by that of (SmR)/Rκ,'). Then, the restriction of M ′top to Spκ,' is

a symmetric monoidal functor Spκ,',⊗
′
−→ Sp⊗, where the symmetric monoidal structure on Sp is the usual one.

But we also know that the underlying functor is the inclusion. Therefore, Spκ,',⊗
′

is endowed with the symmetric
monoidal structure induced from that of Sp. This proves (2).

Thus, the categories Spc⊗
′

/Spκ,' and Spc⊗
′

/Spκ,' are both equivalent as symmetric monoidal categories to P(Spκ,')

with the Day convolution, where Spκ,' is viewed as a symmetric monoidal subcategory of Sp with the usual smash
product. By Proposition 1.5, to show that Mtop and M ′top agree as symmetric monoidal functors, it then suffices

to show that their restrictions to Spκ,' agree as symmetric monoidal functors. In both cases, this restriction is
the embedding of the symmetric monoidal subcategory Spκ,' ↪−→ Sp (see Definition 2.1 and Proposition 2.27). This
concludes the proof. �

Finally, combining the previous results, we can prove our main theorem.

Theorem 3.20. The real realization of the motivic multiplicative Thom spectrum functor M : PΣ(SmR)/SHω,' → SH
(as constructed in [BH21, §16.3]) is equivalent as a symmetric monoidal functor to the topological multiplicative
Thom spectrum functor Mtop : Spc/Spκ,' → Sp (as constructed in [ABG18, Thm. 1.6]). More precisely, there is a
commutative diagram of symmetric monoidal functors

PΣ(SmR)/SHω,' Spc/Spκ,'

SH(R) Sp

M Mtop

rR

where the top horizontal arrow is also induced by rR (see Diagram (3) in Lemma 3.15).

Proof. Combine Lemma 3.15 and Proposition 3.19. �

3.3. The realizations of the algebraic cobordism ring spectra MGL, MSL, and MSp.

As advertised, we now apply Theorem 3.20 to three very classical examples of E∞-Thom spectra.

Theorem 3.21. The equivalence rR◦M 'Mtop◦rR◦α] from Diagram (3) and Proposition 3.19 induces equivalences
of E∞-rings

rRMGL ' MO, rRMSL ' MSO, rRMSp ' MU.

Proof. We saw in Example 2.30 that rRMGL = rR(M(K◦
j−→ SHω,')). By Diagram (3) and Proposition 3.19, this

is equivalent as an E∞-ring to Mtop(rR(K◦ → SHω,' → Rκ,')). Recall from Example 2.5 that MO = Mtop(BO
j−→

Spκ,'). So what we have to show is that rR(K◦ → SHω,' → Rκ,') ' (BO
j−→ Spκ,') as commutative algebras

in Spc⊗/Spκ,' , or equivalently, as E∞-maps with target Spκ,' (by Proposition 1.10). Recall that K◦ → SHω,' →
Rκ,' is a morphism of spherical presheaves of E∞-spaces, viewed as a commutative algebra in PΣ(SmR)⊗

′

/R' using

Proposition 2.31. This is how its real realization is viewed as a map of E∞-spaces. In other terms, we have to
show that the real realization of the motivic j-homomorphism, followed by α : SH' → R', is the topological
j-homomorphism as a map of E∞-spaces.

This follows from the constructions of the topological and motivic j-homomorphisms as symmetric monoidal
functors in Examples 2.5 and 2.30. Indeed, the various steps of the construction, starting from (∞-)groupoids
of vector bundles and then extending to the group completion, correspond to each other under real realization.
To see this, recall that rR(BGLn) ' BOn, and that K◦ ' LmotBGL by Example 2.30, so that rR(K◦) ' BO.
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Indeed, rR(BGLn) ' B(rRGLn) ' B(GLn(R)) ' BOn, where the first equivalence follows from the fact that rR
commutes with colimits and finite products, in particular with geometric realizations and the bar construction; and
the second one from the fact that GLn(R) deformation retracts onto the orthogonal group On(R) by Gram-Schmidt
orthogonalization. We then have:

rR(BGL) ' rR(colimnBGLn) ' colimnrR(BGLn) ' colimnOn ' BO.

