THE REAL AND COMPLEX BETTI REALIZATIONS
OF MOTIVIC MULTIPLICATIVE THOM SPECTRA

JULIE BANNWART

ABSTRACT. Real Betti realization is a symmetric monoidal functor from the category of motivic spectra over R to
that of topological spectra, extending the functor that associates to a scheme over R the space of its real points. In
this article, we show that the motivic Thom spectrum functor and the topological one correspond to each other, as
symmetric monoidal functors of co-categories, under real (and complex) realization. More precisely, we compare the
constructions of Bachmann—Hoyois (in the motivic setting) and Ando—Blumberg—Gepner (in the topological setting).
In particular, we obtain equivalences of Ex-rings between the real realizations of the variants MGL, MSL, and MSp
of algebraic cobordism, and the variants MO, MSO, and MU of topological cobordism, respectively, and an analogous
result for complex realization.
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INTRODUCTION

Classical cobordism spectra such as MO, MSO, MU admit geometric descriptions as colimits of (infinite suspen-
sions of ) Thom spaces of certain bundles over Grassmannians ([Ada74l §111, Ex. 2.4]). Modern treatments reinterpret
these constructions using the symmetric monoidal Thom spectrum oco-categorical functor Mo, : Spc Jsp= Sp (see
[ABGIg, Thm. 1.6]). On objects, the functor M, is given by taking the colimit of the X-shaped diagram in Sp
represented by the morphism X — Sp~, that is, Miop(F : X — Sp~) ~ colimx F € Sp.

Since Mo, is symmetric monoidal, an &,-structure on F' induces an &,-structure on the associated Thom spec-
trum. The spectrum MO and its classical Ex-structure (see [MQRT77] §1V.2]) can be recovered as the image under
Miop of an Es-map BO — Pic(Sp) < Sp~, called the j-homomorphism (see Example . This functor recovers
many other classical spectra with higher multiplicative structures, for example HZ ;) as an &-ring ([Mah79], also see
[ACBI9, Thm. 5.7]). More generally, the (symmetric monoidal) Thom spectrum functor can be used to produce -
or &,-structures on certain motivic spectra; perhaps more importantly, it can also be used to produce multiplicative
maps between such ring spectra. For example, using this formalism, one can produce an £-map HZ ) — MSO s,
showing in particular that MSO ) is an HZy)-module (see [HLN21) Cor. 3.7]).

While MO and its variants represent cobordism cohomology theories for spaces, one may ask about the algebraic
analogs. Indeed, one can define similar-looking cohomology theories for schemes, yielding various flavors of algebraic
cobordism. Analogously to the way spectra represent stable cohomology theories for spaces, Morel and Voevodsky
define a category of motivic spectra SH(k) over a base field k, whose objects represent certain cohomology theories
for smooth schemes over k (those satisfying Al-invariance and Nisnevich descent). Those are basic objects of motivic
homotopy theory, where one works with the (co-)categories of motivic spaces Spc(k) and motivic spectra SH(k).

The original geometric construction of the cobordism spectra has a motivic counterpart. Most notably, the al-
gebraic cobordism spectrum MGL [Voe98]|, or its variant MSL, can similarly be described as a colimit of (infinite
suspensions of) Thom spaces of algebraic vector bundles over certain Grassmannians (see [BH20| §4] for a modern
description in these terms). A symmetric monoidal motivic Thom spectrum functor was also constructed in [BH21],
§16.3]: it is an oo-categorical functor M : Ps(Smy) sy~ — SH(k), given on objects by a similar colimit formula as
in the topological setting, namely M (G — SH™) ~ colim(z x)e(sms) /g (px)4y(z), as we will recall in Subsection
Again, this formalism agrees with the geometric construction, and MGL or MSL can be recovered as the motivic
Thom spectra of a motivic E-map K° — SH™ (see Example .

The purpose of this article is to compare these two multiplicative Thom spectrum constructions under real Betti
realization. The latter is a symmetric monoidal functor rg : SH(R) — Sp between the co-category of motivic spectra
over R and that of spectra (see Subsection. It extends the functor of real points, sending a scheme to its space of
real points, and connects the motivic and topological pictures. Computations of real realizations of motivic spectra
have been carried out in a number of cases and have also been used to obtain results in the motivic category (see
e.g. [ARD20, 2.3, 2.9, 2.13], [Levi4, Thm. 5.5] for HZ, [BH20, 3.9, 3.35, 4.7], [NZ26, 5.15, 5.16], [NRZ26, §7], etc.).
We will also compare the Thom spectrum constructions under complex Betti realization, which is defined similarly.

Since real realization preserves colimits, the geometric description of MGL in terms of Grassmannians in the motivic
setting recovers the topological one for MO under real realization, giving the equivalence rg(MGL) ~ MO at the level
of spectra [BH20, Cor. 4.7]. The compatibility of their respective E-structures is more subtle. Our main result
shows that real (or complex) realization is indeed compatible with the motivic and topological multiplicative Thom
spectrum functors. This requires a precise comparison of the constructions of their symmetric monoidal structures.

Theorem A (Theorems and . Let k = R or C. The Betti realization ri of the motivic multiplicative Thom
spectrum functor M : Pg(Smy) sy~ — SH (as constructed in [BH21, §16.3]) is equivalent as a symmetric monoidal
functor to the topological multiplicative Thom spectrum functor Miep : SPC gyr.~ — Sp (as constructed in [ABGIS,
Thm. 1.6]). More precisely, there is a commutative diagram of symmetric monoidal functors

Ps(Smy) jshe= — SPC/gpn.=

M l J{M top

SH(k) ————— Sp

where the top horizontal arrow is also induced by ry, (see Diagram @ in Lemma .
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As an application, we compute the realizations of several variants of algebraic cobordism spectra as Eoo-rings.

Theorem B (Theorems and [.7). There are equivalences of E-rings

reMGL ~ MO, rgMSL ~ MSO, rgMSp ~ MU,
rcMGL ~ MU, rcMSL ~ MSU,  rcMSp ~ MSp™®.

To prove Theorem [A] we take a detour through the more general motivic colimit functors [BEH22|, where SH is
replaced by a more general presheaf 7. We establish a naturality statement for this construction with respect to the
presheaf F, and use it to compare the motivic Thom functor M to a motivic colimit functor more closely related
to real realization, taking values in Sp. Finally, we show that this new motivic colimit functor factors through the
usual domain Spc /Spree= of Miop, and that the functor obtained in this way is indeed equivalent to Miop.

Theorem is then a rather direct consequence of Theorem This corollary is used in [Ban26] to compute the real
Betti realization of ko, the very effective cover of the Hermitian K-theory motivic spectrum, as an &-ring. Indeed,
the equivalence of £,-rings rr(MSL) ~ MSO is used to produce an Ex-map HZyy — (rgko)(2) in a similar vein to
the example of the map HZ ) — MSO(3) above.

Organization of the article. Sections[I] and [2] are dedicated to establishing our context and some tools; they
recall preexisting results from the literature. Section [3] contains our main contribution.

More precisely, Section [1]is devoted to some oco-categorical prerequisites about symmetric monoidal structures on
categories of presheaves and slice categories. Then, Section [2| recalls the constructions of symmetric monoidal struc-
tures on the topological and motivic Thom spectrum functors. In Section [3] we prove our main results Theorems [A]
and [B] Finally, Section [f] establishes the analogous results in the case of complex realization. The proof is similar in
spirit to that of the real case, but a few modifications are needed. The argument also applies to the real realization
functor, but it is slightly more involved than the first proof we provided, hence the decision to include it separately.
The reader may refer to the [[ndex of notation| at the very end for any unexplained notation.

Conventions and prerequisites

e More introductory material for this article can be found in [Ban25|.

e We use the language of oo-categories following [Lur09] and [Lurl7]. For us, “category” will always mean “oo-
category” (and we will specify “l-category” if needed). We denote by Cat, the oo-category of small co-categories.
This setup is crucial to our work; indeed the main goal is to compare higher multiplicative structures built using
this language.

e Let Spc be the category of spaces and Sp be the category of spectra.

e If S is a qcgs base scheme, we denote by Smg the 1-category of smooth schemes of finite type over S. Let Spc(S)
and SH(S) be the categories of motivic spaces and motivic spectra, respectively, over S (constructed in the setting
of model categories in [MV99], and in that of co-categories in [Robl13] for example). If X € Smg and Y € Spc, we
will abuse notation and denote the corresponding motivic spaces or motivic spectra also by X and Y.

e Let g : SH(R) — Sp be the real realization functor (see Subsection [3.1). We will also denote the corresponding
functors P(Smg) — Spc and Spc(R) — Spc, or their pointed analogs, by rg.

1. SOME 0o-CATEGORICAL PREREQUISITES

This introductory section contains preliminaries about certain oco-categorical constructions needed to define and
work with the symmetric monoidal structures we will consider on the topological and motivic Thom spectrum
functors. More precisely, we will study Day convolution on categories of presheaves (Subsection , especially its
universal property, and symmetric monoidal structures on slice categories (Subsection , since the source of the
Thom spectrum functors we will consider are such categories, as discussed in the

1.1. Day convolution on co-categories of presheaves. The category of functors between two symmetric monoidal
categories can be endowed with a symmetric monoidal structure, called Day convolution.

Theorem 1.1 ([Glal6, Prop. 2.11] and [Lurl7, Ex. 2.2.6.9]). Let C® and D® be symmetric monoidal categories.
Assume that D has all small colimits and that the tensor product on D preserves them in each variable separately.
Then the category Fun(C, D) admits a symmetric monoidal structure Fun(C,D)®, called Day convolution. It has in
particular the property that there is an equivalence of categories CAlg(Fun(C, D)®) ~ Fun'(C®, D?®).
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For any symmetric monoidal category C®, in the particular case D® = Spc*, Day convolution endows the category
of presheaves P(C) with a symmetric monoidal structure (because the opposite of C has an induced symmetric
monoidal structure [Lurl?, Rmk. 2.4.2.7]). This symmetric monoidal structure has the following universal property:

Proposition 1.2 ([Lurl7, Cor. 4.8.1.12 and Rmk. 4.8.1.13]). Let C® be a symmetric monoidal category. Day
convolution is the essentially unique symmetric monoidal structure on the category P(C) such that:

(1) the tensor product preserves colimits in both variables separately,

(2) and the Yoneda embedding y : C — P(C) can be extended into a symmetric monoidal functor y®.

Proposition 1.3. Let C® be a symmetric monoidal category, and consider P(C)® with the Day convolution symmetric
monoidal structure. Let D® € CAlg(Prt). Then, the symmetric monoidal Yoneda embedding y® : C® — P(C)®
induces an equivalence —oy® : Fun®'™(P(C)®, D®) = Fun'™(C®, D®), where Fun™ denotes lax symmetric monoidal
functors, and Funb'® those preserving colimits.

Definition 1.4. In the setting of Proposition let LKE® be an inverse for the equivalence — o y®. Given
F € Fun®™(C®,D®), we say that the lax symmetric monoidal functor LKE® (F) : P(C)® — D® is left Kan extended
as a lax symmetric monoidal functor from F'.

Proof of Proposition[1.3 Day convolution makes Fun(P(C),D) and Fun(C,D) into symmetric monoidal categories
Fun(P(C),D)® and Fun(C,D)®, respectively. By [Niki6, Cor. 3.8], precomposition by a lax symmetric monoidal
functor induces a lax symmetric monoidal functor with respect to the Day convolution on the functor categories.
In our case, this implies that precomposition with the symmetric monoidal Yoneda embedding induces a lax sym-
metric monoidal functor Fun(P(C),D)® — Fun(C,D)®. By the usual universal property of the presheaf category
(free cocompletion), the underlying functor restricts to an equivalence Fun“(P(C), D) — Fun(C,D). In particular,
Fun"(P(C), D) is a symmetric monoidal subcategory of Fun(P(C), D), equivalent as a symmetric monoidal category
to Fun(C, D).
Therefore, precomposition by the Yoneda embedding induces an equivalence

CAlg(Fun“(P(C), D)®) —— CAlg(Fun(C,D)®).

By Theorem the left and right-hand sides are respectively equivalent to Fun="#(P(C)®, D®) and Fun'>(C®, D?).
Indeed, for the first one, note that if £% is a symmetric monoidal category with a symmetric monoidal full subcate-
gory F®, then the categories of commutative algebras in F is that of commutative algebras in £ whose underlying
object lies in F. This follows from the description of commutative algebras in terms of the representing coCartesian
fibrations. O

Proposition 1.5. The equivalence of Proposition[1.3 restricts to an equivalence:
—oy® : Fun"®(P(C)®, D%) = Fun®(C®,D¥)
between subcategories of (strongly) symmetric monoidal functors.

Proof. Since y® is (strongly) symmetric monoidal, the functor — o y® preserves strong monoidality. On the other
hand, if F € Fun'aX(C®7 D®) is actually strongly symmetric monoidal (which, once we have specified a lax monoidal
structure, is a property and does not require additional data), let H = LKE®(F). Then, we have to show that H is
strongly symmetric monoidal, i.e., that for any F,G € P(C), the map H(F)®p H(G) — H(F®p()G) (coming from
the lax symmetric monoidal structure on H) is an equivalence. By assumption, this holds for F and G representable
presheaves. Moreover, the class of presheaves F and G for which this holds is closed under colimits in both F and
G. Indeed, H preserves colimits by construction, and tensor products in both D and P(C) preserve colimits in each
variable (by Proposition . Since every presheaf is a colimit of representable ones, this concludes the proof. |

1.2. Slice co-categories. For C a category and X € C, one defines a slice category C/x := Fun(AL,C) XFun({1},0) 1 X }
[Lur09, Prop. 1.2.9.2]. This can be thought of as the category of edges in C with target X, and morphisms over
X. It comes with a forgetful functor C,x — C, remembering the source of an edge. Slice categories are an essential
ingredient of our discussion in Sections[2]and [3] as the respective sources of the motivic or topological Thom spectrum
functors are slice categories.

Definition 1.6. Let C be a category, X € C and D C C a subcategory. Then the category D,x is defined as the
fiber of the forgetful functor C,x — C over D.

Proposition 1.7. Let C be a category, and F € P(C). We view C as a subcategory of P(C) wvia the Yoneda
embedding. Then, the left Kan extension of the embedding C;x — P(C) ;x (from Deﬁnition@) defines an equivalence

of categories 0 : P(C/x) = P(C),x. The functor  restricts to an equivalence Ps(C/x) = Ps(C) /-
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Proof. The first claim is proven in [ABGIS8], §5.3]. For the second part of the statement, consider G € Px(C),#. Then
G is a sifted colimit of arrows of the form y(c) — F for ¢ € C, so that §71(G) is a sifted colimit of representables
y(c — F). It is thus a spherical presheaf in P(C,;p). The argument for the converse is the same. O

Slices of symmetric monoidal categories over commutative algebras inherit a symmetric monoidal structure:

Proposition 1.8 ([Lurl7, Thm. 2.2.2.4, Rmk. 2.2.2.5]). Let D® be a symmetric monoidal category and X € CAlg(D).
Then the slice D;x admils a symmetric monoidal structure D?X, making in particular the projection D;@)X — D®
symmetric monoidal. Informally, the tensor product of two objects ¢ — X and d — X in the slice can be described

by(c—>X)®(d—=>X)=(c®d—> XX — X) where X @ X — X is given by the multiplicative structure of X.
As a particular case of Proposition for C = *, so that P(C) ~ Spc, we obtain the following result.

Lemma 1.9 ([ABGIS, §6.2]). Let X € CMon(Spc). In the case C = x, Propositz'on provides an equivalence
of symmetric monoidal categories Spc,x ~ P(X), where Spc,x is endowed with the symmetric monoidal structure
from Proposition and P(X) is the category of presheaves on X with the Day convolution symmetric monoidal
structure (see Subsection , viewing X as a symmetric monoidal category.

The symmetric monoidal structure from Proposition has a very convenient universal property:

Proposition 1.10 ([ACBI19, Lem. 2.12]). Let C® and D® be symmetric monoidal categories classified by coCartesian
fibrations p : C® — Fin, and q : D® — Fin,. Let X € CAlg(D), and F : C® — D% be a lax symmetric monoidal
functor. Then lax symmetric monoidal functors C® — D?X lifting F' correspond to symmetric monoidal natural
transformations F' — X o p, where X is viewed as a section of q. More precisely, there is an equivalence

MapFun\ax(C®7D®)(F,X Op) ~ FUnlaX(C@),D;@X) xFunlaX(C®,D®) {F}

In particular, for C® = E2, if we view F as an E,-algebra Y € Algg (D®), then E,-algebras in D?QX lifting
Y € Algg, (D®) correspond to morphisms of E,-algebras Y — X in D®. More precisely, there is an equivalence

Mapayg, (pe) (Y, X) ~ Algg, (D%{) Xalg,, (pe) {Y}-

Remark 1.11. Both Propositions [I.§ and are proven in a more general setting in the references we gave; namely
for O®-monoidal categories, for some oo-operad O®. We will only need the case O® = Fin,.

2. MOTIVIC AND TOPOLOGICAL MULTIPLICATIVE THOM SPECTRA

In this section and the next, our goal is to show the compatibility of real realization with the multiplicative motivic
and topological Thom spectrum functors. This will in particular allow us to show in Section [3|that the real realization
of the motivic Exo-rings MGL, MSO, MSp € SH(R) (representing variants of algebraic cobordism) are equivalent to the
Eo-rings MO, MSO, MSp™P € Sp respectively (representing variants of topological cobordism). Again, this result was
already proved at the level of spectra in [BH20l Cor. 4.7], but we want to take into account the £-ring structures.

These £ -structures are obtained by realizing the underlying objects as Thom spectra of certain commutative
algebra objects, using the fact that the corresponding Thom spectrum functors are symmetric monoidal.

Therefore, we first recall in this section the precise construction of these functors and their symmetric monoidal
structures, in the topological case (Subsection and in the motivic case (Subsection . In order to solve some
size issues arising in the latter context, we will need some prerequisites about subcategories of T-compact objects,
where 7 is a regular cardinal (Subsection [2.2)).

2.1. The symmetric monoidal topological Thom spectrum functor.

Definition 2.1. Let Pic(Sp) € Spc be the subgroupoid of invertible objects in Sp (with respect to the tensor product).
The (topological) Thom spectrum functor Miop : SPC/picspy — Sp sends an arrow X — Pic(Sp) to the colimit of
the diagram X — Pic(Sp) < Sp. More precisely, under the equivalence Spc pi(sp) =~ P(Pic(Sp)) from Lemma
the functor My, is the left Kan extension of the embedding Pic(Sp) < Sp.

Viewing Pic(Sp) C Sp as a symmetric monoidal subcategory allows us to endow the functor M., with a symmetric
monoidal structure. More precisely, for any symmetric monoidal small subcategory Pic(Sp) C C C Sp, the maximal
groupoid in C, denoted by C=, is then an £ -algebra in Spc (the functor (—)= : Cato, — Gpd =~ Spc is right
adjoint to the forgetful functor, it preserves products, and thus is symmetric monoidal with respect to the Cartesian
structures). Thus, Proposition gives us a symmetric monoidal structure on the slice category Spc Jc~, with the
universal property described in Proposition [L.5]
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Remark 2.2. Note that Pic(Sp) is itself essentially small (invertible objects are compact, and Sp“ is small, see for
example Lemma . In Theorem below, we restrict ourselves to intermediary subcategories Pic(Sp) C C C Sp
that are small, in order to avoid some set-theoretic issues. Indeed, only small groupoids can be viewed as objects
in Spc. Although the Thom spectrum of any arrow X — Sp~ could in principle be considered, Sp~ is not small.
Actually, all the examples of arrows X — C= we will be interested in factor through Pic(Sp) (but using only Pic(Sp)
would cause us difficulties in Subsection see Remark .

Theorem 2.3 ([ABGI8, Thm. 1.6]). For any symmetric monoidal small subcategory Pic(Sp) C C C Sp, there is a
symmetric monoidal colimit preserving topological Thom spectrum functor Miqp : Spc/C: — Sp, left Kan extended
as a symmetric monoidal functor (see Deﬁnition from the embedding C= — Sp.

The symmetric monoidal left Kan extension described in the theorem agrees with the construction in [ABGIS]|
Thm. 1.6] because, by Proposition it is determined as a symmetric monoidal functor by its restriction to
*/c: ~ C=.

Notation 2.4. Let s be a fixed uncountable regular cardinal such that Spc”, the full subcategory of k-compact
objects in Spc, is closed under finite limits in Spc. Such a cardinal x exists by [Lurl?, Lem. 5.4.7.6], and one may
actually choose x = N; [Lur09, Rmk. 5.4.2.9]. Note that Spc” is not closed under limits, for example QS! is a
pullback of compact objects, but it is not compact. From now on, M., will denote the Thom spectrum functor of
T heoremcorresponding to C = Sp”™ (by Lemmabelow, this is indeed a small symmetric monoidal subcategory
in Sp). It contains Pic(Sp), as an invertible spectrum E is compact (E is the image of the compact object S under
the equivalence — A F), in particular s-compact. The requirement that Spc” is closed under finite limits will become

crucial in Subsection see Remark

Example 2.5. Let us see how one can define £,-structures on MO, MSO, and MU. The spectrum MO representing
topological cobordism can be recovered as Miop(BO — Sp™=) where the map BO — Sp™~ is the j-homomorphism
(by [ABGI8, Cor. 3.24], the construction M, agrees with that of |[GJMST86, §IX], which, by |GJMS*86, §IX,
Rmk. 3.3], agrees in turn with the most classical one [MQRT77]). To define the latter, following [HY20, p.2],
one first considers the symmetric monoidal functor [, .y BO, — Sp, where the left-hand side is viewed as the
maximal co-groupoid in the 1-category of real vector spaces viewed as an co-category (or in other terms real vector
bundles on the point), and a vector bundle is sent to the infinite suspension of its Thom space (in this case, the
one-point compactification of our vector space). This map takes values in Pic(Sp), and thus factors through the
group completion Z x BO of [,y BOy. Restricting to {0} x BO (corresponding to rank 0 virtual vector bundles
on the point), we obtain the j-homomorphism BO — Pic(Sp) — Sp™~. Such constructions date back to [BV73] for
the Ex-structure on BO, and [Whi42l §3] for a j-homomorphism.

Similarly, we have MSO =~ Mo, (BSO — BO — Sp™~) and MU ~ M,,,(BU — BO — Sp™~). By Proposi-
tion any map of Ex-spaces X — Sp™~ defines a commutative algebra in Spc/spn,:. We thus have £ .-algebra
structures on BO — Sp™=, BSO — Sp™~, and BU — Sp™~ in the slice category (since the j-homomorphism is
an E-map by its construction as a symmetric monoidal functor). The Thom spectrum functor being symmetric
monoidal, we obtain E.,-structures on MO, MSO, and MU.

2.2. Digression: subcategories of 7-compact objects.

Because of the choices in Notation we will need some technical results about subcategories of (w-)compact
and k-compact objects in general, and also more specific results about k-compact objects in the slices of the category
Spc. This will be useful to us in Subsections and where we consider, respectively, the categories SH(X)“
and Sp(Spc/,, x)"* for X € Smg.

Lemma 2.6. Let 7 be a reqular cardinal, and let {C;}icr be a family of categories indexed by a T-small set I. Then,
the subcategory of T-compact objects in their product is the product of their respective subcategories of T-compact

objects, i.e., (Hiezci)T ~ e (C)7.

Proof. Let D :=[],.;C;, and for all i € I, let 7; : D — C; be the projection. Let d € D. We want to show that d is
T-compact in D if and only if m;(d) is 7-compact in C; for all i € I. Assume first d € D7. Let i € I and colimjesc;
be a 7-filtered colimit diagram in C;. Note that the 7-filtered colimit of a constant diagram on a certain object is
always this object again (it holds by [Lur09, Prop. 4.3.1.12] for colimits indexed by weakly contractible categories,
in particular for filtered categories by [Lur09, Lem. 5.3.1.18] (and a 7-filtered category is filtered)). By assumption,
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we have equivalences

Mape, (;(d), colimjc 7¢;) x H Mape, (me(d), colimcsm(d))
cen\{i}
=~ Mapp(d, colimje 7 (cj, (me(d))ei))
=~ colimje 7 Mapp (d, (¢;, (me(d)) i)

~ colimjes | Mape, (mi(d),c;) x  [[ Mape, (me(d), m(d))
ren\{i}

Now, the natural map colim;e sMapg, (7i(d), ¢;) — Mapg, (7;(d), colimjc 7¢;) is a retract of this equivalence (pick the
identities in all Map, (m¢(d), ¢(d)) on both sides), so it is an equivalence as well.
The converse direction is [Lur09, Lem. 5.3.4.10(2)]. O

Lemma 2.7. Let C be a stable category generated under colimits by an essentially small family of compact objects
E CC. Then:

(i) The full subcategory C¥ of compact objects in C is the thick subcategory of C generated by E.
(i) Let D be a stable category with small colimits, and L : C = D : R be an adjoint pair. Then L preserves compact
objects if and only if L(E) C D¥.
(iii) For an uncountable regular cardinal T, if E generates C under filtered colimits, then the full subcategory of CT
of T-compact objects in C is the full subcategory spanned by retracts of colimits of T-small (w—)filtered diagrams
with values in C*. In the situation of item (ii), L preserves T-compact objects if and only if L(E) C D".

Proof. Ttem (i) is [Nee92, Lem. 2.2]. In part (i), the “only if” direction is tautological. For the converse, note that
since L preserves colimits and D is thick (by stability of D and [Lur24l Tag |064W]), the full subcategory C” C C of
objects ¢’ such that L(c"”) € D¥ is thick. If L(E) C D¥, then C” contains E by assumption. Therefore, using part
(i), C” contains C¥, so L preserves compact objects.

By the proof of [Lur09, Prop. 5.4.2.11] (which applies since 7 > w [Lur09, Rmk. 5.4.2.9]), we have C ~ Ind.(C’),
where ¢’ C C is the full subcategory spanned by colimits of 7-small (w—)filtered diagrams with values in C¥.
Furthermore, the proof of [Lur09, Lem. 5.4.2.4] shows that the subcategory of 7-compact objects of Ind,(C’) is
spanned by retracts of objects in C’. This proves the first part of item (iii). For the second part, the “only if”
direction is again tautological. Conversely, assuming that L(E) C D7, let ¢ € C". Then, by what we just proved,
L(c) is a retract of a colimit of some 7-small (w—)filtered diagram with values in L(C*). By the same argument as
in item (i), since L(E) C D™ and D7 is thick, we have L(C*) C D7. The latter category being closed under 7-small
colimits and retracts [Lur24 Tags |064W and 064Z], L(c) is T7-compact, as desired. |

Lemma 2.8. (i) Let T be a regular cardinal. For any B € Spc”, the source functor Spc/B — Spc preserves and
detects T-compact objects.
(ii) Let k =R or C. The functor ry : Smy — Spc takes values in Spc™. In particular, for any X € Smy, an arrow
(E—-mrX) e Spc),, x defines a k-compact object if and only if E is k-compact in Spc.

Proof. The source functor Spc,z — Spc (forgetting the structure map) admits a right adjoint, sending E' € Spc to
the projection map (F' x B — B) € Spc/B. The latter commutes with all colimits in Spc (by universality of colimits,
see e.g. [Lur09, 6.1.0.1]), in particular with 7-filtered ones, and thus the source functor preserves 7-compact objects.
Conversely, if f : E — B is a map with E € Spc”, let colimje7(g; : A; — B) be a 7-filtered colimit diagram in
Spc/p. Then, we have:

Mapspc/B(E, colimje 7 A;) ~ Mapspc(E, colimje 7A;) X Mapg,. (E,B) {colim;czg;}
=~ (colimje s Maps,c(E, A;j)) XMaps,. (5,5) {colimje7g;} (since E € Spc™)
=~ colimje 7 (Mapsyc(E, A;j) XMapg, (5,8) {95}) (colimits are universal in Spc)
=~ colimje 7Mapspc (E,Aj)
which proves 7-compactness of (E — B) € Spc,p.
For item (#i), note that the real realization of a smooth scheme of finite type is a smooth manifold, and such a
manifold admits a countable triangulation (by [Cai35l §2] or [Whi40, Thm. 7 and §4], and the fact that a manifold

is by definition a second-countable topological space). Thus, any smooth manifold defines a x-small space (k was
chosen uncountable). The complex case is similar. The second part of the claim is then a particular case of (¢). O
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Lemma 2.9. Let B € Spc®. Then Sp(Spc/B)“ C Sp(Spc/B) is a symmetric monoidal subcategory, and it is essen-
tially small. Here, the symmetric monoidal structure on Sp(Spc,p) := Sp ®pu Spc,p (see [Lurl7, Ex. 4.8.1.23]) is
induced by the Cartesian structure on Spc,p.

Proof. First note that Spc, 5 admits finite products, since by Lemma|1.9]it is equivalent to P(x,p). By [Lur09, Lem.
5.4.2.4], it suffices to show that this subcategory is closed under the tensor product and contains the unit. First note
that the functor X° preserves 7-compact objects for any cardinal 7, because its right adjoint commutes with filtered
colimits, in particular with 7-filtered colimits (in view of the equivalence Sp(Spc,5) ~ Fun(B°?, Sp), this follows from
the corresponding result for Q°° : Spc — Sp (or use the same argument as in [Hoy14, Prop. C.12])). Thus, since
B — B is k-compact in Spc,p by Lemma the unit X%°(B — B) is k-compact in Sp(Spc,p).

The category Sp(Spc,p) is generated under filtered colimits by E := {¥"XV [ n € Z,V € (Spc,5)“}, which is
a (small) set of compact objects (the category (Spc,p)” =~ P(B)* is essentially small by [Lur09, Prop. 5.3.4.17]). In
particular, it is itself essentially small.