The proof follows in the exact same way for MSL and MSp, using Example 2.30 and the fact that rR(KSL◦) = BSO
and rR(KSp◦) = BU (with the same proof as in the case of K◦). �

4. Complex realizations of motivic Thom spectra

This appendix extends the results of Section 3 to the complex realization functor. The structure of the proof is
essentially the same, but we need a workaround for Theorem 3.3, which stated in particular that rR = P(SmR)→ Spc
was a localization; indeed, it is unknown whether this also holds for the complex realization functor. Instead, we
reduce to a purely topological question, which appears as the first part of Theorem 4.6 below. The proof provided
in this appendix also works for the real realization functor rR.

We first prove the analog of Theorem 2.21 (construction of the motivic colimit functor MF ) for presheaves of
symmetric monoidal categories on Spcκ instead of SmS . Recall that κ is an uncountable regular cardinal such that
Spcκ is closed under finite limits in Spc (Notation 2.4), and that Spcκ is essentially small.

Theorem 2.21 involves Weil restrictions along fold maps. Here is a topological analog of this notion.

Notation 4.1. In Spcκ, for a fold map ∇ : Y =
∐
i≤n Z

qni
i →

∐
i≤n Zi = Z, and a map V → Y , let

R∇(V ) :=
∐
i≤n

VZi,1 ×Zi · · · ×Zi VZi,ni ∈ (Spcκ)/Z ,

where VZi,j is the component of V above the j-th copy of Zi in Y , for i ≤ n and j ≤ ni.
As in the case of schemes, for any W ∈ Spc/Z , we then have an equivalence

Map(Spcκ)/Z
(W,R∇(V )) ' Map(Spcκ)/Y

(W ×Z Y, V ).

Theorem 4.2. Let F : Span′ := Span(Spcκ, all, fold) −→ Cat∞ be a functor preserving finite products, such that:

(i) for any f : Y → X in Spcκ, f∗ := F(X ← Y == Y ) : F(X)→ F(Y ) admits a left adjoint, denoted by f].

(ii) for any Cartesian square in Spcκ

X ′ X

Y ′ Y,

g′

f ′
y

f

g

the exchange transformation Ex∗] : f ′](g
′)∗ =⇒ g∗f] of functors F(X) → F(Y ′) (defined as in Theorem 2.11)

is an equivalence.

(iii) Given (∇ : Y → Z) ∈ fold, let ∇⊗ := F(Y == Y → Z) : F(Y ) → F(Z). Then ∇ encodes the tensor product
on the symmetric monoidal category F(Z) (Proposition 2.19). For every diagram in Spcκ of the form

W RY/X(W ×X Y )×Z Y RY/X(W ×X Y )

X Y Z

g

f ′ ∇′

u′
y

u

f ∇

with ∇,∇′ ∈ fold, the distributivity transformation

Dis]⊗ : u]∇′⊗(f ′)∗ =⇒ ∇⊗(πY )]π
∗
W

of functors F(W )→ F(Z) (defined as in Theorem 2.11) is an equivalence.

Then, there exists a natural transformation MF : ((Spcκ)/•)/F' → F of finite products preserving functors Span′ →
Cat∞ (i.e., of spherical presheaves of symmetric monoidal categories).