To conclude the proof, we have to show that the subcategory of x-compact objects is stable under the tensor
product. Let X € Sp(Spc/B)’“7 we will show that the functor — ® X preserves x-compact objects. By Lemma
(and the fact that the tensor product preserves colimits in each variable separately), it is sufficient to prove that it
sends any object of the form XY for ¥ € (Spc/B)‘*’ to a k-compact object. Therefore, it suffices to show — ® XY
preserves x-compact objects, and by the same argument, it then suffices to prove that XY A XX ~ ¥°(X x Y)
is k-compact for any X,Y € (Spc/B)”. By Lemma below, it suffices to show that the fiber product X’ xp Y’ in
Spc is k-compact, where X’ and Y’ are the sources of the arrows X and Y, respectively. But by the same Lemma,
X' Y" € Spc®, and B € Spc” by assumption. Thus, by our choice of k, the finite limit X’ x g Y is again k-compact,
as needed. (]

2.3. The symmetric monoidal motivic Thom spectrum functor.

In this subsection, we define the motivic analog to the topological Thom spectrum functor M;o,. More precisely,
this will be a symmetric monoidal functor Mg : Ps(Smg)/sye.~ — SH(S), where Ps(Smg) is the category of
spherical presheaves (Definition , and SH"™ is the presheaf sending X € Smg to the maximal groupoid in the
subcategory SH(X)“ of compact objects of SH(X). Again, the compactness requirement has only the purpose of
avoiding set-theoretic issues.

2.3.1. Functoriality of SH(—) and SH(—)¥.

The definition of the motivic Thom spectrum functor and its symmetric monoidal structure relies on the study of
the functoriality in the base scheme S of the whole construction, in particular of the assignments S — SH(S) and
S +— SH(S)“. This is what this subsection is dedicated to. The functoriality properties of SH we will study fit into
a complete six functors formalism, constructed by Ayoub [Ayo07]. We want to consider SH as a spherical presheaf
(Definition of (not necessarily small) symmetric monoidal categories on Smg.

Definition 2.10. Let fold be the collection of morphisms in Smg containing all finite coproducts of fold maps, i.e.,
maps of the form Y := ]_[Z.SnXiHmi — Hign X; =X forn>0and my,...,m, > 0.

Theorem 2.11 ([Ayo07, §1.4.1], [Hoy17]). Let S be a qcgs scheme and let f: X — Y be a morphism in Smg.
(i) For all A,B € Smg, we have SH(AII B) ~ SH(A) x SH(B). Given a morphism V € fold of the form
Vi=T1lic, Uhmi i<, Ui :==U, let Vg : SH(V) — SH(U) be the map induced under these identifications
by [Tic, SHU)™ — HKn SH( ;) given by the tensor products ® : SH(U;)™ — SH(U;) each i < n.

(i) There are induced pullback-pushforward adjunctions

P(Smx) — Lma —> Spc(X) — =¥ — SH(X)
AL e
P(Smy) — Lma — Spc(Y) — =¥ — SH(Y

where the squares involving f* commute. The squares formed by f. and the right adjoints ¢ = Lo, 2°° F X5°
also commute.

(i3i) All three functors f* in (i1) are symmetric monoidal, with respect to the Cartesian structure on the categories
of presheaves and motivic spaces, and the smash product on the stable motivic categories.
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(iv) If f is moreover smooth, there are induced adjunctions

P(Smx) — Lnee — Spc(X) — =F — SH(X

ful Tf fulﬁf* ful Tf
P(Smy) — Lma — Spc(Y) — =¥ — SH(Y

where the squares involving either f* or fy commute.
(v) In the situation of (iv), the projection formula holds for all three functors fy, i.e., for every A in the source of
ft and B in its target, we have f3(A® f*B) ~ fy(A)® B
(vi) The constructions of (i) to (iv) are functorial in f.
(vii) For every commutative square in Smg

X L X
A
v 2oy
with f and f' smooth, there is an exchange transformation of functors SH(X) — SH(Y”)
Ex; : filg")" = 9" f:
(defined in the proof below). It is an equivalence if the square is Cartesian in Smg.

(viii) For every diagram in Smg of the form

We—vYy Y,z

X!l v _ Y,z

with u and v’ smooth and V,V' € fold, there is a distributivity transformation of functors SH(W) — SH(Z)
Disse : sV (f')" = Ve (my )smy

(defined in the proof below). It is an equivalence when the square on the right-hand side is a pullback and
Z' = Ry;z(W xx Y) is the Weil restriction (see [BH21, §2.3], and the proof below for an easier description
in our case).

Proof. We give references for the proof; parts for which no reference is mentioned are proven in [Hoy17]. Part (i) is
proven in [BH21| proof of Lem. 9.6]. In (viz), the exchange transformation is the composition

* n * px * % Ef! *
B« filg) == KV [ fi= ff"0 fs == 3"f;
where 1y and ey are the (co)units for the adjunctions f; 4 f* and fé - f*, respectively, and the equivalence in

the middle witnesses the commutativity of the square in (vii). It is an equivalence for pullback squares by [HoyI7,
Cor. 6.12]. In (viii), the distributivity transformation is the composition

H * EX ) * * * <’ u’ *
Disse 1 us Vi ()" === Veuy(f))* = Ve (ry)s(f' x w)s(f x u')*my === Vg (ry )ymiy
where the equivalence in the middle uses v’ ~ 7y o (f' x v') and f' ~ my o (f' x v'), and Exy g is the composition
M’ * * u
Exs.o @ usViy == us Vi (u')"uj ~ uyu*Vuy s Veuy

with the equivalence in the middle given by the symmetric monoidality of u* (since the Vg and Vi, are given by the
smash product). It is an equivalence when the conditions of statement (viii) are satisfied by [BH21l, Prop. 5.10]. The
latter result assumes that h is quasi-projective, but we do not need it here: this assumption is only used to ensure
the existence of the Weil restriction, however the latter always exists for maps in fold. Indeed, the Weil restriction
Ry/x (when it exists) is defined by the property that Schx (U, Ry,;x V) ~ Schy (U xx Y, V) for all X-scheme U and
Y-scheme V. In the case of a map (Y = [[,.,, Xi"™ — [1,<,, Xi = X) € fold, it is easy to check that Ry, xV exists
and is given by B a
Ry,xV = H (Vi) Xx; 0 Xx, V) — HXi,

i<n i<n

where X, ; is the j-th component in XZHm and Vx, ; is the component of V over X; ;, foralli <nand1 <j <m;. O
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We now study the functoriality of the subpresheaf of categories of compact objects SH*, associating to each
X € Smpg the full subcategory of SH(X) spanned by its compact objects.

Theorem 2.12 ([Hoyl4, Prop. C.12]). Let S be a qgeqs scheme. Then SH(S) is generated under colimits by the
essentially small family of compact objects

Eg={S7?"""S¥X | X € Smg,n € N}.

Proposition 2.13. Let S be a qcqs scheme, and let f : X — Y be a morphism in Smg.

(i) The full subcategory of compact objects SH(X)¥ C SH(X) is the thick subcategory generated by the family Ex
from Theorem[2.13. It is a symmetric monoidal subcategory, and is essentially small.

(ii) The pullback f*:SH(Y) — SH(X) from Theorem i) restricts to f* : SH(Y)¥ — SH(X)“.

(i) If furthermore f is smooth, the map fy : SH(X) — SH(Y") from Theorem iv) restricts to fy : SH(X)¥ —
SH(Y)~.

(iv) Let A, B € Smg. The equivalence SH(AIIB) ~ SH(A) xSH(B) from Theorem|[2.11(i) restricts to an equivalence
SH(ATI B)* ~ SH(A)* x SH(B)>.

Proof. The first part of (i) follows from the fact that, by Lemma i) and Theorem SH(X)“ is the thick
subcategory generated by the essentially small family Fy. To prove that SH(X)* C SH(X) is a symmetric monoidal
subcategory, by [Lur09, Lem. 5.4.2.4] it suffices to show that it is closed under the tensor product and contains the unit.
For the latter, note that the unit even belongs to Ex. The former follows from the description SH(X)¥ = thick(Ex),
the fact that Ex is closed under the tensor product, and the fact that the tensor product preserves colimits in both
variables. This proves part (7).

To prove (ii), by Lemma it suffices to show that f* maps the compact generators of Theorem for
SH(Y) to compact objects in SH(X). For any U € Smy, by Theorem m(zz)—(m) we have f*((P})" " AEPU) ~
(PY)V " AZPf*(U) € E C SH(X)“, as needed.

Part (4i7) is proven similarly: for any U € Smx, by Theorem iv)-(v), we have

F((PX) N ASTU) =~ fi((FPy) " ASTU) = (Py)N " AST fU.
Finally, part (iv) is a particular case of Lemma O

2.3.2. Construction of the motivic Thom spectrum functor.

As mentioned before, we want to view SH” as a spherical presheaf of essentially small symmetric monoidal
categories, inducing a spherical presheaf of spaces SH*'~ : Smg — CAlg(Spc™). Ome could perform the same
construction with SH" instead (also see Remark [3.7] below).

Definition 2.14 ([Lur09 Def. 5.5.8.8]). Let C be an essentially small category with finite coproducts. Then, the
category of spherical presheaves (of spaces) on C, denoted by Px(C), is the category of functors C°® — Spc preserving
finite products (i.e., sending finite coproducts in C to products in Spc). This construction defines a functor Py (e) from
essentially small categories to sifted-cocomplete categories, which has a partial right adjoint given by the inclusion of
essentially small sifted-cocomplete categories. In other terms, Px(C) is the free sifted-cocomplete category generated
by C [LurQ9, Prop. 5.5.8.15], and every spherical presheaf is a sifted colimit of representable presheaves [Lur09, Lem.
5.5.8.14], which are in particular spherical.

The motivic Thom spectrum functor will be defined as a particular instance of the more general motivic colimit
functors. Given F a spherical presheaf of essentially small symmetric monoidal categories on Smg, with good
functoriality properties inspired by the ones of SH studied in the previous subsection, we will construct symmetric
monoidal functors Px(Smg/ )z~ — F(S') for all S" € Smg. The construction of these motivic colimit functors is itself
functorial in S, in the sense that we will view both the source and target categories as presheaves of (not necessarily
small) symmetric monoidal categories on Smg, and construct a natural symmetric monoidal transformation between
these presheaves.

Applying the construction to F = SH produces the motivic Thom spectrum functor, but we will also apply the
construction to another presheaf R related to real realization (Subsection in order to compare the motivic
Thom spectrum functor with the topological one (Subsection .

Before proceeding to the construction itself, we need another point of view on spherical presheaves of symmetric
monoidal categories (on Smg). As we now explain, the latter may be viewed as functors Span(Smg, all, fold) — Cat
on a certain category of spans, that preserve finite products. Recall that the objects in Cat., are essentially small
categories.
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Definition 2.15 ([Barl7, Section 5]). Let C be a category and let left and right be two classes of edges in C, both
containing equivalences and closed under pullback along one another. Then, there is a category Span(C, left, right)
with vertices the objects of C, and for any X, Z € C, the edges from X to Z are given by all spans X <+ Y — Z
where Y € C, and (Y — X)) € left, (Y — Z) € right. The composition of two spans V < W — X and X + Y — Z
isthespan V « W xx Y — Z.

Definition 2.16. Let Fin be the category of finite sets, and Fin, be the category of finite pointed sets and pointed
maps. For all n € N, let (n) := {*,1,...,n} € Fin,, and (n)° :={1,...,n} € Fin.
Proposition 2.17 ([BH21, Prop. C.1]). Let D be a category with finite products, and let all be the class of all edges
in D. Consider the functor 6 : Fun(Span(Fin,all,all), D) — Fun(Fin., D) induced by restriction along the functor
Fin,. — Span(Fin,all,all) sending (n) to (n)°, and a map (f : (n) — (m)) to ((n)° < f~1((m)°) — (m)°). Then, 0
restricts to an equivalence of categories Fun™ (Span(Fin, all,all), D) =5 CAlg(D*), where Fun™ denotes the full category
of functors preserving finite products.
This statement generalizes to presheaves with values in CAlg(D*). We first need some notation.

Notation 2.18. Let C be an extensive category C (e.g. Smg, see [BH21l Def. 2.3]). Consider the functor

X : C° x Span(Fin, all, all) — Span(C, all, fold)

(¢, (n)°) = "
(c EAN ¢, (n)° <& (m)° LN (E)°) — (MM 5 (R

where the restriction of ¢c'™ — ¢* to the i-th component is the inclusion as the b()-th component, and the restriction
of "™ — (¢/)! to the i-th component is given by f followed by the inclusion as the a(i)-th component.

Proposition 2.19 ([BH21, Prop. C.5]). In the situation of Notation for D a category with finite products,
restriction along x induces a functor © : Fun(Span(C,all, fold), D) — Fun(C°P x Span(Fin, all, all), D), which restricts
to an equivalence Fun™ (Span(C, all, fold), D) =» Fun™ (C°P, CAlg(D>)).
Using this point of view, we are finally ready for the construction of our motivic colimit functors.
Notation 2.20. When working over a fixed base scheme S, denote Span := Span(Smyg, all, fold).
Theorem 2.21 ([BH21] §16.3]). Let F : Span — Caty, be a functor preserving finite products, such that:
(i) for any f:Y — X in Smg smooth, f*:=F( X «+ Y =Y): F(X) = F(Y) admits a left adjoint fj.
(ii) for any Cartesian square in Smg
X L x
| Jf
v 2oy
with f, f' smooth morphisms, the exchange transformation Exy : fi(g')* == g* fy of functors F(X) — F(Y')
(defined as in Theorem is an equivalence.

(iii) Given (V:Y — Z) efold, let Vg :=F(Y =Y — Z): F(Y) — F(Z). Then V encodes the tensor product
on the symmetric monoidal category F(Z) (Proposition . For every diagram in Smg of the form

w <L Ry/X(W X x Y) Xz Y L) Ry/X(W Xx Y)
g o - u
| |
X Y v z

with u and v’ smooth morphisms and V,V' € fold, the distributivity transformation

DiSﬁ@ : UﬁVé(f,)* — v®(ﬂ'y)u7ﬁt‘/
of functors F(W) — F(Z) (defined as in Theorem|[2.11]) is an equivalence.

Then, there exists a natural transformation Mz : (Sm,),r~ — F of finite products preserving functors Span — Cats,
(i.e., of spherical presheaves of symmetric monoidal categories).

Assume furthermore that F is a subfunctor of G : Span — Ea\too, a spherical presheaf of non-necessarily small
symmetric monoidal categories. Then, if G lifts to the category of (not necessarily small) sifted-cocomplete categories
and functors preserving sifted colimits, then we obtain a natural transformation Mx : Ps(Sme) 7~ — G of spherical
of presheaves of (not necessarily small) sifted-cocomplete symmetric monoidal categories.
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Remark 2.22. In the notation Pg(Sm,),z~, F~ is viewed as a functor associating to (u : X — S) € Smg a presheaf
of spaces on Smy, given by

SmP N Sm?P L, Catoy o, Spc.
Thus, Px(Sm,) 7~ associates to X the slice category Px(Smx ), r~, viewing F~ € Px(Smx). It is a priori unclear
whether the symmetric monoidal structure on the slice category induced by this construction agrees with the one in
Proposition We will come back to this question in Subsection [3:2:3]

Notation 2.23. We denote the symmetric monoidal structure on Ps(Smg),/sye.~ induced by Theorem by
’PZ(SmR)}@S,Hw,:. By Proposition the underlying slice category admits another symmetric monoidal structure.
We denote this second monoidal structure by Px (SmR)®SHw,:. A priori, we do not know if they agree; we will come
back to this question right after the proof of Theorem

Proof of Theorem[2.21] For completeness, we repeat the construction in [BH2I) §16.3] in our more general context.
By straightening-unstraightening [Lur09, §3.2], the functor F classifies a Cartesian fibration F : £ — Span®?. Let
Funsm(A!,Span) be the full subcategory of Fun(A!, Span) consisting of functors whose image is a span of the form
X +Y =Y with Y — X a smooth morphism in Smg. The composition

Funsm(A', Span) x A* &% Span 7~ Caty,

where the first functor is evaluation, can be viewed as a natural transformation between the functors F o s and
F ot, where s (resp. t) is the source (resp. target) functor Fungy, (A, Span) — Funsy, (A, Span) ~ Span induced by
the inclusion {0} — A! (resp. {1} — A!). Since precomposition of functors corresponds to pullbacks of Cartesian
fibrations [Lur09, Def. 3.3.2.2], the functors Fos and Fot classify the Cartesian fibrations s*F and t*F', respectively,
defined as the pullbacks

§E —— & te —— &
| e o] Is
Funsm,(Al, Span)°P —" . Span® Funsm (A, Span)°P 1 . Span®

and the natural transformation F o s = F ot gives a morphism of Cartesian fibrations ¢ : s*& — t*£ (i.e., a functor
over Funsg,(A!,Span)°P that preserves Cartesian edges). We have a commutative diagram

X £

& ¢ s°E
N s*Fl lF

Funsm(Al, Span)®® —2 Span®

We now pause to give an outline of the rest of the proof. Our goal is to show that the composition s°° o t*F' :
t*€ — Funsm (A, Span)°® — Span®® is a Cartesian fibration, classified by a presheaf of symmetric monoidal categories
(Sme) y 7, of which (Sm,), 7 is a subfunctor; and to construct a morphism of Cartesian fibrations t*& — £. The
latter corresponds to the natural transformation Mz we are looking for. Here are the steps we will follow:

(1) Show that s°P is a Cartesian fibration, so that the composition s°P o t*F : t*£ — Span®? is a Cartesian fibration
(note that t*F is a Cartesian fibration because it is a pullback of F).

(2) Define a relative left adjoint ¢ to ¢, which will in particular be a map t*€ — s*&.

(3) Show that the composition x o is a morphism of Cartesian fibrations over Span°®, and thus corresponds to a
natural transformation between the functors classifying these Cartesian fibrations.

(4) Show that s°Pot* I is indeed classified by some presheaf (Sm,) ;7 admitting (Sm,),# as a subfunctor, and deduce
the first part of the statement of the theorem.

(5) Prove the second part of the statement, i.e., the extension to sifted-cocompletions.

Step 1: The functor s°P is a Cartesian fibration. Equivalently, we show that s is a coCartesian fibration. Firstly, it
is an inner fibration because the source functor Fun(A!, Span) — Span is an inner fibration by [Lur09, Cor. 2.4.7.11],
and the restriction of an inner fibration to a full subcategory is still an inner ﬁbratlon by [Lur24l, Tag 01CU]. Secondly,

we claim that a coCartesian edge over X Ly Y zm Span with source X LW =Wwis given by the edge in


https://kerodon.net/tag/01CU

THE REAL AND COMPLEX BETTI REALIZATIONS OF MOTIVIC MULTIPLICATIVE THOM SPECTRA 13
Funsm(A!, Span) (i.e., natural transformation)

W —— Ry;z(W xxY) xzY —— Ry;z(W xxY)

| - |
WL Ry (W xx V) %2 Y —Ys Ry)y(W xx Y)

| |

X ! v A

)

which we call e (for a grid like this to define a natural transformation between the vertical spans on the left and
right-hand sides, we need the top left and bottom right squares to be pullbacks, which is the case here). Indeed,
given another edge e’ with the same source

W—DB —— D
W+l B-Y5D
R
X2 - A2 Y,C
and a commutative diagram in Span
f v

A E
N
C
(in particular A ~ Y x z E), the following edge e” in Funsy, (A!, Span) lifts Z +~ E — C and provides a commutative

diagram e’ oe ~ ¢’
Ry;z(WxxY)+— Dx¢cE —— D

Ry, z(W xx Y) "~ Dx¢c E —— D
||
g h E—Y ¢
To construct h’, note that by definition of the Weil restriction, there are equivalences
Schz(D x¢ E, Ry ;z(W xx Y)) = Schy (D x¢ E) xz Y, W xx Y)
~ Schy (D x¢c A,W xxY)
~ Schy (B,W xx Y).

Then, under these equivalences, h’ corresponds to the map in Schy (B, W xx Y) induced by ¢’ : B — W. The
bottom right square in €’ is determined by the requirement of it being a pullback, and the map h’ is determined,
under the equivalences we just saw, by the condition €” o e = €, so that the lift e” is essentially unique.

Step 2: The functor ¢ has a relative left adjoint. This means that there exists a functor 1 in the other direction,
and a transformation € : ©¢ — id exhibiting ¢ as a left adjoint to ¢, and moreover 1) commutes with the structure
maps, in the sense that s*F ot ~ t*F o ¢ otp = t*F is an equivalence [Lurl7, Def. 7.3.2.2]. By [Lurl?, Prop.
7.3.2.6], since ¢ is a morphism of Cartesian fibrations, it suffices to show that ¢ has fiberwise a left-adjoint. Over
(X + Y = 1Y) € Fungy(Al,Span) (so f : ¥ — X is smooth), the functor ¢ is by definition the corresponding
component of the natural transformation F o s — F ot it encodes. Therefore, it is given by f* : F(X) — F(Y),
which admits a left adjoint fy by assumption (). We thus obtain a relative left adjoint ¢ : t*€ — s*€.

Step 3: The composition xo1) : t*€ — s*E — £ is a morphism of Cartesian fibrations over Span°®. Compatibility
with the structure maps down to Span® holds by construction. So we have to show that y o ¢ preserves Cartesian
edges. By [Lur24| Tag 01ULJ, for Cartesian fibrations p : £ — C and ¢ : C — D, an edge e in £ is (g o p)-Cartesian


https://kerodon.net/tag/01UL

14 JULIE BANNWART

if and only if e is p-Cartesian and p(e) is ¢-Cartesian. In our situation, if e is an (s°P o t*F')-Cartesian edge, e is
(t* F)-Cartesian and (t*F)(e) is s°P-Cartesian. It follows that (¢*F)(e) is the opposite of an edge in Funsy, (A, Span)
of the form

We—Y — 7

H , H , H

wel oy Y g (1)

of
X‘TYTZ

where Y’ = Ry /(W xxY)xzY and Z' = Ry,;z(W xxY'). Here g, u, and v’ are smooth. Since e is a (¢*F')-Cartesian
lift of this edge, it is of the foom a: (Z + Z2' = Z' H) —» (X + W = W, E) with H € F(Z'), E € F(W), and «
consists in the data of (¢t*F)(e) (the diagram above) together with an equivalence H = Vi, f"*E. Then, xi(e) is an

edge (Z,uy(H)) — (X, g4(E)) given by the morphisms (X + Y — Z)°® and uyH — Vg f*gyE, where the latter is
the composite

wH —— wV f*E DPse Ve (ny gy E Ei) Vel gE,
with 1y : Y Xx W — Y and myy : Y xx W — W the projections. We saw above that the first map in the com-
position was an equivalence, and the two other ones are equivalences by assumptions (iii) and (i) in the statement
respectively. Therefore, yi(e) is F-Cartesian, as desired.

Step 4: We deduce the first part of the statement. The morphism of Cartesian fibrations x corresponds to a
natural transformation Mx of functors Span — Cat., between the functors classified by s°P o t*F and F, respec-
tively. The former associates to X € Smg the fiber of s°° o t*F over X. The fiber of s°P over X can be identified
with Smx; and over an object Y in Smx, the fiber of ¢t*F is by definition F(Y). Therefore, the functor classified
by s° o t*F may be denoted by (Sm,)/r: it associates to X € Smg the category (Smx),r of pairs (U, E) with
U € Smx and E € F(U), and a morphism (U,E) — (U',E’) is the data of f : U — U’ in Smx and a map
E — F(f°P)(E") in F(U) (not required to be an equivalence). These categories splice into a presheaf as follows.

Given a morphism X Ly Y zin Span, consider the Cartesian lift built in Step 1. Then X + Y — Z is mapped
to the functor (Smx),r — (Smz) 7 sending a pair (W, E) with W € Smy and E € F(X') to the pair consisting
of Ry/z(X'"xxY) € Smz and Vi f*E € F(Ry,;7z(X' xx Y)). The slice category (Smx),r~ is viewed as the wide
subcategory of (Smx)/r where the maps £ — F(f°P)(E’) in F(U) in the description above are required to be
equivalences. Then, (Sm,),r~ forms a subpresheaf of (Sm,) /7, to which the natural transformation Mz restricts.
This proves the first part of the statement.

Step 5: We prove the second part of the statement. If F embeds into a presheaf of not necessarily small symmetric
monoidal categories G that lifts (as a functor with source category Span) to sifted-cocomplete categories, we have
a composite morphism of presheaves (which can also be viewed as a natural transformation of functors on Span)
(Sme) F~ — F — G. Since § lifts to sifted-cocomplete categories, by the universal property of the sifted-cocompletion
(see Deﬁnition, this morphism left Kan extends to a transformation Ps((Sms),r~) ~ Ps((Sm,)) /7~ =+ F = G
(the equivalence on the left hand-side is Proposition , where Px((Sm,),r~) corresponds to the composition

Sma) 7o o)  —sif
Span % Cat LIVENG soot.

This is the desired morphism of presheaves of symmetric monoidal categories Mz : Ps(Smq) /7~ — G. |

Definition 2.24. Let F be a presheaf on Smg as in Theorem The motivic colimit functor associated with F
is the S-component of the transformation M. Abusing notations, we also denote it by Mr.

Notation [2:23) gives rise to the following question.

Question 2.25. In the situation of Theorem do the symmetric monoidal structures Ps(Sm S)%} (obtained from

the construction of Theorem i.e., from [BH2T] §16.3]) and PE(SmS)%. (described in Proposition agree?

We conjecture that this question can be answered by the affirmative, but we were unable to prove it. We prove
a weaker result in Proposition Since both symmetric monoidal structures are by construction Day convolution
with respect to some symmetric monoidal structures on the slice (Smg) 7, it would suffice to prove that the structures
® and ®’ agree at this level. Here is a hint in the direction of a positive answer to Question m
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Proposition 2.26. In the situation of Theorem the tensor product of any two objects for the symmetric
monoidal structures Ps, (Sms)(/g’}. and Px (Sms)%. agree.

Proof. Let g : X — F and h : Y — F be two objects in (Smg),r, represented by x € F(X) and y € F(Y),
respectively. By the informal description of the tensor product in Px(Sm S)}@}_ in Proposition E we have

XoFPeY R =Xxy 2 rxrt,F
where 1 gives the multiplicative structure on the presheaf of symmetric monoidal categories F. The resulting map
X XY — F is represented by the element F(7)(z) @ x xy F(7y)(y) € F(X xY), where for Z € Smg, the functor

® is the tensor product on F(Z), namely F(Z12 = Z12 — 7) (viewing F as a functor Span — Cat,, preserving

finite products).
On the other hand, recall that the presheaf of symmetric monoidal categories Pg(Sm.)®} is classified by the
B2)

Cartesian fibration s°° o t*F : t*£ — Span®® (in the notation of the proof of Theorem Thus, the tensor
product of g and h is the source of an (s° o t*F)-Cartesian lift for the edge (S"? = SHM2 — $)° with target
(XY, (z,y) € F(XIIY) ~ F(X) x F(Y)) € t*€. We have seen in the proof of Theorem [2.21] that an s°P-Cartesian
lift for such an edge was given by (the opposite of)

XTY e (X x V)12 Y X XV = Rgua/g(X 1Y)
g2 g2 \Y% S
and thus the source of the (s°P o t* F')-Cartesian lift we are looking for is
(X xY,F(XTY +— (X x V)2 — X xY)(z,9)),
which is exactly F(7¥)(z) @ xxy F(my)(y) € F(X x Y) by construction. O

Proposition 2.27. Let F be as in Theorem |2.21 Then the associated motivic colimit functor Mr is a symmetric
monoidal, colimit-preserving functor sending the arrow u : y(X) — F= (where X € Smg has structure map f : X —
S) to fy(E), where E = u(X)(idx) € F~(X) is classified by u. More generally, the image of an arrow vy : G — F~
in P(Smg)F=~ is given by

Mz ~ colim(z,X)e(SmS)//g(px)ufy(x).
Proof. The last assertion is [BH21, Rmk. 16.5] or [BEH22, Rmk. 2.6], and is deduced from the expression of an

element of the slice as a colimit of representable objects, and the fact that Mz preserves colimits (or viewing Mz as
a left Kan extension). O

To obtain the motivic Thom spectrum functor, we now apply Definition to the functor SH®.

Proposition 2.28. The functor SH* : Sm® — CAlg(Catl) satisfies all assumptions of Theorem |2.21; in the
statement of the latter, we may choose F = SHY and G = SH. In particular, there is a motivic colimit functor
(Smg) spe.~ — SHY(R), extending to a symmetric monoidal functor M := Msyw.~ : Pg(Smg)/spe.~ — SH(R),
which we call the motivic Thom spectrum functor.

Proof of Proposition[2.28 By Theorem the functor SH defines a spherical presheaf of symmetric monoidal
categories that satisfies assumptions (7) to (¢44) in Theorem Then, by Proposition SH® also satisfies these
assumptions. Therefore, the statement follows as soon as we show that SH, viewed as a functor with source category
Span with values in categories, lifts to sifted-cocomplete categories. For all X € Smg, SH(X) is cocomplete, in
particular sifted-cocomplete. Moreover, if (X Ly Y, Z) is a morphism in Span, then its image Vg o f* : SH(X) —
SH(Z) by SH preserves sifted colimits. Indeed, f* preserves all colimits as a left adjoint, and V is induced by the
tensor product functor, which preserves sifted colimits since it preserves colimits in both variables separately. More
precisely, if V : Z11 Z — Z is the simplest fold map, then Vg : SH(Z) x SH(Z) — SH(Z) is the tensor product
(Theorem i74)). In this situation, for any sifted diagram G : D — SH(Z) x SH(Z), we have
Vg (colimp G) ~ Vg(colimp m1G, colimp m2G)
~ (colimp mG) ® (colimp m2G)
~ colimpyxp (mGm ® maGms) (® preserves colimits in both variables separately)
~ colimp (G ® m2G) (by definition of a sifted category)

~ colimp Vg§
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where 7, and g are the canonical projections for the products SH(Z) x SH(Z) and D x D. The same holds for more
general fold maps. This finishes the proof. (|

Remark 2.29. By Proposition the motivic Thom spectrum functor is informally given by the formula
M(G — SHT) =~ colim(, x)e(smg) o (Px)17(),

where px is the structure map X — R, and the colimit is taken in SH(R).