Proof. The proof of Theorem 2.21 applies in this case, up to the following comments:



THE REAL AND COMPLEX BETTI REALIZATIONS OF MOTIVIC MULTIPLICATIVE THOM SPECTRA 27

(0) In the construction, the category FunSm(∆1,Span) has to be replaced with Funall(∆
1,Span′), the full subcategory

of Fun(∆1,Span′) spanned by edges of the form X ← Y === Y with X,Y ∈ Spcκ. We also have to prove that
Spcκ is an extensive category, so that finite products preserving functors Span′ → Cat∞ indeed correspond to
spherical presheaves of symmetric monoidal categories on Spcκ (Proposition 2.19). Note that κ-small colimits in
Spcκ are computed in Spc, because Spcκ is a full subcategory closed under such colimits in Spc. In particular,
Spcκ admits finite coproducts, and they are disjoint (by choice of κ, pullbacks in Spcκ exist and are computed in
Spc). The stability of finite coproduct decompositions under pullbacks follows from the same property in Spc.

(1) The proof of Step 1 goes through verbatim, if we replace Span with Span′, FunSm(∆1,Span) with Funall(∆
1,Span′),

and Weil restrictions with those of Notation 4.1.

(2) Step 2 follows formally from the assumptions in the same way as in Theorem 2.21.

(3) The argument of Step 3 is still valid, given the description of Cartesian edges in Step 1: they are the diagrams
from assumption (iii) in the statement.

(4) In Step 4, the fiber of sop over some X ∈ Spcκ is our situation (Spcκ)/X , and that of t∗F over some (Y → X) ∈
(Spcκ)/X is F(Y ). We thus obtain a transformation MF : ((Spcκ)/•)�F → F which restricts to the desired
transformation MF : ((Spcκ)/•)/F' → F .

�

We will now apply the construction from the previous theorem to a presheaf C on Spcκ whose precomposition
with rR is the presheaf R of Definition 3.6. Working with rC instead will allow us to prove analogous results for the
complex realization of Thom spectra.

Definition 4.3. Let C be the presheaf of (not necessarily small) symmetric monoidal categories on Spcκ, defined
by X ∈ Spcκ 7→ Sp(Spc/X), where functoriality is given by pullback (see Proposition 4.4), and let Cκ : Span′ =

Span(Spcκ, all, fold)→ Cat∞ be the spherical presheaf of the subcategories of κ-compact objects (again, see Proposi-
tion 4.4).

Proposition 4.4. The presheaves C and Cκ from Definition 4.3 satisfy all the assumptions of Theorem 4.2 (except

that C is valued in Ĉat∞ instead of Cat∞). In particular, we obtain symmetric monoidal, colimit-preserving functors

MC : (Spcκ)/Cκ,' −→ C(∗)κ ' Spκ and MC : P(Spcκ)/Cκ,' −→ Sp.

Proof. The assumptions of Theorem 4.2 are satisfied because the proof of Proposition 3.8 goes through (we do not
need Step 4), as the latter did not rely on the categories being sliced over real realizations of schemes, but only some
κ-compact spaces. Theorem 4.2 then provides a morphism of spherical presheaves ((Spcκ)/•)/Cκ,' → Cκ. Taking the
component on ∗, we obtain the first functor of the statement (Spcκ)/Cκ,' −→ C(∗)κ ' Spκ. The symmetric monoidal
left Kan extension (see Definition 1.4) of its postcomposition with the inclusion Spκ → Sp then yields the second
functor of the statement. �

We may now prove the analog of Proposition 3.14, comparing the motivic Thom spectrum functor with a more
topological colimit functor.

Proposition 4.5. Let k be R or C. There is a commutative diagram of symmetric monoidal functors

(Smk)/SHω,' (Spcκ)/Cκ,'

SH(k) Sp,

βk

M MC

rk

where M is the motivic Thom spectrum functor over k (as in Proposition 2.28).

Proof. By Lemma 2.8, the functor rk : Smk → Spc factors through Spcκ. It preserves coproducts (and thus fold
maps). Therefore, it induces a functor rk : Span→ Span′ (see [Bar17, §5.11]).

Proceeding as in the proof of Propositions 3.4 and 3.14, since r∗kC := C ◦ rk : Span → Span′ → Cat∞ is simply
the presheaf R from Definition 3.6 in the case k = R, and a complex analog of it otherwise, we have a commutative
diagram of morphisms of spherical presheaves of symmetric monoidal categories

(Sm•)/SHω,' (Sm•)/r∗kCκ,'

SHω r∗kCκ.