Ezample 2.30 ([BH21,, §16.2 and Ex. 16.22], [BH20, below Lemma 4.6]). Paralleling Example we now explain how
to define £, -structures on the motivic cobordism spectra using the motivic Thom spectrum functor. The motivic
E.o-ring spectrum MGL is the image by M of the motivic j-homomorphism j : K° — SH*"~, where K° is the rank
0 summand of algebraic K-theory. As we will now see, j is constructed as a morphism of presheaves of symmetric
monoidal categories, and thus acquires by Proposition [2.31] below the structure of a commutative algebra object in
the source category of the functor M. For any X € Smg, there is a symmetric monoidal category Vect(X) of algebraic
vector bundles on X, where the tensor product is the direct sum of vector bundles. Pullback of vector bundles makes
the construction contravariantly functorial in X. There is a symmetric monoidal functor Vect(X) — Pic(SH(X))
sending a vector bundle £ to ¥>°(¢/(€ \ {0})), where Pic(SH(X)) is the subgroupoid of SH(X)= spanned by the
invertible objects. It extends to a morphism of presheaves of £,.-spaces Vect™ — Pic(SH(—)), which factors through
the group completions Vect(X)=8P because Pic(SH(X)) is already group-like by construction. Thus, we obtain a
morphism K — Pic(SH(—)) — SH*"= of spherical presheaves of group-like £-spaces. Furthermore, the rank map
Vect(X)= — N is a morphism of monoids, and taking group completions yields a morphism K — Z of spherical
presheaves of group-like £,.-spaces, whose fiber is the rank zero part K°. Restricting our morphism K — SH“"~ to
K°, we obtain the motivic j-homomorphism j : K° — SH“~.

This construction of MGL recovers the original definition of Voevodsky: in [Voe97, §3.5] (also see [Voe98, §6.3]),
MGL is defined using a more explicit colimit of suspensions of Thom spaces of the canonical bundles on Grassmannians;
the formula of Remark for the motivic j-homomorphism agrees with this more geometric definition by [BH2T
Theorem 6.13].

Similarly, the motivic spectra MSL and MSp are respectively given by M (KSL°® — K° EN SH*=) and M (K Sp° —

K° L4 SH“=), where KSL° and KSp° are defined similarly as K°, but with respect to even-dimensional ori-
ented bundles and even-dimensional symplectic bundles, respectively. They can be described by K° ~ Ly, BGL ~
Lmotcolim,enBGL,,, KSL° ~ LntBSL, and KSp°® ~ Lno:BSp, respectively ([BH20, after Lem. 4.6] and [BH21]
before Thm. 16.13]).

Proposition 2.31. There is a functor
Fun* (Span(Smy, all, fold), Spc) s — CAlg (Pz(sms)%w,:) 7

where Fun™ denotes the category of functors preserving finite products (and compatible natural transformations). In
particular, a morphism of spherical presheaves Es-spaces A — SH*'™ defines a commutative algebra object in the
slice Pz(Sms)(/X’SHw,:.

Proof. This follows from the last displayed composition of functors in [BH21l, proof of Prop. 16.17 and Rmk. 16.18].
O

Remark 2.32. This is a partial analog to Proposition Indeed, by Proposition [1.10] a morphism of commutative
algebras in Pg(Smg) with target SH*'= yields a commutative algebra in the slice Py (Sms)%Hw,:. We don’t know
if the ® and ®’ structures agree, but Proposition tells us that, at least, we may construct some commutative
algebras with respect to both structures in the same way.

3. REAL REALIZATIONS OF MOTIVIC THOM SPECTRA

As explained in the introduction to the previous section, we now prove that real realization interacts well with
multiplicative Thom spectra. More precisely, we show that there is an equivalence of symmetric monoidal functors
rRr 0 M ~ Mo, 0 TR, Where TR : Pg(Smk)/SHw,: — Spc/spm,: is the functor induced by real realization between the
respective sources of the motivic and topological Thom spectrum functor. We will make the statement more precise
and provide a proof in Subsection [3.2] Before that, we will need to recall some facts about the real realization functor
(Subsection [3.1)).

As an application, we compute in Subsection [3.3] our main examples, showing that the real realizations of the
motivic Ex-rings MGL, MSL, and MSp, representing, respectively, general linear, special linear and symplectic
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algebraic cobordism, are equivalent to the topological £,.-rings MO, MSO, and MU, representing, respectively, non-
oriented, oriented, and complex cobordism.

The case of complex realization is deferred to Section[d] The arguments are very similar to the real case; however,
small modifications are required since our proof in the real case uses that the functor rg : Spc(R) — Spc is a
localization (Theorem , whereas this is not known in the complex case.

3.1. Recollections on the real realization functor.

We first need to recall a few important properties of the real realization functor. See [DI04] for the original
construction in the Cy-equivariant case; we follow the exposition of [Bacl8, §10] or [ABEH25 §7.2] (in the oo-
categorical, non-equivariant setting). In this subsection, we assume that k& < R is a subfield. We could also assume
k = R without loss of generality, as then the real realization functor over k is simply obtained by precomposing the
one over R with the base change along k <— R.

Definition 3.1. Consider the functor of real points Smy — Spc. It preserves finite products. Therefore, its left
Kan extension P(Smy) — Spc (respectively P(Smg). — Spc,) is a colimit-preserving, symmetric monoidal functor
for the Cartesian structures (respectively for the smash products). These functors invert motivic equivalences.
Thus, passing to the localization, we obtain colimit-preserving, symmetric monoidal functors rg : Spc(k) — Spc,
rr : Spc(k). — Spc,, called real Betti realization. The composition Spc(k), — Spc, — Sp with the infinite suspension
functor sends P! to a tensor-invertible object, and thus induces a colimit-preserving, symmetric monoidal functor
rr : SH(k) — Sp.

An important feature of the real realization functor on motivic spaces is that it admits a description as an explicit
localization. An analogous statement holds for motivic spectra [Bacl8, Thm. 35]. To describe this localization, we
first need a definition.

Definition 3.2 ([Sch94, §1.2]). The real-étale topology on Smy, is the topology generated by real-étale covers, that
is, families {U; — X };e; of étale morphisms inducing a surjection [[,.; R(U;) = R(X) (here R(X) denotes the real
spectrum of X [Sch94l §0.4.2]; it is a topological space on the set of pairs (z,0) with € X a point and o an ordering
on the residue field of x).

Theorem 3.3 ([ABEH25, Thm. 1.1]). The (unstable) real realization functor rg : P(Smg) — Spc factors through
the localization L1 er(P(Smg)) (A'-invariant real-étale sheaves), and the induced functor L (P(Smg)) — Spe,
given by taking sections on Spec(R), is an equivalence

P(Smg) —7> Spc

_-
LAl,retJ/ ////

LAl,ret(P(SmR))

R\

whose inverse is given by left Kan extension.

3.2. Comparison of the topological and motivic Thom spectrum functors.

In this subsection, we aim to show that the motivic Thom spectrum functor corresponds under real realization
to the topological Thom spectrum functor, in the appropriate sense (see Theorem . To do so, we will consider
another motivic colimit functor that already incorporates real realization in its definition (Subsection. In order
to compare the latter with the motivic Thom spectrum functor (Subsection , we first study in Subsection
naturality in F of the construction from Definition

3.2.1. Naturality of the motivic Thom spectrum functor in the presheaf F.

Proposition 3.4. Let F,G : Span — Cat, be functors satisfying the assumptions of Theorem [2.21 Assume that
7: F — G is a natural transformation such that, in the notation of assumption (i) in Theorem for any smooth
morphism f :Y — X in Smg, the canonical transformation fymv = Tx fy is an equivalence (see Remark below).
Then, postcomposition with T induces a natural transformation 1y : (Sme ), r~ — (Sm,) /g~, fitting into a commutative
diagram of transformations of functors Span — Cats, preserving finite products:

(Sma)7r —— (Sma)7,

Mfl lMg (2)

F—— 3.
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Moreover, if F and G are subpresheaves of some spherical presheaves of symmetric monoidal categories that lift to
sifted-cocomplete categories, denoted by F' and G' respectively, and T extends to a transformation F' = G’ of functors

——sif
Span — Cat;t, then the statement holds for Mz and Mg replaced with Ps(Sme) 7~ — F' and Pg(Sm,) g~ — G,
respectively.

Remark 3.5. In the situation of Proposition F and G are in particular Sm-premotivic categories over Smy [EK20L
§2.2]. That is, they are functors Smg” — Cats such that for each (f : Y — X) € Sm a smooth morphism in Smg,
f*: F(X) = F(Y) has a left adjoint fy (respectively, for G). If each component of 7 admits a left adjoint, our
assumption on 7 gives exactly the notion of a premotivic adjunction. Notice further that a transformation 7 as in
Propositionautomatically also preserves the units and counits of the adjunctions fy 4 f* for any smooth morphism
f. Indeed, applying 7 to the unit and counit for an adjunction fy : F(Y) = F(X) : f* yields transformations which
exhibit fy : G(Y) S G(X) : f* as an adjunction; they must therefore be equivalent to the unit and counit we were
originally given for this adjunction [Lur24l Tag 02F4]. This holds very generally and may also be seen by viewing
Ty as a morphism between the biCartesian fibrations over Al representing these adjunctions [Lur09, §5.2.2].

Proof of Proposition[3.4 Firstly, to construct 74, we have to produce a morphism between the Cartesian fibrations
classified by (Sm,),r~ and (Sm,),g~. We use the notation of the proof of Theorem ﬂ The transformation
7 induces a morphism between the Cartesian fibrations F' : £ — Span®® and G : H — Span®® classified by F
and G, respectively. It pulls back to morphisms of Cartesian fibrations s*7 : s*& — s*H and t*7 : t*E — t*H
over Fungy, (A, Span)°P. The latter defines a morphism of Cartesian fibrations over Span®® between s°P o t*F and
s% o t*G. Indeed, assume e is an (s°P o t* F')-Cartesian edge in ¢t*£. Then, by [Lur24l Tag 01UL], e is t* F-Cartesian
and therefore (t*7)(e) is (t*G)-Cartesian. By loc. cit., (t*G)((t*7)(e)) = (t*F)(e) is s°P-Cartesian, and so t*7(e) is
(s°P o t*G)-Cartesian.

Secondly, we show the commutativity of Diagram . We have a diagram

t*& YF s*E XF & —
Xc ™ . \ H

F |

. G
A
N i
Span®?

of morphisms of Cartesian fibrations over Span®®. We have to show that the top parallelogram commutes. Since
the square on its right-hand side commutes by construction of s*7, it suffices to show the commutativity of the
square on its left-hand side. Recall that ¥ was obtained as a relative left adjoint to the morphism of Cartesian
fibrations ¢z : s*€ — t*€ corresponding to the natural transformation Fungy,(Al,Span) x Al — Span — Cat,,
(postcomposition of the evaluation map with F') and similarly for G. The diagram

$*E —dr — t*E

s*r t*r

5 5

S*H — ¢ — t*H

involving the left adjoints ¢ 4 ¥ x and ¢g 4 1g is commutative by construction, since both composites correspond
to the natural transformation

S

—
Funsm(A!, Span) ﬂev Span
[ S

t

HT Cateo.
v
G

In particular, there is a canonical exchange transformation g o t*7 = s*7 o ¢z given by the composition

g o T = g 0 1T 0 G 0 Y g 0 g 0 8T 0 hr = 57T 0 Y.

Consider an edge in t*&, it takes the form of a diagram similar to in Step 3 of the proof of Theorem together
with objects H € F(Z'), E € F(W), and a morphism « : H — V{, f*E in F(Z'). The difference compared to the
aforementioned Step 3 is that Y’ and Z’ are not required to be Weil restrictions, and s need not be an equivalence.
On the one hand, the composite s*7 o1 x maps this edge to the edge consisting in the data of the same diagram and
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the morphism
Uy Di Ex}
Tz <uﬁH L5 wy Vi f*E 22 Vg (ny )ymiy E —5 V®f*guE>
in G(Z), where the (—)g, (—)g, and (—)* refer to the functoriality of F. On the other hand, 9)g o t*7 maps it to the
edge consisting in the data of the same diagram and the morphism

Tz (K) 1 oprx Ioprx Disy, * Ex; *
UﬁTZ/(H) e UﬁTw(v(@f (E)) ~ uﬁV@,f Tw(E) _— V@(’]Ty)ﬂ’]TWTw(E) — V@f gﬂ’Tw(E),
where the (—), (—)g, and (—)* now refer to the functoriality of G. By assumption and by Remark T is com-
patible with the exchange transformation Ex; and with uy. For compatibility with the distributivity transformation,
note that it is by definition the composition of the exchange transformation Ex; s with the counit of the adjunction
(=)¢ 1 (—)*. The transformation 7 is compatible with them by assumption and Remark since compatibility of 7
with (—)g is given by it being a morphism of presheaves of symmetric monoidal categories (naturality for forward mor-
phisms in Span, i.e., spans consisting of one identity and one fold map). This shows that our exchange transformation
PYgot*T = s*Toyr is an equivalence, and, as explained above, this allows us to conclude that Diagram commutes.

Finally, since t*7 is a pullback, the induced transformation (Sm,),r~ — (Sm,) /g~ is indeed given over X € Smg
by the functor (Smx),z~ — (Smx) /g~ induced by post-composition by 7 (in the sense that a pair (Y € Smx, E €
F(Y)) is sent to (Y € Smx,7v(E) € G(Y))). This justifies the notation 74 in Diagram (2). When F and G are
subpresheaves of F’ and G’ lifting to sifted-cocomplete categories, the argument is the same as in Step 5 of the proof
of Theorem 2211 ([l

3.2.2. Motivic colimit functor associated with the real realization functor.

We now construct a functor R” : Span — Cat., satisfying the assumptions of Theorem which provides us
with a motivic colimit functor related to real realization. Using the naturality result of the previous subsection, we
compare it to the motivic Thom spectrum functor. Then, in Subsection [3:2.3] we will compare our new motivic
colimit functor to the topological Thom spectrum functor.

Definition 3.6. Let R be the presheaf of (not necessarily small) symmetric monoidal categories on Smg, defined
by X € Smg — Sp(Spc,, (x)), where functoriality is given by pullback (see Proposition below). Let R : Span =
Span(Smg, all, fold) — Cat. be the spherical presheaf of essentially small symmetric monoidal categories defined by
X € Smg +— Sp(Spc,.,(x))" (recall from Notation that s is an uncountable regular cardinal such that Spc” is
closed under finite limits in Spc). Here Sp(Spc,,,(x))" is viewed as a (small) symmetric monoidal subcategory of

Sp(Spe/y (x)) (by Lemma for B = x).

Remark 3.7. Unlike the case of SH in Subsection R“ is a priori not a subpresheaf of R. Indeed, its functoriality
is given by the pullback functors, which a priori do not preserve compact objects in the case of R. However, as we
will see in Proposition they do preserve x-compact objects. This is the reason for our choice of the cardinal .
One could also want to use the subcategories of invertible objects Pic(SH(X)) and Pic(R(X)) instead, in which case
we do obtain subpresheaves, but then it is not clear that the functors f; (for f a smooth morphism in Smg) restrict
to these subcategories, as f; is not symmetric monoidal.

To apply Definition to F = R", we show the following result.

Proposition 3.8. The functor R from Definition [3.6 satisfies all the assumptions of Theorem [2.21], except possibly
for essential smallness of the categories in its image, and lifts to sifted-cocomplete categories. It also satisfies a
projection formula as in Theorem (v) The functor R* satisfies all the assumptions of Theorem ' in the
statement of the latter, we may choose F = R"* and G = R. In particular, we obtain a symmetric monoidal motivic
colimit functor

Mz : ”Pg(SmR)/Rn,: — R(R) ~ Sp.