M Mr∗
k
Cκ (4)
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We now compare Mr∗kCκ with MCκ : (Spcκ)/Cκ,' → Cκ, or more precisely, their components on k ∈ Smk and
∗ ∈ Spcκ respectively. To do so, we will construct a commutative diagram

t∗r∗kCκ t′∗Cκ

r∗kCκ Cκ

Span(Fin)op Spanop Span′op

θ

χr∗
k
Cκ ◦ψr∗

k
Cκ

sop ◦ t∗r∗kG

χ′Cκ ◦ψ
′
Cκ

s′op ◦ t′∗G
r∗kG

y

G

k

pt

rk

(5)
where, abusing notation, G : Cκ → Span′op is the Cartesian fibration classifying Cκ, and k : Span(Fin)op → Spanop and
pt : Span(Fin)op → Span′op are induced by the functors Fin→ Smk and Fin→ Spcκ sending {1, . . . n} to kqn and ∗qn,
respectively. Moreover, the maps s, t, χ, ψ are as in the proof of Theorem 2.21, and s′, t′, χ′, ψ′ are their topological
analogs considered in the proof of Theorem 4.2 (with the indices indicating the presheaf under consideration).

We will additionally prove that, pulling everything back to Span(Fin)op, we obtain a commutative diagram of
morphisms of Cartesian fibrations

k∗t∗r∗kCκ ' ((Smk)/(r∗kC)κ,')⊗
′

pt∗t′∗Cκ ' ((Spcκ)/Cκ,')⊗
′

k∗r∗kCκ pt∗Cκ ' Spκ,⊗

Span(Fin)op.

βk

M MC

'

(6)
Composing the corresponding commutative square of symmetric monoidal functors with the evaluation at k ∈ Smk

of the square (4), we obtain the commutative diagram from the statement.

Recalling the constructions in Theorem 2.21 and Theorem 4.2, we construct Diagram (5) as follows:

t′∗Cκ s′∗Cκ Cκ

t∗r∗kCκ s∗r∗kCκ r∗kCκ

Funall(∆
1,Span′)op Span′op

FunSm(∆1,Span)op Spanop

ψ′Cκ

t′∗G

φ′Cκ

χ′Cκ

s′∗G

y

G

θ

ψr∗kCκ

t∗r∗kG

ν

φr∗kCκ

χr∗kCκ

s∗r∗kG

y
y

r∗kG
s′op

rk ◦ −

sop

rk

a

a

Here, ν and θ are obtained by the universal property of the pullbacks s′∗Cκ and t′∗Cκ, respectively. In particular,
the cube on the right-hand side commutes, and so do the squares φ′Cκ ◦ν ' θ◦φr∗kCκ and (rk ◦−)◦ t∗r∗kG ' t′∗G◦θ on
the left-hand side. It remains to check the commutativity of the top left square involving the left adjoints, namely,
that ν ◦ψr∗kCκ ' ψ

′
Cκ ◦ θ. To do so, we apply the same strategy as in Proposition 3.4: since the square with the right

adjoints commutes, it suffices to show that the corresponding exchange transformation

ψ′Cκ ◦ θ =⇒ ψ′Cκ ◦ θ ◦ φr∗kCκ ◦ ψr∗kCκ ' ψ
′
Cκ ◦ φ′Cκ ◦ ν ◦ ψr∗kCκ =⇒ ν ◦ ψr∗kCκ

is an equivalence. Again, this is easily checked using the explicit description of the edges in t∗r∗kCκ as in the proof of
Theorem 4.2 (and thus as in the proof of Proposition 3.4).