Proof. Step 1: We prove that R is a spherical presheaf of symmetric monoidal categories and satisfies assumption
(7). For any morphism f: X — Y in Smg, we have a diagram

SPC/m(x) T g 7 P (Spc/mm)

4 T

or
SpC/TR(Y) Sp (Spc/m(y))
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The adjunction f; 4 f* is built as in the case of schemes, where f* is the pullback functor and f; is induced by post-
composition of structure maps. In particular, f* preserves products because it is a right adjoint, so it is symmetric
monoidal with respect to the Cartesian symmetric monoidal structures on both categories. The right adjoint f, to
f* exists because pullbacks commute with colimits in spaces. Since both fy and f* are left adjoints, they preserve
colimits and thus descend to an adjunction on the stabilization of both categories (see [Vol23, Rmk. 2.2], using
that stabilization is tensoring with Sp in Prt by [Lurl7, Ex. 4.8.1.23]). The induced functor f* becomes symmetric
monoidal for the smash product. Moreover, we have, for all X,Y € Smg

R(X II Y) ~ Sp(Spc/r]R(XHY)) ~ Sp(SpC/TR(X) X Spc/’r']R(Y))
> Sp(SPC/py (x)) X SP(SPC )y (v)) = R(X) x R(Y).

This proves assumption (7) and establishes R as a spherical presheaf of symmetric monoidal categories.

Step 2: We prove that R satisfies assumption (ii). Consider a square as in the statement of assumption (iz). We
first prove a projection formula, i.e., that for all S € R(X) and T € R(Y), we have fy(SA f*T) =~ f;(S) AT (via the
canonical map). Since both sides preserve colimits in S and T separately, it suffices to show that the formula holds
for the infinite suspension spectra of S € Spc Jra(x) and T' € Spc Jra(y)- We have equivalences

[ETSAFETT) ~ fH(ETSAETT) =~ f1(EF(S Xppx) [7T)) = BF [ (S X x) f7T)
~ BT (fs(S) Xy T') (pasting law for pullbacks, [Lur09l Lem. 4.4.2.1])
~ fy(XFS) AT

induced by the canonical map (as can be checked at the level of spaces, because it is already the case for the
equivalence f;(S X, (x) [*T) = fi(S) Xy T).
To prove that the exchange transformation is an equivalence, it again suffices to show it before stabilization. For
any arrow (S — rr(X))Spc,,, (x) with structure map x : S — rg(X), we have
g* f1(S = rr(X)) > g*(S = rr(X) = rr(Y)) = (S Xy v) rR(Y') = rr(Y7))
~ fi(S X (x) TR(XT) = TR(X)) (%)
~ fig" (S = rr(X))

where (x) follows from the pasting law for pullbacks in the diagram

S X vy TR(Y') —— rr(X') ——— mr(Y’)

[ R
S ———— rp(X) ——— rg(Y)

Thus the exchange transformation is an equivalence.

Step 3: We prove that R satisfies assumption (iii). Consider a diagram as in the statement of assumption
(iii). To lighten notation we deal only with the case Y = ZU"; the case of general maps in fold is similar. Write
U:=WxxY =[], U, where U; lives over the i-th copy Z; of Z in Y. Let e : Y' := Ry ;x(U) xz Y — U
be the natural map; it is given over Z; by the projection on the i-th component ngn U; — U;. Then, for any
(A — rr(W)) € Spc,, (w), let B = (mw)*(A), which lives over rg(U). Write B; for the component of B over rg(U;).
Now, e*(B), as a space over rr(Y"') = [[,,, ("r(U1) Xyy(2) -+ Xrp(2) TR(Un)), is given by

TT=@) Xra(z) - Xraiz) Bi Xra(z) -+ Xr(2) T2(Un)).
i<n
In the remainder of Step 3, unless specified otherwise, all products are fibered over rg(Z). Then uyV( f*(A) =
ugVige*(B) is given by the fiber product over rg(Uy) X - - - x rg(Uy) of the factors rp(Uy) X - -- X By x - - - x rg(U,,) for
1 <i < n. That is, usViye*(B) = By X - - - x B, — rg(Z), which coincides with Vg (my )s(mw)*(A) = Vg (my )s(B).
Now Vguy f*(A) = Vguye(B) is given by
H(TR(Ul) X oo X By x oo X rr(Un)) — mR(Z).
i<n
The distributivity transformation is now the map

31><-~-><Bn—>H(rR(U1)><---><Bi><~-~><rR(Un))—>Bl><~-~><Bn,

i<n
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which is seen to be the identity by chasing through the construction. Therefore, in our situation, the distributivity
transformation is an equivalence.

Step 4: We show that R lifts to sifted-cocomplete categories. For all X € Smg, the slice Spc/m(X) is presentable
(as a particular case of Lemma it is equivalent to P(* /., (x))). Then, using [Lurl7, Prop. 1.4.4.4], the category
Sp(Spc Jra( X)) is cocomplete. Moreover, for any map f in Smg, the functor f* preserves colimits; and for any fold
map V, the functor Vg preserves sifted colimits, by the same argument as in the proof of Proposition 2.28] Since
the operations f* and Vg describe the functoriality of R (viewed as a functor on the category Span), the latter lifts
to sifted-cocomplete categories.

Step 5: We prove that R" satisfies the assumptions of Theorem [2.21l By Lemma for any X € Smg,
rgX € Spc®. Then, by Lemma R(X)® C R(X) is indeed a small symmetric monoidal subcategory. We
are left to show that for any f : X — Y in Smg, the functors f* : R(Y) — R(X) and f; : R(X) — R(Y)
preserve k-compact objects. For the latter, it simply follows from the fact that its right adjoint f* preserves all
colimits, in particular k-filtered ones. To show that f* preserves xk-compact objects, we use Lemma Recall
from the proof of Lemma that R(Y) is generated under filtered colimits by the (small) set of compact objects
{EEV | n€Z,V € (Spcy,,y)“}. Thus, we have to show that f* maps any object of the form "XV € R(Y)
with n € Z and V' € (Spc,,y)” to a k-compact object. Since f* commutes with "3 by construction, and
this latter functor preserves k-compactness in R(Y) (as in the proof of Lemma 7 we only have to show that
f*V € (Spc,, x)". Since f* is defined by pullback, by Lemma it suffices to show that V' x,.x rgY € Spc”,
where V' = (V' — rgY’). This holds by choice of k, since this is a finite limit of k-compact spaces by Lemma
again (note that V' is in particular x-compact in Spc,,.y ). O

We now want to apply Proposition to a transformation o : SH* — R* of functors Span — Cat,,. We first
define it at the level of SH and R. To do so, we use the universal property of SH as a presheaf of symmetric monoidal
categories. Indeed, as we saw in the construction of the real realization functor, to specify a symmetric monoidal
colimit preserving functor SH(S) — C where C is a symmetric monoidal stable category, it suffices to define a
symmetric monoidal functor Smg — C which is suitable A'-invariant and well-behaved with respect to the Nisnevich
topology, and inverts P. A more precise statement is proven in [Rob13]. This universal property was made into one
of the presheaf SH in [DG22]. Before stating it, we need a definition that axiomatizes some functoriality properties
of SH we saw in Theorem 2111

Definition 3.9 ([DG22]). Let C be an essentially small 1-category with finite limits and a terminal object, and P
be a collection of maps in C stable under pullback and equivalences. A P-pullback formalism over C is a functor
C : C% — CAlg(Caty) such that:

o for any f € P, f* := C(f) has a left adjoint fy,

e the exchange transformation is an equivalence for pullback squares with two parallel sides in P (see Theo-

rem vii)),

e ( satisfies the projection formula (see Theorem v)).
A morphism of P-pullback formalisms over C is a natural transformation 7 : C — C’ such that the canonical
transformation fﬁc T=T fﬁc is an equivalence for any f € P. This can be organized into a category PB(C, P).

Definition 3.10 ([DG22]). Let PB(Smg, Sm)fﬂ (P1,00) D€ the subcategory of PB(Smg, Sm) consisting of cocomplete
pointed A'-local Nisnevich-local Sm-pullback formalisms with P! invertible, that is, of objects C such that:
e for any X € Smg, C(X) is a cocomplete and pointed category,

C satisfies Nisnevich excision,
for any X € Smg, the projection induces a fully faithful functor C(X) — C(X x Al),

the essentially unique morphism of pointed cocomplete pullback formalisms Spc(—). — C sends (P*, 00) € Spc(R).
to an invertible object in C'(R).

The morphisms are those maps of P-pullback formalisms that are componentwise colimit-preserving.

Theorem 3.11 ([DG22, Cor. 6.35 and Rmk. 7.11]). The functor SH is initial in the category PB(Smg, Sm)f’m’z @
(see Definition[3.10).

Lemma 3.12. The presheaf of symmetric monoidal categories R is a cocomplete pointed A'-local Nisnevich-local
Sm-pullback formalism over Smg with P! invertible.

,09)
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Proof. Tt follows from Proposition that R is a pullback formalism. Moreover, for any X € Smg, the category
Sp(Spc/TR(X)) = R(X) is pointed and cocomplete. The pullback formalism R is furthermore Al-local, because
rr(X) >~ rr(X x Al) for any X € Smp via the projection, so that R(X) — R(X x Al!) is in particular fully faithful.
To check that R has Nisnevich excision, let ¢ : U < X and p: Y — X form an elementary distinguished Nisnevich
square (i.e. ¢ is an open immersion, and p is an étale map inducing an isomorphism between the complement of U
and its preimage by p). Then the corresponding pullback square in Smg becomes a pushout square in Spc(R); since
TR preserves colimits we have

SPC /e (X) = SPC/ g (D)L, iy vy (V) = SPC /i () XSpe, v 1 vy OPC/ra(Y)

by the descent property in Spc. Finally, we have
R(X) = Sp(Spc/y, (x)) = SP(SPC/ (1)) XSp(Spe, vy (1 vy) SP(OPC iy (v)) = R(U) Xr(uxxv) R(Y)

because stabilization preserves limits. Indeed, it is described by tensoring with Sp in Prt [Lurl7 Ex. 4.8.1.23], but Sp
is dualizable [Lurl8, Prop. D.7.2.3], thus —®Sp preserves all limits and colimits; moreover limits in Prt are computed
on the underlying categories [Lur09 Prop. 5.5.3.13]. Finally, the essentially unique morphism of pointed cocomplete
pullback formalisms y : Spc(—). — R sends (P!, 00) € Spc(R). to °°((rg(P!) — rr(R),00)) ~ X°(S!, %) € Sp,
which is invertible (see Construction below for the description of x). This verifies all the axioms. O

Construction 3.13. Let « : SH — R be the unique morphism in PB(SmR,Sm)Eﬁ (Fl00) from SH to R (using

Theorem and Lemma . Unraveling the constructions in [DG22, Thm. 6.3 and Rmk. 7.11], we can give
an explicit description of the components of a. Given S € Smg, real realization induces a finite-product-preserving
functor Sms — Spc,,, (5) sending X € Smg to the real realization of its structure map rg(X) — rg(S) (in the
terminology of [DG22], this is a morphism of pre-pullback formalisms, for which Sm, is initial). The left Kan
extension of this functor inverts motivic equivalences, and factors through Spc(S). The corresponding functor on
pointed objects can be post-composed with the infinite suspension functor (Spc,,,(g))« — R(S). There is therefore
an induced symmetric monoidal functor Spc(S). — R(S) that preserves colimits, and inverts P!. Finally, this
functor factors through SH(S), and we obtain ag : SH(S) — R(S). When S = R, this recovers by construction the
symmetric monoidal functor rg from Definition [3.1

As promised, we now apply Proposition to the transformation « from Construction [3.13

Proposition 3.14. The transformation o from Construction|3.13 restricts to a natural transformation o : SHY —
R", inducing a commutative diagram of symmetric monoidal categories and symmetric monoidal functors

Ps(Smp) jsex ——— Px(Smp) re.=

| [

SH(R) —== , Sp (Spc/rR(R)) ~ Sp.

Proof. We begin by proving the first claim. By Lemma for all X € Smpg, SH(X)¥ is the thick subcategory
generated by the family EFx of Theorem By stability of R(X), and the fact that k-compact objects are stable
under finite colimits [Lur24] Tag 064W|, R(X)* C R(X) is itself a thick subcategory. Since ax : SH(X) — R(X)
preserves colimits, it suffices to show that for any n € Z and Y € Smx, we have ax (72" "XY) € R(X)". This
object is equivalent to X5°(rgY — rgrX), which is x-compact because X3° preserves x-compact objects as we saw
before, and rgY — rgX is k-compact in R(X) by Lemma 2.8

To prove the remainder of the statement, it suffices to check that o : SH — R satisfies the assumption of
Proposition (compatibility with the left adjoints (—)4), because then so does its restriction to the subcategories
of compact and xk-compact objects respectively. But « is by construction a morphism of pullback formalisms, and
so the assumption holds by definition. We have ag = rg by Construction |3.13 (]

3.2.3. Comparing the motivic colimit functor Mp~ and the topological Thom spectrum functor.

As mentioned at the beginning of the previous subsection, we now compare Mg~ with the topological Thom
spectrum functor. We saw in Theorem that the unstable real realization functor rg : P(Smgr) — Spc was a
localization functor, inducing an equivalence between the category of Al-invariant real-étale sheaves and that of
spaces. We now apply this localization to the category P(Smg) SR

Lemma 3.15. The functor Mg~ : Px(Smg)/g~~ — Sp from Proposition factors through the localization
Lyt et (P(SMR)) o~ of A'-invariant real-étale sheaves over R™~. In particular, there is a commutative diagram of
symmetric monoidal functors
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TR

PE(Sm]R)/SHw,: L PZ(SmR)/Rn,: — Lp1 e = LA17ret(P(SmR))/Rm: 7"2_’4’2 SpC/Spm:
Ml lee /’/::::_’::__,_——f—]\}tjo:__/_— (3)
SHR) —— ™ R(R) ~ Sp L

Proof. By [BEH22, Prop. 2.11], to show that the functor Mz« : Px(Smg) jz~~ — Sp factors through L1 ret(Ps(SmR)) jrs.~,
it suffices to show that R"™ € Ly1 1er(Ps;(Smg)) is an Al-invariant real-étale sheaf. We will prove this at the end. Let

us first see how this implies the statement of the lemma. Note first that we may ignore the sphericity condition, i.e.,

the inclusion Ly1 et (Ps(Smr)) € La1 et (P(Smg)) is an equivalence, since any real-étale sheaf is in particular spherical

(for any U,V € Smg, the inclusions of U and V in U II'V form a real-étale cover of the latter). Moreover, Theo-

rem (3.3( gives an equivalence L1 ret(P(Smg)) /g~ =~ Spc,, (rx.~) induced by real realization, which for Al-invariant
real-étale sheaves corresponds to taking the real sections. Then, rg(R"™¥) =~ Sp(Spc ., &))"~ =~ Sp™, and we ob-

tain Diagram , where the symmetric monoidal structure on Spcg,s.~ is induced by that of Ly ret(P(Smr))/r~.=
(described in Lemma below).

To conclude the proof, we are left with showing that R™> is an Al-invariant real-étale sheaf. We have already
proven that R was an Al-invariant Nisnevich sheaf (Lemma . The argument for the real-étale topology is the
same, using the fact that the unstable real realization functor inverts the real-étale equivalence by Theorem
Then, the Al-invariance of R™= follows. We defer to Lemma just below the proof that R” is a real-étale sheaf.
Then, R™= is also a real étale sheaf: it is obtained from R" by postcomposition with the functor (—)~ : Cats, — Spc,
which preserves limits as it is right adjoint to the inclusion, and being a sheaf is a limit condition. |

Lemma 3.16. The subpresheaf of k-compact objects R* C R is a real-étale sheaf on Smg.

Proof. Recall from the proof of Lemma that R is a real-étale sheaf on Smg. Thus, it suffices to show that for any
real-étale cover {f; : U; — X} in Smg, if a € R(X) satisfies f;(a) € R(U;)", then also a € R(X)". Let colim;csa,
be a k-filtered colimit diagram in R(X). We want to show that

colimje 7Mapg x)(a,a;) = Mapg x)(a, colimjc ra;). (%)

We will first construct “mapping sheaves” and consider the analog of (x) for these. Since by definition all f;’s are
étale, we work over Etyx, the small étale site of X. Let a,b € R(X). We can construct a “mapping presheaf”
MR(aJ)) sending (f : U — X) € Etx to the space Mapg ) (f*a, f*b) [Bac22, Cor. 3.8]. Since R is in particular
a real-étale sheaf on Etx, MR((L b) is also a sheaf. Indeed, if V — Y is a real-étale cover in Etx, then R(Y) is

equivalent to the limit over the Cech complex lim R(C4(V)), so that

Map_, (a,b)(Y) =~ Mapy,, & (¢, (v)) (@; b) = lim Mapg &, 1)) (@, b) = lim Map_, (a,b)(Ce(V)),

where in the second-to-last term, the pullback of a and b to the terms of the Cech complex is implicit. There is a
natural map of presheaves & : colimfe(th)MR(a, a;) — Map_, (a, colimje 7a;) inducing equivalences after restriction
to each U;. This holds because colimits are computed sectionwise in presheaves, and for any morphism f : V — Uj,
the restriction f*a € R(V)" is k-compact (by assumption fa € R(U;)" is s-compact, and f* preserves k-compact
objects by Proposition . The right-hand side is already a sheaf, and thus £ induces an equivalence between the
sections on X of the sheafification of the left-hand side, which is equivalent to colimig\:;&x )Mn(a, a;), and that of

the right-hand side. Therefore, we have equivalences

. . () . Shv
colimje 7Mapg x)(a,a;) =: colim;e s (MapR(a,aj)(X)> ~ (cohmje}EtX)MapR(a,aj)) (X)
~ MapR(a,coliijJaj)(X) = MapR(X)(a,colimjejaj),

which gives (x). Here, (x%) is obtained by viewing global sections as corepresented by y(X), and using that the
(sheafification of the) latter is a compact object in Shv(Etyx). To see this, note that it is the terminal object in
Shv(Etx) ~ Shv(RX) [ES21, Thm. B.10], so it suffices to check that the terminal object in Shv(RX) is compact.
This follows from the fact that RX is a coherent topological space [ABEH25, Prop. 4.1] and the end of the proof of
[Lur09, Prop. 6.5.4.4]. O

Lemma 3.17. The localization L' : P(Smg) jgx~ — Lt ret(P(SMR)) jrr.~ from Lemma is symmetric monoidal,
making the right-hand side into a presentably symmetric monoidal subcategory of the left-hand side via the fully faithful
right adjoint of the localization L'.
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Notation 3.18. As in Notation we denote the corresponding symmetric monoidal structure on Spc /Sprer=
obtained via the equivalence with L1 ret(P(Smg)) /»=~ by Spc%pﬂ,:, to distinguish it from the one in Proposition
which we denote by Spc}@)spm:.

Proof. To lighten notation, let C := P(Smg) g~ and D := Lp1 rt(P(Smg)) /r~~. Recall that there is a source
functor (or forgetful functor) C — P(Smpg) remembering only the domain of an arrow. We first use the criterion of
[GGNT5, Lem. 3.4]: if we show that local equivalences are preserved by the functors — ® X for all X € C, then this
shows that there is an induced symmetric monoidal structure on D, such that L’ is symmetric monoidal and its right-
adjoint ¢ is lax symmetric monoidal. This holds because local equivalences in C are those maps that are equivalences
of presheaves after applying the source functor and the A'-real-étale localization L : P(Smg) — La1 ret(P(Smg)). On
the sources, the tensor product of C is the categorical product (Proposition . Since L commutes with products
(since real realization does), we are done.

As an accessible localization of C in the sense of [Lur09, §5.5.4], D is presentable. By symmetric monoidality of
L', for any X,Y € D, we have X @p Y = L'(4tX ®¢ ¢Y'). Thus, to show that D is actually a symmetric monoidal
subcategory of C, it suffices to show that such tensor products :X ®¢ tY are already local, and that so is the unit.
The latter is clear, and for the former, we use again that being local is checked after applying the source functor; and
that ®c is the categorical product on the sources. Since L commutes with products, the product of local objects is
local, and this is what we needed.

Finally, we show that the symmetric monoidal structure is presentable. Let X € D, we have to show that
— ®p X : D — D preserves colimits. Let colim;Y; be a colimit diagram in D. Using that both L’ and ¢ preserve the
tensor products, and L’ preserves colimits, we have:

(colim;Y;) ®@p X ~ (colim;L'1Y;) @p X =~ L’ (colim;1Y;) @p L't X ~ L' ((colim;1Y;) ®c 1 X)
~ L' (colim; (1Y; ®c X)) (C is presentably symmetric monoidal)
~ colim; L’ (1(Y; ®p X)) =~ colim;(Y; @p G).
This finishes the proof. O

The functor My, can be viewed as the real realization of the motivic Thom spectrum functor. We can now show
that it is equivalent to the topological Thom spectrum functor.

Proposition 3.19. The symmetric monoidal structures Spc®slpm,: and Spc?spn,: agree (see Notation . The
functors My, (from Diagram (@)) and Miop (from Theorem agree as symmetric monoidal functors.

Proof. By Lemma the symmetric monoidal structure Spc%pm: from Proposition is equivalently the Day
convolution structure on P(k/spr.~) ~ P(Sp™=), where Sp™~ is viewed as a symmetric monoidal subcategory of
Sp with the usual smash product. On the other hand, the underlying category of Spc%pm: is the same as that of
Spc?g’S I namely P(Sp™~). Then, by Proposition to show that the symmetric monoidal structure is equivalent
to the Day convolution one, it suffices to show that:

(1) the tensor product ®’ preserves colimits in both variables,

(2) the Yoneda embedding Sp™~ — P(Sp™~) admits a symmetric monoidal structure with respect to the smash

product on the left-hand side and the structure Spc% pro Ol the right-hand side.

Part (1) was proved in Lemma To show (2), consider the commutative diagram of fully faithful embeddings

P(*spr=) 2 SpCgpr~ ——+ P(SMR) /mu~ = P((Smg) /g~ )

yl]\ yz}
SP™T ok jgprin Cmmmmmmmmommmoos > (SMR) /R

The dashed arrow exists because the composition ¢ o y; factors through the subcategory of representables (its
image only contains arrows with source y(R) € P(Smg)). We claim that ys is symmetric monoidal with respect
to the monoidal structures introduced in Theorem @ Indeed, the coCartesian fibration P(SmR)%{m: — Fin,
representing the symmetric monoidal structure is classified by a composition

P(=)

Fin*L>Catoo prt Y EEOO

where H classifies the coCartesian fibration (SmR)}@;{m: — Fin, encoding the symmetric monoidal structure con-
structed in the proof of Theorem and U is the forgetful functor. Let 1 be the unit of the adjunction P(—) 4 U.
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It induces a natural transformation

Fin, L Cato Catoo
\Mﬁ/
UoP(—)
P(-)
Prt

between the functors Fin, — aoo classifying (SmR)%;K,: and P(SmR)%;m:, respectively. This induces a symmetric
monoidal functor between these categories, whose underlying functor is by construction the Yoneda embedding yo,
as claimed. By Lemma the embedding ¢ is symmetric monoidal too. Then also y; is symmetric monoidal,

with respect to the structure Sp™=®’ (induced by that of (Smg) g«=~). Then, the restriction of M/,  to Sp™= is
a symmetric monoidal functor Sp“’§’®, — Sp®, where the symmetric monoidal structure on Sp is the usual one.

But we also know that the underlying functor is the inclusion. Therefore, Sp“’:’®l

monoidal structure induced from that of Sp. This proves (2).

is endowed with the symmetric

Thus, the categories Spc%pﬁ,g and Spc%pﬁ,g are both equivalent as symmetric monoidal categories to P(Sp™~)
with the Day convolution, where Sp™= is viewed as a symmetric monoidal subcategory of Sp with the usual smash
product. By Proposition to show that My, and Mj,, agree as symmetric monoidal functors, it then suffices
to show that their restrictions to Sp™~ agree as symmetric monoidal functors. In both cases, this restriction is
the embedding of the symmetric monoidal subcategory Sp™~ — Sp (see Definition and Proposition . This

concludes the proof. O
Finally, combining the previous results, we can prove our main theorem.

Theorem 3.20. The real realization of the motivic multiplicative Thom spectrum functor M : Ps(Smg) /sye.= — SH
(as constructed in [BH2I1, §16.3]) is equivalent as a symmetric monoidal functor to the topological multiplicative
Thom spectrum functor Miop @ SPCgor.~ — Sp (as constructed in [ABG18, Thm. 1.6]). More precisely, there is a
commutative diagram of symmetric monoidal functors

PE(Sm]R)/SHw,: e Spc/Sp”*:

| [

SH(R) - Sp
where the top horizontal arrow is also induced by rr (see Diagram (@ i Lemma .
Proof. Combine Lemma and Proposition O

3.3. The realizations of the algebraic cobordism ring spectra MGL, MSL, and MSp.
As advertised, we now apply Theorem to three very classical examples of £,.-Thom spectra.

Theorem 3.21. The equivalence rro M ~ Mo,orroay from Diagram (@ and Proposition induces equivalences
of Eso-Tings
reMGL ~ MO, rgMSL ~ MSO, reMSp ~ MU.

Proof. We saw in Example that reMGL = rr(M(K° EN SH*=)). By Diagram 1) and Proposition this

is equivalent as an E,-ring to Miop(rg(K° — SH”'~ — R*~)). Recall from Example [2.5 that MO = M, (BO %

Sp™=). So what we have to show is that rg(K° — SH*~ — R®¥) ~ (BO & Sp™=) as commutative algebras
in Spc%pm:, or equivalently, as E,-maps with target Sp™~ (by Proposition . Recall that K° — SH“~ —
R"™= is a morphism of spherical presheaves of £,,-spaces, viewed as a commutative algebra in Pg (Sm]R)%as using
Proposition 2.3} This is how its real realization is viewed as a map of £ -spaces. In other terms, we have to
show that the real realization of the motivic j-homomorphism, followed by a : SHY — R™, is the topological
j-homomorphism as a map of E,,-spaces.

This follows from the constructions of the topological and motivic j-homomorphisms as symmetric monoidal
functors in Examples and Indeed, the various steps of the construction, starting from (oco-)groupoids
of vector bundles and then extending to the group completion, correspond to each other under real realization.
To see this, recall that rg(BGL,) ~ BO,, and that K° ~ L,BGL by Example so that rg(K°) ~ BO.
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Indeed, rg(BGL,) ~ B(rgGL,) ~ B(GL,(R)) ~ BO,, where the first equivalence follows from the fact that rg
commutes with colimits and finite products, in particular with geometric realizations and the bar construction; and
the second one from the fact that GL,(R) deformation retracts onto the orthogonal group O,,(R) by Gram-Schmidt
orthogonalization. We then have:

rr(BGL) ~ rg(colim, BGL,,) ~ colim,rg(BGL,) ~ colim,O,, ~ BO.

The proof follows in the exact same way for MSL and MSp, using Example and the fact that rg (K SL°) = BSO
and rr(KSp°) = BU (with the same proof as in the case of K°). O

4. COMPLEX REALIZATIONS OF MOTIVIC THOM SPECTRA

This appendix extends the results of Section [3| to the complex realization functor. The structure of the proof is
essentially the same, but we need a workaround for Theorem 3.3} which stated in particular that rg = P(Smg) — Spc
was a localization; indeed, it is unknown whether this also holds for the complex realization functor. Instead, we
reduce to a purely topological question, which appears as the first part of Theorem below. The proof provided
in this appendix also works for the real realization functor rg.

We first prove the analog of Theorem m (construction of the motivic colimit functor Mx) for presheaves of
symmetric monoidal categories on Spc” instead of Smg. Recall that x is an uncountable regular cardinal such that
Spc” is closed under finite limits in Spc (Notation , and that Spc” is essentially small.

Theorem [2.21] involves Weil restrictions along fold maps. Here is a topological analog of this notion.

Notation 4.1. In Spc”, for a fold map V: Y =[], ZZH” = 1l,<,Zi=2Z,andamap V =Y, let
Ry(V) =[] Va., xz %z Vz,., €(Spc"))z,
i<n

where Vz, . is the component of V' above the j-th copy of Z; in Y, for i <n and j < n;.
As in the case of schemes, for any W € Spc /7, we then have an equivalence

Map(sper) , (W, Ry (V) ~ Map(sper),, (W xz Y, V).

Theorem 4.2. Let F : Span’ := Span(Spc”, all, fold) — Cat., be a functor preserving finite products, such that:
(i) for any f:Y — X in Spc”, f* :=F(X Y =Y): F(X) = F(Y) admits a left adjoint, denoted by fy.

(i) for any Cartesian square in Spc”
X 45X
fl . Jf
y 2y,

the exchange transformation Exy : fi(g)" = g fy of functors F(X) — F(Y') (defined as in Theorem
18 an equivalence.

(iii) Given (V:Y — Z) efold, let Vg :=F(Y =Y — Z): F(Y) = F(Z). Then V encodes the tensor product
on the symmetric monoidal category F(Z) (Proposition[2.19). For every diagram in Spc" of the form

W(LRy/X(WXXY) XZ}/L) Ry/X(WXXY)

gl o v

X f Y v Z

with V, V' € fold, the distributivity transformation
DiSu® : UﬁVé@(f/)* = V@(ﬂ'y)uﬂ';v
of functors F(W) — F(Z) (defined as in Theorem is an equivalence.

Then, there exists a natural transformation Mr : ((Spc”) e) 7~ — F of finite products preserving functors Span’ —
Caty (i-e., of spherical presheaves of symmetric monoidal categories).

Proof. The proof of Theorem [2.21] applies in this case, up to the following comments:
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(0) In the construction, the category Funsy, (A, Span) has to be replaced with Fung(Al, Span’), the full subcategory
of Fun(A',Span’) spanned by edges of the form X < Y == Y with X,Y € Spc”. We also have to prove that
Spc” is an extensive category, so that finite products preserving functors Span’ — Cat., indeed correspond to
spherical presheaves of symmetric monoidal categories on Spc” (Proposition . Note that k-small colimits in
Spc® are computed in Spc, because Spc” is a full subcategory closed under such colimits in Spc. In particular,
Spc”™ admits finite coproducts, and they are disjoint (by choice of &, pullbacks in Spc” exist and are computed in
Spc). The stability of finite coproduct decompositions under pullbacks follows from the same property in Spc.

(1) The proof of Step 1 goes through verbatim, if we replace Span with Span’, Funs,, (A!, Span) with Fung (A, Span’),
and Weil restrictions with those of Notation [£.1]

(2) Step 2 follows formally from the assumptions in the same way as in Theorem [2.21]

(3) The argument of Step 3 is still valid, given the description of Cartesian edges in Step 1: they are the diagrams
from assumption (44¢) in the statement.