To obtain Diagram (6), we are left to show that the map βk : k∗t∗r∗kCκ → pt∗t′∗Cκ induced by the universal
property of the pullback preserves Cartesian edges. Note first that an edge in k∗t∗r∗kCκ is Cartesian over Span(Fin)op

if and only if its projection on t∗r∗kCκ is, and similarly for Cartesian edges in pt∗t′∗Cκ (see [Lur24, Tag 01UF]). One

https://kerodon.net/tag/01UF
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concludes using the explicit form of such Cartesian edges (as in the proof of Theorem 4.2, i.e., as in Step 3 of the
proof of Theorem 2.21), and that rk preserves those. �

Finally, we prove the analogs of Lemma 3.15, Proposition 3.19, and Theorem 3.20.

Theorem 4.6. There is a commutative diagram of symmetric monoidal functors

P(Spcκ)/Cκ,' Spc/Spκ,'

Sp

ev∗

MC
Mtop

where MC is the functor from Proposition 4.4, and the top horizontal arrow is a symmetric monoidal localization
(with respect to the symmetric monoidal structure of Theorem 4.2 on the source, and the Day convolution on the
target, see Lemma 1.9). In particular, composing with the square of Proposition 4.5, for k = R or C, we obtain a
commutative diagram of symmetric monoidal functors

P(Smk)/SHω,' Spc/Spκ,'

SH(k) Sp.

ev∗◦βk

M Mtop

rk

Proof. We reproduce and summarize the proofs of Lemma 3.15 and Proposition 3.19. We first show that

(1) the functor ev∗ : P(Spcκ) → Spc given by evaluation at ∗ ∈ Spcκ is a localization, i.e., that it has a fully
faithful right adjoint R.

By [BEH22, Prop. 2.11] (whose proof is still valid in our case, i.e., with Smk replaced with Spcκ), if we show that

(2) Cκ,' is a local object, namely, (R ◦ ev∗)(Cκ,') ' Cκ,' (via the unit of the adjunction ev∗ a R),

then we obtain an induced localization L : P(Spcκ)/Cκ,' → Spc/ev∗(Cκ,') ' Spc/Spκ,' , such that local objects are

those whose image by the source functor P(Spcκ)/Cκ,' → P(Spcκ) is local, and similarly for local equivalences. As
in Lemma 3.17, we show that the right adjoint of L, which we denote by R′, exhibits Spc/Spκ,' as a presentably

symmetric monoidal subcategory of P(Spcκ)/Cκ,' , and that L is symmetric monoidal. To do so, we prove that

(3) for any X ∈ P(Spcκ)/Cκ,' , the functor −⊗X preserves local equivalences in P(Spcκ)/Cκ,' ,

(4) for all X,Y ∈ Spc/Spκ,' , R′X ⊗R′Y is a local object, and so is the monoidal unit.

As in Lemma 3.15, we get an induced symmetric monoidal, colimit preserving functor M ′top : Spc/Spκ,' → Sp, and
then the same argument as in Proposition 3.19 proves that the symmetric monoidal structure on the source is given
by Day convolution, and that M ′top agrees with the classical Thom spectrum functor Mtop.

Proof of (1): Note that a right adjoint R exists and is by definition given by right Kan extension (viewing a
space as a presheaf on {∗} ⊆ Spcκ). The pointwise formula for the right Kan extension shows that R associates to
a space X the restriction to Spcκ of its Yoneda embedding y(X) = MapSpc(−, X). Now, R is fully faithful because
the counit is an equivalence ev∗ ◦R ' idSpc. Indeed, for all Y ∈ Spcκ, we have ev∗(R(Y )) ' MapSpc(∗, Y ) ' Y .