(4) In Step 4, the fiber of s°° over some X € Spc” is our situation (Spc”),x, and that of t*F over some (Y — X) €
(Spc”)/x is F(Y). We thus obtain a transformation Mz : ((Spc”),s)/r — F which restricts to the desired
transformation Mx : ((Spc”)/e) 7~ — F.

(Il

We will now apply the construction from the previous theorem to a presheaf C on Spc” whose precomposition
with rg is the presheaf R of Definition [3.6f Working with r¢ instead will allow us to prove analogous results for the
complex realization of Thom spectra.

Definition 4.3. Let C be the presheaf of (not necessarily small) symmetric monoidal categories on Spc”, defined
by X € Spc™ = Sp(Spc,x), where functoriality is given by pullback (see Proposition , and let C* : Span’ =
Span(Spc”, all, fold) — Cat., be the spherical presheaf of the subcategories of k-compact objects (again, see Proposi-
tion .

Proposition 4.4. The presheaves C and C* from Deﬁnition satisfy all the assumptions of Theorem (except
that C is valued in ga\tOo instead of Cats, ). In particular, we obtain symmetric monoidal, colimit-preserving functors

Me : (Spc”) jer~ — C(x)" ~Sp™ and Mc : P(Spc”) /cr.~ — Sp.

Proof. The assumptions of Theorem are satisfied because the proof of Proposition goes through (we do not
need Step 4), as the latter did not rely on the categories being sliced over real realizations of schemes, but only some
k-compact spaces. Theorem then provides a morphism of spherical presheaves ((Spc”)/s)/cs~ — C*. Taking the
component on #*, we obtain the first functor of the statement (Spc™) ¢s.~ — C(*)" ~ Sp”. The symmetric monoidal
left Kan extension (see Definition of its postcomposition with the inclusion Sp”™ — Sp then yields the second
functor of the statement. O

We may now prove the analog of Proposition comparing the motivic Thom spectrum functor with a more
topological colimit functor.

Proposition 4.5. Let k be R or C. There is a commutative diagram of symmetric monoidal functors

(Smy) sshe.=~ SN (Spc”) ser.=
| b
SH(k) ——*—— Sp,

where M is the motivic Thom spectrum functor over k (as in Proposition .

Proof. By Lemma the functor r : Smy — Spc factors through Spc”. Tt preserves coproducts (and thus fold
maps). Therefore, it induces a functor rj : Span — Span’ (see [Barl7, §5.11]).

Proceeding as in the proof of Propositions and since r;C := Cory : Span — Span’ — Cat,, is simply
the presheaf R from Definition [3.6]in the case k = R, and a complex analog of it otherwise, we have a commutative
diagram of morphisms of spherical presheaves of symmetric monoidal categories

(SMa) /st —— (SMa) /rrcn

Ml er,*ccn (4)

SHY —— riC".
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We now compare M;-cx with Mcx : (Spc”) jer~ — C", or more precisely, their components on k € Sm; and
* € Spc” respectively. To do so, we will construct a commutative diagram

trrice 0 1Cr
O~ N~
N XrEck oY xck N X/ . ow’
Tk k \ Xcer cﬂ\
N N
N N
. riC" N cr
op\ P = /o; 1%
sPot r G s'"Pot’™™G
N riG . G
\\\’J \\\)‘
Span(Fin)°P k Span“’p/i// Span’P
\pt
(5)
rop

where, abusing notation, G : C* — Span’" is the Cartesian fibration classifying C*, and k : Span(Fin)°® — Span®® and
pt : Span(Fin)°P — Span’? are induced by the functors Fin — Smy, and Fin — Spc” sending {1,...n} to k" and *""
respectively. Moreover, the maps s, t, X, are as in the proof of Theorem [2.21], and s’,¢', x’, 1)’ are their topological
analogs considered in the proof of Theorem (with the indices indicating the presheaf under consideration).

We will additionally prove that, pulling everything back to Span(Fin)°P, we obtain a commutative diagram of
morphisms of Cartesian fibrations

k*t*riCr ~ ((Smk)/(rzc)m:)@’ P ptrreer ~ ((Spc”) jen=)®’

\\\M T Me

~~
pt*CH ~ Sp™®

ke =

Sg;n(Fin)éi;.
(6)
Composing the corresponding commutative square of symmetric monoidal functors with the evaluation at k € Smy,

of the square , we obtain the commutative diagram from the statement.

Recalling the constructions in Theorem and Theorem we construct Diagram as follows:
tCr T sCr Xow —— C"

/ tG 9 / .

[4 v

/ s - / o

trpCrt L s*rpCr IS — | Xrger ——s 1iCH j

(p,.;cn— \\\\ J/ 4
- IS

Fung (A, Span’)oP —— grop - dooo » Span’°P

s*riG / e /

triG

TR o —

Fungm (A, Span)°P 5o Span°®?

Here, v and 6 are obtained by the universal property of the pullbacks s"*C* and t*C*, respectively. In particular,
the cube on the right-hand side commutes, and so do the squares ¢. ov >~ 0o ¢rrcr and (rpo—)ot*r;G ~t"*Gob on
the left-hand side. It remains to check the commutativity of the top left square involving the left adjoints, namely,
that vo-cr =~ Y. 06. To do so, we apply the same strategy as in Proposition since the square with the right
adjoints commutes, it suffices to show that the corresponding exchange transformation

Yor 00 => . 000 Prrcr © Yrrcr Ypr O Ppx OV O Yrecw = VO pren

is an equivalence. Again, this is easily checked using the explicit description of the edges in t*r;C* as in the proof of
Theorem (and thus as in the proof of Proposition (3.4)).

To obtain Diagram @, we are left to show that the map Sy : k*t*r;C* — pt*t”*C* induced by the universal
property of the pullback preserves Cartesian edges. Note first that an edge in k*¢t*r;C" is Cartesian over Span(Fin)°P
if and only if its projection on ¢*r;C" is, and similarly for Cartesian edges in pt*t"*C" (see [Lur24, Tag 01UEF]). One
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concludes using the explicit form of such Cartesian edges (as in the proof of Theorem i.e., as in Step 3 of the
proof of Theorem [2.21]), and that rj preserves those. O

Finally, we prove the analogs of Lemma Proposition and Theorem [3.20

Theorem 4.6. There is a commutative diagram of symmetric monoidal functors

where Mec is the functor from Proposition @ and the top horizontal arrow is a symmetric monoidal localization
(with respect to the symmetric monoidal structure of Theorem on the source, and the Day convolution on the
target, see Lemma . In particular, composing with the square of Proposition for k =R or C, we obtain a
commutative diagram of symmetric monoidal functors

V.00
P(Smk)/SHw,N M SpC/Spn,:

| [

SH(k) ————— Sp.

Proof. We reproduce and summarize the proofs of Lemma and Proposition [3.19] We first show that

(1) the functor ev, : P(Spc”™) — Spc given by evaluation at x € Spc” is a localization, i.e., that it has a fully
faithful right adjoint R.

By [BEH22, Prop. 2.11] (whose proof is still valid in our case, i.e., with Smy, replaced with Spc”™), if we show that
(2) C*= is a local object, namely, (R o ev,)(C*=) ~ C*= (via the unit of the adjunction ev, - R),

then we obtain an induced localization L : P(Spc”) cn= — SPC ey, (cr.=) = SPC/gpr.~, such that local objects are

those whose image by the source functor P(Spc”) cx~ — P(Spc”) is local, and similarly for local equivalences. As

in Lemma we show that the right adjoint of L, which we denote by R’, exhibits Spc JSpro= @S a presentably

symmetric monoidal subcategory of P(Spc”),c«.~, and that L is symmetric monoidal. To do so, we prove that

(3) for any X € P(Spc”),cr.~, the functor — ® X preserves local equivalences in P(Spc”) /cr.~,
(4) for all X|Y € SpC/gprs R'X ® R'Y is a local object, and so is the monoidal unit.

As in Lemma we get an induced symmetric monoidal, colimit preserving functor Mt/op : Spc JSpr= Sp, and
then the same argument as in Proposition 9| proves that the symmetric monoidal structure on the source is given
by Day convolution, and that Mj,, agrees with the classical Thom spectrum functor Mep.

Proof of (1): Note that a right adjoint R exists and is by definition given by right Kan extension (viewing a
space as a presheaf on {*} C Spc™). The pointwise formula for the right Kan extension shows that R associates to
a space X the restriction to Spc” of its Yoneda embedding y(X) = Maps,.(—, X). Now, R is fully faithful because
the counit is an equivalence ev, o R =~ idsyc. Indeed, for all Y € Spc”, we have ev.(R(Y)) =~ Mapg,(*,Y) ~ Y.

Proof of (2): We compute, for all Y € Spc”:
[(Roev,)(C™)|(Y) ~ Maps, (Y, Sp™~) ~ lim3P “Maps, (¥, Sp™~) ~ lim3Pe Sp™™ ~ (Iim,cf'too Sp'{)_7

since (=)= : Caty, — Spc is a right adjoint. Therefore, we have to show that I|mcat°°Sp“ ~ Sp(Spc/y)". Let
U:Prt — éE be the forgetful functor. We first compute

I|mcat°°Sp o~ Ucolim?/rL Sp (by [Lur09, Cor. 5.5.3.4 and Thm. 5.5.3.18])
~U ((colim;rL Spc) ® Sp) (Prt is presentably symmetric monoidal [Lurl7, Rmk. 4.8.1.18])
~ Sp(U(colim?’" Spc)) (tensoring with Sp € Prl is stabilization [Lurl7, Ex. 4.8.1.23])
~ Sp(llmCatoo Spc/*)
~ Sp(Spc/COhmspc ) (by descent for Spc)

(

=~ Sp(Spcy)-
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By Proposition the functors y* : C(Y) — C(x), for y : *+ — Y, preserve x-compact objects. Therefore, the
above equivalence, which we denote by G, fits into a commutative diagram

Fi=limy.. oy y®

Sp(Spe/y) = C(Y) = limyeyC({y}) = lim$=Sp
G
AT WB_”my;*‘,yBy
C(Y)" Flimlimye sy 4% le(v)x limyy C({y})"

where B, : C({y})" — C({y}) is the inclusion. Therefore, it suffices to show that GB factors through A as a functor
G’. Indeed, we then have G'F’ ~id (as AG'F' ~ GBF' ~ GFA ~ A), and F'G’ ~ id, as can be seen by computing
the projections 7, on each component of the limit: we have 7, F'G’ ~ m, because

BymyF'G' ~ By oy*|c(x)= 0 G' ~ y*AG' ~ y*GB ~ 7,FGB ~ n,B ~ Bym,.

Let ¢ € C(Y) be in the image of GB, then each y*(c) is in the image of m7,FFGB ~ Bym,, so it is k-compact in
C({y}). Then, for any colim;cy z; a r-filtered colimit diagram in C(Y"), we have, using that C(Y) ~ lim,...,yv C({y})
by the above:

Mape (v (¢, colimje s 2;) = limy..csy Mape 1) (Y™ e,y colimjc 7 2;
>~ limy..y Mape ) ("¢, colimje 7 y*z;
> limy..y colimje 7 Mape 3 (Y7 e, y" 25
=~ colimje 7 limy..y Mape g3 (Y7 ¢, " 25
=~ colimje 7 Mape (v (¢, 25,

so c € C(Y) is k-compact, i.e., it is in the image of A. This proves (2).

(by Proposition
(by k-compactness of y*c)

)
)
)
) (by [Lur09, Prop. 5.3.3.3])

Proof of (3): Recall that local equivalences are preserved and detected by the source functor P(Spc”®) cx.~ —
P(Spc”). By the same argument as in Proposition the tensor product in P(Spc”)/cx~ with the symmetric
monoidal structure from Theorem is given on the sources by Day convolution, which is simply the product of
the presheaves, since the monoidal structure on Spc”™ we are considering is the Cartesian one. For (X — C*~) €
P(Spc®)jer~ and f : (A — C™=) — (B — C™7) a local equivalence, ev,(A) — ev,(B) is an equivalence, and so
evi(AX X) ~ev,(A) xev,(X) — ev,(B) xev,(X) ~ ev,(B x X) is an equivalence as well. Therefore, (X — C*=)® f
is a local equivalence, as needed.

Proof of (4): It again suffices to show the statement on the sources. The monoidal unit is local because
R(ev.(x)) = R(x) = y(*)|sper = *. Moreover, given X,Y as in (4), with sources z,y € P(Spc”) respectively, the
source of R'X ® R'Y is Rx X Ry ~ R(x x y), which is local by definition. O

We now apply our comparison result to the standard examples of motivic Thom spectra.
Theorem 4.7. The commutative diagram of Theorem [].6 induces equivalences of Ex-rings
rcMGL ~ MU, rcMSL ~ MSU, recMSp ~ MSpteP.

Proof. The proof is similar to that of Theorem [3.21] using the construction of 3} given in the proof of Proposition [£.5]
O



THE REAL AND COMPLEX BETTI REALIZATIONS OF MOTIVIC MULTIPLICATIVE THOM SPECTRA 31

INDEX OF NOTATION

Al Affine line over some base scheme

Alge, (C®), CAlg(C®) Categories of &;-, resp. Ex-algebras in a symmetric monoidal category C®

c= Maximal (o0o-)groupoid in a category C (right adjoint to the forgetful functor)

C/x Slice category for C a category and X € C

Catyo Category of small (co-)categories

En oo-operad of little n-cubes 1.2
Fin 1-category of finite sets (including () 2.16
Fun*(C,D) Category of functors C — D preserving finite products 2.17
Funt(C,D) Category of colimit-preserving functors C — D 1.3
Fun®(C®,D®) Category of symmetric monoidal functors C® — D® 1.5
Fun'>(C®, D®) Category of lax symmetric monoidal functors C® — D® 1.1
Gm Group scheme S Xspec(z) Spec(Z[t, t~1]) over a base scheme S

K Some chosen uncountable cardinal, see Notation

M Motivic Thom spectrum functor

Miop Topological Thom spectrum functor

Map, Mapping space in a category C

MGL, MSL, MSp General linear, special linear, and symplectic cobordism motivic Thom spectra [2.30
MO, MSO, MU Unoriented, oriented, and complex cobordism Thom spectra [2.5
(n), (ny° Finite pointed set {*,1,...,n} in Fin,, resp. finite set {1,...,n} in Fin 2.16
c¥ Full subcategory spanned by compact objects in a category C [2.1
P(C) Category of presheaves of spaces on a category C

Px(C) Category of spherical presheaves of spaces on a category C 2.14
Prt Category of presentable categories and left-adjoint functors

TR, T'C Real and complex Betti realization functors :
Spc Category of spaces

S Motivic sphere spectrum

S (Simplicial) n-sphere in the category of motivic spaces or motivic spectra

S Topological sphere spectrum

S n-sphere in the category of spaces or spectra

SH(S) Category of motivic (P!-)spectra over S

DI Infinite suspension functors for topological or motivic spectra

Smg 1-category of smooth schemes of finite type over the base scheme S

Sp Category of (topological) spectra

Span When working over a base scheme S, Span(Smg, all, fold) 2.20
Span(C, left, right) Category of objects in C, with morphisms certain span diagrams 2.15
Spc(S) Category of motivic spaces over the base scheme S
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