Proof of (2): We compute, for all Y ∈ Spcκ:

[(R ◦ ev∗)(Cκ,')](Y ) ' MapSpc(Y,Sp
κ,') ' limSpc

Y MapSpc(∗,Sp
κ,') ' limSpc

Y Spκ,' '
(
limCat∞

Y Spκ
)'

,

since (−)' : Cat∞ → Spc is a right adjoint. Therefore, we have to show that limCat∞
Y Spκ ' Sp(Spc/Y )κ. Let

U : PrL → Ĉat∞ be the forgetful functor. We first compute

limĈat∞
Y Sp ' UcolimPrL

Y Sp (by [Lur09, Cor. 5.5.3.4 and Thm. 5.5.3.18])

' U
(

(colimPrL

Y Spc)⊗ Sp
)

(PrL is presentably symmetric monoidal [Lur17, Rmk. 4.8.1.18])

' Sp(U(colimPrL

Y Spc)) (tensoring with Sp ∈ PrL is stabilization [Lur17, Ex. 4.8.1.23])

' Sp(limĈat∞
Y Spc/∗)

' Sp(Spc/colimSpc
Y ∗

) (by descent for Spc)

' Sp(Spc/Y ).
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By Proposition 4.4, the functors y∗ : C(Y ) → C(∗), for y : ∗ → Y , preserve κ-compact objects. Therefore, the
above equivalence, which we denote by G, fits into a commutative diagram

Sp(Spc/Y ) ' C(Y ) limy:∗→Y C({y}) ' limĈat∞
Y Sp

C(Y )κ limy:∗→Y C({y})κ

F :=limy:∗→Y y
∗

G

A

F ′:=limy:∗→Y y∗|C(Y )κ

B=limy:∗→Y By

'

where By : C({y})κ ↪−→ C({y}) is the inclusion. Therefore, it suffices to show that GB factors through A as a functor
G′. Indeed, we then have G′F ′ ' id (as AG′F ′ ' GBF ′ ' GFA ' A), and F ′G′ ' id, as can be seen by computing
the projections πy on each component of the limit: we have πyF

′G′ ' πy because

ByπyF
′G′ ' By ◦ y∗|C(X)κ ◦G′ ' y∗AG′ ' y∗GB ' πyFGB ' πyB ' Byπy.

Let c ∈ C(Y ) be in the image of GB, then each y∗(c) is in the image of πyFGB ' Byπy, so it is κ-compact in
C({y}). Then, for any colimj∈J zj a κ-filtered colimit diagram in C(Y ), we have, using that C(Y ) ' limy:∗→Y C({y})
by the above:

MapC(Y )(c, colimj∈J zj) ' limy:∗→Y MapC({y})(y
∗c, y∗colimj∈J zj)

' limy:∗→Y MapC({y})(y
∗c, colimj∈J y

∗zj) (by Proposition 4.4)

' limy:∗→Y colimj∈J MapC({y})(y
∗c, y∗zj) (by κ-compactness of y∗c)

' colimj∈J limy:∗→Y MapC({y})(y
∗c, y∗zj) (by [Lur09, Prop. 5.3.3.3])

' colimj∈J MapC(Y )(c, zj),

so c ∈ C(Y ) is κ-compact, i.e., it is in the image of A. This proves (2).

Proof of (3): Recall that local equivalences are preserved and detected by the source functor P(Spcκ)/Cκ,' →
P(Spcκ). By the same argument as in Proposition 2.26, the tensor product in P(Spcκ)/Cκ,' with the symmetric
monoidal structure from Theorem 4.2 is given on the sources by Day convolution, which is simply the product of
the presheaves, since the monoidal structure on Spcκ we are considering is the Cartesian one. For (X → Cκ,') ∈
P(Spcκ)/Cκ,' and f : (A → Cκ,') → (B → Cκ,') a local equivalence, ev∗(A) → ev∗(B) is an equivalence, and so
ev∗(A×X) ' ev∗(A)×ev∗(X)→ ev∗(B)×ev∗(X) ' ev∗(B×X) is an equivalence as well. Therefore, (X → Cκ,')⊗f
is a local equivalence, as needed.

Proof of (4): It again suffices to show the statement on the sources. The monoidal unit is local because
R(ev∗(∗)) = R(∗) = y(∗)|Spcκ = ∗. Moreover, given X,Y as in (4), with sources x, y ∈ P(Spcκ) respectively, the
source of R′X ⊗R′Y is Rx×Ry ' R(x× y), which is local by definition. �

We now apply our comparison result to the standard examples of motivic Thom spectra.

Theorem 4.7. The commutative diagram of Theorem 4.6 induces equivalences of E∞-rings

rCMGL ' MU, rCMSL ' MSU, rCMSp ' MSptop.

Proof. The proof is similar to that of Theorem 3.21, using the construction of βk given in the proof of Proposition 4.5.
�
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Index of notation

A1 Affine line over some base scheme
AlgEn(C⊗), CAlg(C⊗) Categories of E1-, resp. E∞-algebras in a symmetric monoidal category C⊗ §1.1
C' Maximal (∞-)groupoid in a category C (right adjoint to the forgetful functor) 2.1
C/X Slice category for C a category and X ∈ C §1.2
Cat∞ Category of small (∞-)categories
En ∞-operad of little n-cubes §1.2
Fin 1-category of finite sets (including ∅) 2.16
Fun×(C,D) Category of functors C → D preserving finite products 2.17
FunL(C,D) Category of colimit-preserving functors C → D 1.3
Fun⊗(C⊗,D⊗) Category of symmetric monoidal functors C⊗ → D⊗ 1.5
Funlax(C⊗,D⊗) Category of lax symmetric monoidal functors C⊗ → D⊗ 1.1
Gm Group scheme S ×Spec(Z) Spec(Z[t, t−1]) over a base scheme S
κ Some chosen uncountable cardinal, see Notation 2.4 2.4
M Motivic Thom spectrum functor 2.28
Mtop Topological Thom spectrum functor 2.1
MapC Mapping space in a category C
MGL,MSL,MSp General linear, special linear, and symplectic cobordism motivic Thom spectra 2.30
MO,MSO,MU Unoriented, oriented, and complex cobordism Thom spectra 2.5
〈n〉, 〈n〉◦ Finite pointed set {∗, 1, . . . , n} in Fin∗, resp. finite set {1, . . . , n} in Fin 2.16
Cω Full subcategory spanned by compact objects in a category C 2.1
P(C) Category of presheaves of spaces on a category C
PΣ(C) Category of spherical presheaves of spaces on a category C 2.14
PrL Category of presentable categories and left-adjoint functors
rR, rC Real and complex Betti realization functors §3.1
Spc Category of spaces
S Motivic sphere spectrum
Sn (Simplicial) n-sphere in the category of motivic spaces or motivic spectra
S Topological sphere spectrum
Sn n-sphere in the category of spaces or spectra
SH(S) Category of motivic (P1-)spectra over S
Σ∞ Infinite suspension functors for topological or motivic spectra
SmS 1-category of smooth schemes of finite type over the base scheme S
Sp Category of (topological) spectra
Span When working over a base scheme S, Span(SmS , all, fold) 2.20
Span(C, left, right) Category of objects in C, with morphisms certain span diagrams 2.15
Spc(S) Category of motivic spaces over the base scheme S
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to Anton Engelmann, Klaus Mattis, Luca Passolunghi, and professors Marc Hoyois and Markus Land for very helpful
discussions. I also want to thank two anonymous referees and Qi Zhu, for useful comments about an earlier version
of this article. Finally, I acknowledge financial support by the EPFL Student Support Program, and by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) through the Collaborative Research Center TRR 326
Geometry and Arithmetic of Uniformized Structures, project number 444845124.



32 JULIE BANNWART

References

[ABEH25] Aravind Asok, Tom Bachmann, Elden Elmanto, and Michael J. Hopkins. Unstable motivic and real-étale
homotopy theory, 2025. https://arxiv.org/abs/2501.15651.

[ABG18] Matthew Ando, Andrew J. Blumberg, and David Gepner. Parametrized spectra, multiplicative Thom
spectra and the twisted Umkehr map. Geom. Topol., 22(7):3761–3825, 2018.
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